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Abstract

We study the problem of parametrizing Galois extensions of fields with a fixed Galois group G.
Similar problems have recently received much attention, as they are often a useful first step to
finding the asymptotic number of such Galois extensions with bounded invariants. For example,
Davenport and Heilbronn used a parametrization due to Levi of rings of rank three to count cubic
field extensions of Q. Bhargava discovered and then used parametrizations of rings of ranks four
and five to count quartic and quintic field extensions of Q. The approach taken by Levi and
Bhargava can roughly be summarized as follows: Choose a basis of the field or ring extension R
under consideration, and then write down the coefficients in the multiplication table of R with
respect to this basis. To keep the multiplication table simple, one needs to choose a suitable basis
of R, which has previously been accomplished in special cases using ad-hoc methods. In this thesis,
we explain how the representation theory of G provides a convenient choice of basis in general.

This recovers many of the known parametrizations. We study cyclic groups G “ Z{nZ in some
detail and for example obtain a new parametrization for the cyclic group of order five. We also
obtain a new parametrization for the quaternion group G “ t˘1,˘i,˘j,˘ku. This allows us to
count quaternionic extensions of Q by conductor.
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Chapter 1

Introduction

Fix some finite group G and some field K. The goal of this thesis is to parametrize G-extensions
of K: K-algebras R together with a left action of G that makes K isomorphic to the group ring
KrGs as a left KrGs-module. The motivating and main examples of G-extensions of K are Galois
extensions L of K with Galois group G: By the Normal Basis Theorem, the field extension L|K has
a basis of the form pgαqgPG with α P L. Then, the K-linear map KrGs Ñ L sending g to gα is an
isomorphism of left KrGs-modules.

By a parametrization of G-extensions, we mean (for the purpose of this thesis) an explicit bijection

tG-extension R of Ku ÐÑ GpKqzXpKq,

where the right-hand side denotes the set of orbits of an appropriate algebraic group GpKq acting on
a variety XpKq. The left-hand side is understood modulo isomorphism. Often, it will be convenient
to only consider nondegenerate G-extensions (extensions with nonzero discriminant). Invariants of
the G-extension R should correspond naturally to invariants of the group action. See for example
[11] for an introduction to parametrizations of field extensions.

Traditionally, this problem has been approached using Galois cohomology : First, observe that non-
degenerate G-extensions of K are in bijection with continuous group homomorphisms

GalpKsep|Kq ÝÑ G

from the absolute Galois group of K to G, up to conjugation by elements of G. (The G-extension is
essentially the field fixed by the homomorphism’s kernel.) It then follows from a short computation
(see for example [33, section 5]) that it suffices to find an algebraic group G acting transitively (over
the separable closure Ksep) on a variety X with a point x P XpKq satisfying the following properties:
H1pK,Gq “ 1 and G – StabGpKsepqpxq Ď GpKq (the stabilizer of x P XpKq is isomorphic to G and
all its points are defined over K).

The most famous example of this approach is Kummer theory : if G is the cyclic group of order n
and K contains n distinct n-th roots of unity (in particular, charpKq - n), we can let G “ Gm and
X “ Gm be the multiplicative group, with the action given by g.x “ gnx. Hilbert’s Theorem 90
says that H1pK,Gmq “ 1. The stabilizer of any number x P XpKq “ Kˆ is the (cyclic) group of
n-th roots of unity. It is isomorphic to G, and contained in GpKq “ Kˆ. Therefore, nondegenerate
G-extensions of K are in bijection with elements of KˆnzKˆ.

Later, the theory and classification of prehomogeneous vector spaces have led to several other useful
examples of parametrizations: A prehomogeneous vector space is a representation V of a group G
possessing a dense orbit X. Sato and Kimura [26] completely classified irreducible prehomogeneous
vector spaces where G is a reductive complex Lie group. Wright and Yukie [33] then realized that
some of those representations (lifted to a field K of appropriate characteristic) satisfy exactly the
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requirements specified above (for some finite group G): For example, nondegenerate S3-extensions
of K are in bijection with orbits of GL2pKq acting on X Ă V “ Sym3

pK2q (via g.f “ 1
detpgqf ˝ g).1

Nondegenerate S4-extensions of K are in bijection with orbits of G Ď GL2pKq ˆ GL3pKq acting
on X Ă K2 b Sym2

pK3q. Nondegenerate S5-extensions of K are in bijection with orbits of G Ď
GL4pKq ˆ GL5pKq acting on X Ă K4 b Alt2

pK5q. Unfortunately, this is where we run out of
examples coming from [26]. Sporadically, other parametrizations were discovered. For example,
Bhargava and Shnidman [7] constructed a reducible prehomogeneous vector space for the cyclic
group of order three.

In his PhD thesis and subsequent work, Bhargava [3, 4, 6] managed to extend the parametrizations
of extensions of fields K given by Wright and Yukie to parametrizations of extensions of rings S (in
particular S “ Z). Melanie Wood [31] further generalized his work to extensions of schemes and
also parametrized for example quartic extensions with quadratic subrings or cubic quotients.

Parametrizations of extensions of rings have proven particularly useful in solving asymptotic counting
problems: For example, how many number fields are there of degree n and discriminant between
´X and X, for large X? How many Galois extensions of Q are there with Galois group G and
discriminant between ´X and X, for large X? (The discriminant of a number field is really a
property of its ring of integers!)

Malle [23, 24] formulated precise conjectures on those asymptotics. Looking at Hilbert class fields,
these questions also turn out to be closely related to the Cohen–Lenstra heuristics concerning the
average behaviour of ideal class groups (see [21]).

This thesis proposes a framework yielding parametrizations of ring extensions. It does not rely on
any classification of prehomogeneous vector spaces, and can in fact produce more general parame-
trizations.

The work is organized as follows: In Chapter 2, we explain the theory for general groups G. In
subsequent chapters, we explore certain examples in more detail.

We start by constructing for any group G a preliminary parametrization of G-extensions of a field
K with GpKq “ KrGsˆ and XpKq Ď KrGs bK KrGs. We give two independent proofs of this para-
metrization: a cohomological proof resembling arguments of Wright and Yukie, and an elementary
proof resembling the arguments of Levi, Delone–Faddeev, and Bhargava.

The idea of the latter proof is that, after fixing a normal basis of a G-extension L of K, and hence an
isomorphism L – KrGs of left KrGs-modules, the multiplication map can be encoded as an element
of HomKrGspKrGs bK KrGs Ñ KrGsq – KrGs bK KrGs. The normal basis (or, equivalently, the
isomorphism L – KrGs) is unique exactly up to an action of the group KrGsˆ.

This can be generalized to ring extensions: A G-extension R of a Dedekind domain S (see Defi-
nition 2.5) might not have a normal integral basis; it might not be isomorphic to SrGs as a left
SrGs-module. However, we can provide a parametrization for any fixed left SrGs-module structure
I (the type) of R. Under favorable circumstances, only finitely many different types can occur.

The preliminary parametrization has the unfortunate property that the dimension |G| of the group
G, and thus the orbit X, is far smaller than the dimension |G|2 of the ambient space KrGsbKKrGs.
In general, this makes counting points (or orbits) in XpKq, and therefore counting G-extensions
of K, difficult.

Luckily, the preliminary parametrization can often be simplified, by projecting to suitable subspaces
of KrGs bK KrGs. This recovers the spaces studied by Levi, Delone–Faddeev, Wright–Yukie, and
Bhargava. Assume that the characteristic of K does not divide the order of G. The underlying idea
is that the multiplication table of a G-extension L of K in terms of a normal basis pgαqgPG possesses
a lot of symmetry: If for any g1, g2 P G, we write pg1αqpg2αq “

ř

hPG tg1,g2,hphαq with tg1,g2,h P K,
then tig1,ig2,ih “ tg1,g2,h for any i, g1, g2, h P G. This symmetry can be exploited by considering a
more convenient basis coming from the representation theory of G: Consider the Artin–Wedderburn
decomposition KrGs –

ś

iMnipDiq. Fix a K-basis of each division ring Di. This gives rise to a

1This particular parametrization had earlier been discovered by Levi [22] using an ad-hoc method.
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basis of each MnipDiq and therefore a basis of KrGs – L. Many coefficients in the multiplication
table with respect to this basis tend to be zero.2 The action of KrGsˆ on the remaining coefficients
is also easier to understand.

Example 1.1. Let G “ te, τu be the cyclic group of order two. Then, the most convenient basis for
a Galois extension L of K with Galois group G is clearly a basis of the form p1,

?
xq with x P K. How

can we construct it from a normal basis pα, ταq? The element α ` τα is G-invariant and therefore
lies in K. After rescaling, we can assume α ` τα “ 1. We can then construct the convenient basis
as p1,

?
xq “ pα ` τα, α ´ ταq “ ptrivpαq, sgnpαqq where triv and sgn are the trivial and nontrivial

onedimensional representations of G, respectively. Note that for any ρ, σ P ttriv, sgnu, the product
ρpαq¨σpαq lies in K ¨ppρbσqpαqq. (For example, sgnpαq2 “ x P K “ K ¨trivpαq “ K ¨ppsgnbsgnqpαqq.)

b triv sgn

triv triv sgn

sgn sgn triv

¨ trivpαq “ 1 sgnpαq “
?
x

trivpαq “ 1 1 ¨ trivpαq 1 ¨ sgnpαq

sgnpαq “
?
x 1 ¨ sgnpαq x ¨ trivpαq

Remark 1.2. The trick of choosing a convenient basis has been used ad hoc in the special cases
mentioned above by Levi, Delone–Faddeev and Bhargava.

We will illustrate the strategy for obtaining parametrizations on a few small groups G.

For the cyclic group of order two, we recover the well-known parametrization:

Theorem 1.3. Let G be the cylic group of order two. Then, G-extensions of Z are in bijection
with elements v of p1 ` 4Zq Y 4Z. (Elements of 1 ` 4Z correspond to G-extensions of one type I1;
elements of 4Z correspond to G-extensions of another type I2.) The discriminant of the G-extension
is v. The G-extension is nonmaximal if and only if v is divisible by the square of an odd prime or
v P p4` 16Zq Y 16Z.

For the cyclic group of order three, we obtain a parametrization equivalent to the one discovered by
Bhargava and Shnidman [7]:

Theorem 1.4. Let G be the cyclic group of order three. Then, G-extensions of Z are in bijection
with elements v of pt˘1u`3Zrζ3sqY3Zrζ3s, modulo multiplication by ˘1. (Elements of t˘1u`3Zrζ3s
correspond to G-extensions of type I1; elements of 3Zrζ3s correspond to G-extensions of type I2.)
The discriminant of the G-extension is NQpζ3q|Qpvq

2. The G-extension is nonmaximal if and only if
NQpζ3q|Qpvq is divisible by q2 for any prime q ‰ 3 or v P 3pt˘1u ` 3Zrζ3sq Y 3pζ3 ´ 1qZrζ3s.

Remark 1.5. This corresponds to the parametrization given in [7, Theorem 14] by identifying an
element bζ3` cζ

2
3 of pt˘1u` 3Zrζ3sqY 3Zrζ3s with (in their notation) the vector pb, cqt in the lattice

L.

For the cyclic group of order five, we obtain a parametrization that in this form appears to be new.
It can easily be exploited to count G-extensions of Z by discriminant. The asymptotic number of
maximal extensions was known before. In fact, Mäki [25] managed to count maximal G-extensions of
Z for any abelian group G! Wright [32] later generalized this to extensions of arbitrary number fields,
but did not compute the asymptotic constant. Cohen, Diaz y Diaz, and Olivier [12] computed the
asymptotic constant for cyclic extensions of prime degree of arbitrary number fields. The asymptotic
number of nondegenerate (not necessarily maximal) extensions seems to be new. To keep this
introduction simple, we only write down the parametrization of maximal nondegenerate extensions,
here.

2For any i, let Vi “ D
ni
i be the representation of G corresponding to the i-th factor in the Artin–Wedderburn

decomposition. Then, in particular, the product of a basis element in Mni pDiq and a basis element in Mnj pDjq
is always a linear combination of basis elements in just those Mnk pDkq for which the representation Vi b Vj of G
contains Vk as a subrepresentation.
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Theorem 1.6. Let G be the cyclic group of order five. For i “ 1, 2, 3, 4, denote by σi the automor-
phism of Qpζ5q sending ζ5 to ζi5. Let X be the set of elements v of Qpζ5qˆ satisfying the following
local requirements:

a) For all primes q ” 2, 3, 4 mod 5: NQpζ5q|Qpvq ı 0 mod q. In other words, the q-part of v
should be the ideal p1q.

b) For all primes q ” 1 mod 5: Let q1 be a prime ideal of Zrζ5s above q. Hence, q splits as
pqq “ q1q2q3q4, where qi “ σipq1q. The q-part of v should be one of the ideals p1q, q1q2, q2q4,
q3q1, q4q3.

c)
v P pt1, 2, 3, 4u ` pζ5 ´ 1q2Zrζ5sq Y 5Zrζ5s,

but
v R 5pt1, 2, 3, 4u ` pζ5 ´ 1q2Zrζ5sq Y 5pζ5 ´ 1qZrζ5s.

Then, maximal G-extensions of Z are in bijection with elements of X, modulo multiplication by
elements of the group x´1, ζ5 ` ζ´1

5 y. (Elements of t1, 2, 3, 4u ` pζ5 ´ 1q2Zrζ5s correspond to G-
extensions of type I1; elements of 5Zrζ5s correspond to G-extensions of type I2.) The discriminant
of the G-extension is NQpζ5q|Qpvq

2.

The Dirichlet series
Dmaxpsq “

ÿ

R maximal G-ext. of Z
discpRq´s

of maximal extensions is

Dmaxpsq “
`

1` 4 ¨ 5´8s
˘

ź

q”1 mod 5

`

1` 4q´4s
˘

,

The Dirichlet series
Dnondegpsq “

ÿ

R nondeg. G-ext. of Z
discpRq´s

of nondegenerate extensions is

Dnondegpsq “

ˆ

1` 5 ¨
5´8s

1´ 5´2s

˙

ź

q‰5

fnondeg
q pq´sq,

where for any prime q ‰ 5, we put

fnondeg
q pxq “

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

1` 2x4 ` 2x6 ` 2x8 ` x12

p1´ x4q
2
p1´ x6q

2 , q ” 1 mod 5,

1´ x4 ` x8

p1´ x4q p1´ x12q
, q ” 4 mod 5,

1

1´ x8
, q ” 2, 3 mod 5.

In particular,

#tR maximal G-extension of Z with discpRq ď Xu „ CmaxX
1{4

and
#tR nondegenerate G-extension of Z with discpRq ď Xu „ CnondegX

1{4

for constants Cmax, Cnondeg ą 0.

Using the same methods, very similar parametrizations can be obtained for the cyclic groups of
orders 4, 6, and 7.
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For the quaternion group, we obtain another new parametrization:

Theorem 1.7. Let G “ t˘1,˘i,˘j,˘ku be the quaternion group of order eight. Consider the set
X of tuples pd, v1, v2, v3q in Q ˆ Q3 ˆ Q3 ˆ Q3 such that d ‰ 0 and v1, v2, v3 ‰ 0 are pairwise
orthogonal vectors. Let HpQq be the ring of Hamilton quaternions with rational coordinates. Let
Qˆ ˆQˆ ˆQˆ ˆHpQqˆ act on X as follows:

pλ1, λ2, λ3, hq.pd, v1, v2, v3q “ pNphqd, λ1rphqv1, λ2rphqv2, λ3rphqv3q

where Nphq “ a2` b2` c2` d2 denotes the norm of a Hamilton quaternion h “ a` bi` cj` dk and
rphq denotes the orthogonal matrix

rphq “
1

Nphq

¨

˝

a2 ` b2 ´ c2 ´ d2 2bc´ 2ad 2bd` 2ac
2bc` 2ad a2 ´ b2 ` c2 ´ d2 2cd´ 2ab
2bd´ 2ac 2cd` 2ab a2 ´ b2 ´ c2 ` d2

˛

‚.

Then, nondegenerate G-extensions of Q are in bijection with Qˆ ˆQˆ ˆQˆ ˆHpQqˆ-orbits in X.

The multiplication table for the G-extension corresponding to pd, v1, v2, v3q can be found on page 55.

We are then able to use the corresponding parametrization of ring extensions to count maximal
quaternionic extensions of Z by conductor. (See Section 4.6 for a more detailed introduction to
counting quaternionic extensions.)

Theorem 1.8. Let G “ t˘1,˘i,˘j,˘ku be the quaternion group of order eight. For any G-
extension R of Z, define the conductor

condpRq “
discpRq

discpRt˘1uq

as the quotient of the discriminant of R and the discriminant of the subring fixed by t˘1u Ĺ G.
Then,

#tmax. G-extension R of Z with | condpRq|1{4 ď Xu “ Ccond ¨XplogXq3 ` opXplogXq3q.

where

Ccond “
1

28
¨
ź

p‰2

p1` 4p´1qp1´ p´1q4

« 0.00085271440732599.

5



Chapter 2

General theory

Fix a finite group G. We write e P G for the identity element.

2.1 Parametrizing field extensions via Galois cohomology

For motivational purposes, we start with a short cohomological proof of a parametrization of field
extensions. We will later meet the same parametrization space again, when we show that it can also
be used to parametrize ring extensions.

Let K be any field. Consider the group ring KrGs. The tensor product KrGs bK KrGs naturally
becomes a K-algebra.

Let ∆ : KrGs Ñ KrGs bK KrGs be the diagonal embedding of K-algebras given by g ÞÑ g b g for
g P G.

Warning 2.1. Note that in general ∆pλq ‰ λ b λ: For example, if λ “ ae with a P K, then
∆pλq “ apeb eq, but λb λ “ a2peb eq.

Define an action of KrGsˆ on KrGsbKKrGs as follows: an element λ P KrGsˆ sends T P KrGsbK
KrGs to pλb λq ¨ T ¨∆pλq´1.

Let Ksep be the separable closure of K and let X Ď KseprGs bKsep KseprGs be the KseprGsˆ-
orbit containing e b e. We will later specify polynomial equalities (unit, symmetric, associativity
conditions) and inequalities (nonzero discriminant) cutting out the orbit X.

Lemma 2.2. In KseprGsˆ, the stabilizer of eb e P KrGs bK KrGs is the finite group G Ď KrGsˆ.

Proof. Clearly, pg b gq ¨ peb eq ¨∆pgq´1 “ eb e for any g P G. We therefore only have to show that
any element λ P KseprGsˆ satisfying pλ b λq ¨ pe b eq ¨∆pλq´1 “ e b e lies in G. This equation is
equivalent to

λb λ “ ∆pλq.

If we let λ “
ř

gPG λgg, we obtain

ÿ

g1,g2

λg1λg2 g1 b g2 “
ÿ

gPG

λg g b g.

This means that λg1λg2 “ 0 if g1 ‰ g2 and that λ2
g “ λg for all g. In other words, there can be at

most one nonzero λg, which has to be 1. Since λ ‰ 0, we conclude that exactly one λg is 1, so λ
indeed lies in G.
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Using that H1pK,KseprGsˆq “ 1, a cohomological argument (see [33, section 5]) then implies the
following theorem.

Theorem 2.3. There is a bijection between the set of G-conjugacy classes of continuous group
homomorphisms GalpKsep|Kq Ñ G and the set of KrGsˆ-orbits of points in X XKrGs bK KrGs.

Remark 2.4. Clearly, the action of KrGsˆ on KrGsbKKrGs restricts to an action on the “slightly
simplified” space Sym2KrGs Ď KrGs bK KrGs. We could therefore alternatively have stated the
above theorem with KrGs bK KrGs replaced by Sym2KrGs. We will later see how to restrict to
even smaller subrepresentations.

2.2 Parametrizing ring extensions

Let S be a Dedekind domain (an integrally closed Noetherian domain in which every nonzero prime
ideal is maximal, for example a field or the ring of integers of a number field) with field of fractions
K.

Definition 2.5. We call a (commutative) S-algebra R together with a left action of G on the
S-algebra R a G-extension of S if

i) the ring R is a finitely generated torsion-free S-module, and

ii) there is an isomorphism RbS K – KrGs of left KrGs-modules.1

By an isomorphism of G-extensions of S, we mean a G-invariant isomorphism of S-algebras between
them.

Lemma 2.6. Let L|K be a Galois extension with Galois group G. Then, L is a G-extension of K
and the integral closure R of S in L is a G-extension of S. The automorphism groups of both of
these G-extensions is the center ZpGq of G.

Proof. Let us first show property i). L is a finite-dimensional vector space over K, and therefore a
finitely generated torsion-free K-module, showing property i) for L|K. This also implies that R Ď L
is a torsion-free S-module.

To show that is R a finitely generated S-module, first note that R is contained in a finitely generated
S-module (see [2, Chapter 5, Prop. 5.17]). Since S is Noetherian, R must also be finitely generated.

For the G-extension L of K, property ii) follows from the Normal Basis Theorem for Galois exten-
sions. This implies property ii) for the G-extension R of S, since RbS K – L.

The automorphisms of the field extension L|K correspond to elements of the group. Each of them
restricts to an automorphism of R. The automorphism corresponding to g P G is G-invariant if and
only if g commutes with every element h of G.

Remark 2.7. The automorphisms of the left KrGs-module KrGs are exactly the functions of the
form x ÞÑ xλ with λ P KrGsˆ. Thus, the isomorphism RbSK – KrGs is unique up to multiplication
by elements of KrGsˆ on the right.

Definition 2.8. We call a left SrGs-submodule I of KrGs a full ideal of SrGs if I is a finitely
generated S-module and I bS K “ KrGs (meaning k1 ¨ SrGs Ď I Ď k2 ¨ SrGs for some k1, k2 P K

ˆ).
Two full ideals I, I 1 are called equivalent if I 1 “ Iλ for some λ P KrGsˆ. Write AutpIq for the group
of all λ P KrGsˆ such that I “ Iλ.

We further call a full ideal I unitary if ts P K | s ¨
ř

gPG g P Iu “ S. (In other words, IG “ SrGsG “

S.) Write KrGsˆ1 for the group of elements
ř

λgg of KrGsˆ such that
ř

g λg “ 1. They correspond

1The left G-action on R of course gives R the structure of a left SrGs-module, and hence RbS K the structure of
a left KrGs-module.
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exactly to the automorphisms of KrGs that fix
ř

g g. Furthermore, let SrGsˆ1 “ SrGsˆ X KrGsˆ1
and Aut1pIq “ AutpIq XKrGsˆ1 .

Note that two full ideals I, I 1 are equivalent if and only if they are isomorphic left SrGs-modules.

Example 2.9. The module SrGs is a unitary full ideal, with AutpSrGsq “ SrGsˆ. If S is a field
(S “ K), then SrGs is the only full ideal up to equivalence.

Lemma 2.10. Let R be a G-extension of S. Then, there is an isomorphism ϕ : R Ñ I of left
SrGs-modules such that I is a unitary full ideal and 1 P R is sent to

ř

gPG g P I.

Proof. Since R is a torsion-free S-module, the map R Ñ R bS K – KrGs is injective. We thus
obtain an SrGs-module isomorphism between R and some full ideal I of SrGs. Since 1 P R is fixed
by the action of any element of G, the image u P KrGs of 1 P R must satisfy gu “ u for all g P G.
This means that u “ l ¨

ř

gPG g for some l P Kˆ. After dividing the isomorphism R bS K
„
Ñ KrGs

by l, we can assume that l “ 1. We hence have S ¨
ř

g g Ď I. Now, take any x “ a
b P K (with

a, b P S) such that x ¨
ř

g g P I. Let r P R be its preimage. By definition, we have br “ a in R, so in
fact r “ a

b “ x in K. Since R is a finitely generated S-module, r “ x must be a root of some monic
polynomial with coefficients in S. We assumed that S is an integrally closed domain, so x P S.
Therefore, I is a unitary full ideal.

Definition 2.11. The type of a G-extension R of S is the equivalence class of this full ideal I.

Remark 2.12. One says that a G-extension R has a normal integral basis if it is of type SrGs.

We are now ready to construct a preliminary parametrization for G-extensions of R of type I. The
idea is that, fixing the type I and the isomorphism R – I of left SrGs-modules, to determine the
G-extension R, it only remains to specify the multiplication map R ˆ R Ñ R. The multiplication
map translates to a map m : I ˆ I Ñ I.

Clearly, K-bilinear (left) G-invariant2 maps m : KrGsˆKrGs Ñ KrGs are in bijection with K-linear
(left) G-invariant maps KrGsbKKrGs Ñ KrGs. Write H “ HpKq “ HomGpKrGsbKrGs Ñ KrGsq
for this space of K-linear (left) G-invariant maps. Let λ P KrGsˆ act on m P H as follows:

pλ.mqpxb yq “ mpxλb yλqλ´1.

Theorem 2.13. Let I be a unitary full ideal. Let PIpSq be the set of elements m of H “

HomGpKrGs bKrGs Ñ KrGsq satisfying the following four conditions:
The unit condition

m

ˆ

ÿ

gPG

g b x

˙

“ x for all x P KrGs, (Cu)

the symmetry condition

mpxb yq “ mpy b xq for all x, y P KrGs, (Cs)

the associativity condition

mpmpxb yq b zq “ mpxbmpy b zqq for all x, y, z P KrGs, (Ca)

and the closedness condition
mpxb yq P I for all x, y P I. (Cc)

Then, the G-extensions R of S of type I are in bijection with the elements m of PIpSq modulo the
action of Aut1pIq Ď KrGsˆ1 .

The stabilizer StabAut1pIqpmq is isomorphic to the automorphism group of the corresponding G-
extension of S.

2A map m : KrGs ˆKrGs Ñ KrGs is (left) G-invariant if mpgx, gyq “ gmpx, yq for all x, y P KrGs.
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Proof. A G-extension R of S of type I with a fixed isomorphism ϕ : R Ñ I sending 1 P R to
u “

ř

gPG g P I is determined by the multiplication operation on R. (The S-module structure and
the action of G are determined by the isomorphism!) The multiplication operation on R translates to
a bilinear G-invariant map IˆI Ñ I, which we can extend to a bilinear map KrGsˆKrGs Ñ KrGs,
i.e. a K-linear G-invariant map m : KrGs bKrGs Ñ KrGs.

When we compose ϕ with an automorphism x ÞÑ xλ´1 of I, the map m becomes m1 with m1pxbyq “
mpxλb yλqλ´1, so m1 “ λ.m. The unit u “

ř

gPG g P I is fixed by λ if and only if λ lies in KrGsˆ1 .

Clearly, an automorphism of the G-extension R corresponds exactly to a (left) SrGs-module auto-
morphism of I fixing the unit and preserving the multiplication map m, i.e., an element of Aut1pIq
that stabilizes m.

Now let us list the additional properties the map m : KrGs b KrGs Ñ KrGs needs to satisfy to
produce an S-algebra:

(Cu) The element u “
ř

gPG g P I Ď KrGs needs to be a (left) unit. In other words, mp
ř

gPG gbxq “
x for all x P I and hence for all x P KrGs.

(Cs) Multiplication must be symmetric/commutative, i.e. mpxb yq “ mpy b xq for all x, y P I and
hence for all x, y P KrGs.

(Ca) Multiplication must be associative, i.e. mpmpxb yq b zq “ mpxbmpy b zqq for all x, y, z P I
and hence for all x, y, z P KrGs.

(Cc) The set I must be closed under multiplication, i.e. mpxb yq P I for all x, y P I.

Remark 2.14. Condition (Ca) says that the left and right associative compositions KrGsbKrGsb
KrGs Ñ KrGs ofm : KrGsbKrGs Ñ KrGs coincide, where we define the left associative composition
by xbybz ÞÑ mpmpxbyqbzq and the right associative composition by xbybz ÞÑ mpxbmpybzqq.

Definition 2.15. Let π : KrGsbKrGs Ñ KrGs be the K-linear map sending gbg to g and g1bg2

to 0 for g1 ‰ g2. It is easy to verify that π P PSrGspSq. We call the corresponding G-extension R of
type SrGs the trivial G-extension of S. As an S-algebra, it is isomorphic to

ś

gPG S. The action of
G simply permutes the factors as g1.pxgqgPG “ pxg1´1gqgPG. The automorphism group of the trivial
G-extension R is G: The automorphism corresponding to g1 P G sends pxgqg to pxgg1qg.

Question 2.16. Is PIpSq ‰ H for every unitary full ideal I? I.e., does every unitary full ideal occur
as the type of some G-extension of S?

Remark 2.17. Clearly, conditions (Cu), (Cs), and (Ca) only need to be checked for x, y, z in a
K-basis of KrGs, for example x, y, z P G. Condition (Cc) only needs to be checked for x, y in a set
of generators of the S-module I.

Remark 2.18. Notice the different characters of those four conditions:

• (Cu) and (Cs) cut out affine linear subspaces of H.

• (Ca) cuts out a subvariety of H defined by a set of homogeneous equations of degree two.

• (Cc) describes a lattice inside H. If k1 ¨ SrGs Ď I Ď k2 ¨ SrGs, then

k1

k2
2

¨HpSq Ď tm P HpKq satisfying (Cc)u Ď
k2

k2
1

¨HpSq,

where HpSq “ HomGpSrGs b SrGs Ñ SrGsq Ď HpKq.

If S is a field, then all full ideals are equivalent and condition (Cc) is automatically satisfied, so we
will just write P instead of PI . An element of PpKq lies in PIpSq if and only if it satisfies condition
(Cc).
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Remark 2.19. If I is a unitary full ideal and Iλ is an equivalent unitary ideal with λ P KrGsˆ1 ,
then PIλpSq “ λ´1.PIpSq.

Remark 2.20. Note that the representation KrGs b KrGs of KrGsˆ defined in Section 2.1 is
isomorphic to the representation H of KrGsˆ defined in this section: There is an isomorphism

KrGs bKrGs ÐÑ HomGpKrGs bKrGs Ñ KrGsq

sending T P KrGs bKrGs to the map m defined by mpxb yq “ πppxb yq ¨ T q. In particular, note
that H is a |G|2-dimensional vector space over K. The element eb e corresponds to π. Hence, the
stabilizer of π in KrGsˆ is G Ď KrGsˆ1 .

Remark 2.21. The parametrization is functorial in the base ring S under injective maps: if S Ď S1

are Dedekind domains and m P PIpSq corresponds to the G-extension R of S, then m P PIbSS1pS1q
corresponds to the G-extension RbS S

1 of S1.

Lemma 2.22. If I “ SrGs, then PI is represented by an affine scheme, which we will denote by P:

There is a closed subscheme P of A|G|
2

Z such that PSrGspSq “ PpSq for all rings S.

Proof. As in Remark 2.20, G-invariant S-linear maps m : SrGs bS SrGs Ñ SrGs can be described
by |G|2 elements of S. According to Remark 2.17, conditions (Cu), (Cs), and (Ca) are all equivalent
to some (fixed) polynomial conditions in these elements.

Warning 2.23. In general, if I is a unitary full ideal of ZrGs, then I bZ S need not be a unitary
ideal of SrGs. For example, if G “ te, τu is the cyclic group of order two, then

I “ pe` τqZ‘
e´ τ

2
Z

is a unitary full ideal of ZrGs, but the left F2rGs-module I bZ F2 cannot even be embedded into
F2rGs. (All four elements of I bZ F2 are left G-invariant.) In particular, if R is a G-extension of
Z, then R bZ Fp might not always be a G-extension of Fp. To solve this issue, one could broaden
the definition of G-extensions to allow SrGs-modules not contained in KrGs. In addition to the
SrGs-isomorphism class of I, one should then remember to fix the element u P I corresponding to
the unit in R. As we have seen, there may be many elements fixed by G.

2.3 Nondegenerate extensions

Definition 2.24. An extension R of K is a finite-dimensional K-algebra. As usual, if we denote
a basis of R by pα1, . . . , αnq, we define the discriminant of R to be discpRq “ detpMq where M
is the trace matrix pTrpαiαjqqi,j . Modulo multiplication by elements of Kˆ2, the discriminant is
independent of the choice of basis. We call R a nondegenerate extension if discpRq ‰ 0.

Remark 2.25. Nondegenerate extensions are also called étale algebras.

Definition 2.26. Let PnondegpKq be the set of points in PpKq that correspond to nondegenerate

G-extensions of K. For any unitary full ideal I, let Pnondeg
I pSq “ PIpSq X PnondegpKq.

Example 2.27. Any finite-dimensional field extension L|K is nondegenerate.

Let us now prove some well-known facts about extensions of a field K.

Lemma 2.28. For any two extensions R1, R2 of K,

discpR1 ˆR2q “ discpR1q ¨ discpR2q.
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Proof. The trace in R1 ˆ R2 of any α P Ri equals its trace in Ri. Choosing bases for R1 and R2,
we obtain a basis for R1 ˆR2 whose trace matrix is a block diagonal matrix consisting of the trace
matrices for R1 and R2.

Lemma 2.29. If R is a nondegenerate extension of K, it contains no nonzero nilpotent elements:
if xk “ 0 for some x P R and k ě 1, then x “ 0.

Proof. Let us first show that Trpxq “ 0 for any x P R with xk “ 0: multiplication by x sends each
element of xiR to xi`1R. Since

R “ x0R Ě x1R Ě ¨ ¨ ¨ Ě xkR “ 0,

it follows that Trpxq “ 0. (With respect to a particular basis, the multiplication by x map is
represented by a strictly upper triangular matrix.)

Now, assume there exists some x P R such that xk “ 0 but x ‰ 0. Find a basis α1, . . . , αn of R with
α1 “ x. The first row pTrpxαjqqj of the trace matrix consists of traces of nilpotent elements, which
we have shown to be zero. Hence, discpRq “ 0.

Lemma 2.30. Let K be a field and R a nondegenerate extension of K. Then, R – L1 ˆ ¨ ¨ ¨ ˆ Lr
for some field extensions Li|K.

Proof. Assume R is a nondegenerate extension. We will show the claim using induction over the
dimension of R as a K-vector space. The claim is clear for R “ 0. Assume dimpRq ě 1.

For any x P R, the multiplication by x map ˆx : R Ñ R is a linear endomorphism of the finite-
dimensional K-vector space R. Thus, the map is either surjective (so x is invertible in R) or not
injective (so x is a zero divisor). If all x ‰ 0 are invertible, then R is a field extension of K.
Otherwise, choose x ‰ 0 so that the image R1 “ xR has minimal dimension. Correspondingly, the
kernel R2 “ ty P R | xy “ 0u has maximal dimension. Clearly, R1 and R2 are extensions of K with
dimpR1q ` dimpR2q “ dimpRq and 0 Ĺ R1 Ĺ R and R1 ¨R2 “ 0.

Assume R1 X R2 ‰ 0, say 0 ‰ xz P R2. This means that x2z “ 0. Then, tz1 P R | xz1 “ 0u Ĺ tz1 P
R | x2z1 “ 0u, so dimpxRq ą dimpx2Rq. Since we chose x ‰ 0 so that xR has minimal dimension,
this can only happen if x2 “ 0, contradicting Lemma 2.29.

We therefore have R1XR2 “ 0. It follows that R “ R1ˆR2. Finally, 0 ‰ discpRq “ discpR1q¨discpR2q
and dimpR1q,dimpR2q ă dimpRq, so we can apply the induction hypothesis to R1 and R2.

Lemma 2.31. Let L1, . . . , Lr be field extensions of K. Let f be any K-linear ring automorphism
of R “ L1 ˆ ¨ ¨ ¨ ˆ Lr. Then, there exists a unique permutation σ : t1, . . . , ru Ñ t1, . . . , ru so that
for any i, the function f sends elements of Li Ď R to elements of Lσpiq Ď R via an isomorphism

Li
„
Ñ Lσpiq of field extensions of K.

Proof. Write πi for the i-th projection map R � Li. For any 1 ď i ď r, let Pi “ t1 ď j ď r | Dx P
Li : πjpfpxqq ‰ 0u. Clearly, Pi ‰ H because f is injective. For any i ‰ i1 with xi P Li and xi1 P Li1

and any j, we have
πjpfpxiqqπjpfpxi1qq “ πjpfpxixi1qq “ πjpfp0qq “ 0,

which means that πjpfpxiqq “ 0 or πjpfpxi1qq “ 0. In other words, Pi X Pi1 “ H whenever i ‰ i1.

The disjoint nonempty sets P1, . . . , Pr Ď t1, . . . , ru must then each have exactly one distinct element:
Pi “ tσpiqu for some permutation σ of t1, . . . , ru. Therefore, fpxiq P Lσpiq for each xi P Li.

Lemma 2.32. Let G be a finite group. Then, any nondegenerate G-extension R of K is of the form

R –

#

pxgqg P
ź

gPG

L | @g P G, h P H : xgh “ h´1xg

+

– LrG:Hs
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where L|K is a Galois extension with Galois group H Ď G and the action of G on R is given by
g1.pxgqg “ pxg1´1gqg.

This is unique up to conjugation of H Ď G and simulateneously of the action of H on L|K by
elements of G.

Proof. According to Lemma 2.30, we can write R “ L1ˆ¨ ¨ ¨ˆLr for some field extensions Li|K. We
will use two properties following from the fact that R is isomorphic to KrGs as a left KrGs-module:

(a) The dimension of R as a K-vector space is |G|.

(b) The vector space of elements of R fixed by G is onedimensional.

Apply Lemma 2.31 to the action of elements g P G on R. It follows that there is an action of G on
the set t1, . . . , ru, so that the action of g P G on R sends elements of Li Ď R to elements of Lgi Ď R:

ϕg,i : Li
g
ÝÑ Lgi

These maps are all isomorphisms of field extensions of K.

By property (b), the action of G on t1, . . . , ru must be transitive: if X Ď t1, . . . , ru is any set
invariant under G, then the element p1iPXqi of R “ L1 ˆ ¨ ¨ ¨ ˆ Lr is fixed by G.

It follows that the field extensions Li|K are all isomorphic. We can furthermore identify t1, . . . , ru
with G{H where H Ď G denotes the stabilizer of 1. In particular, r “ rG : Hs. Choose representa-
tives t1, . . . , tr of G{H so that ti1 “ i. Note that H acts on L1.

Let x P L1 be an element fixed by all h P H. For each 1 ď i ď r, let yi “ tix P Li. For any g P G
and any 1 ď i ď r, write gti “ tjh with 1 ď j ď r and h P H. The action of g on yi is then given by

gyi “ tjht
´1
i yi “ tjhx “ tjx “ yj .

For the element y “ pyiqi of R “ L1 ˆ ¨ ¨ ¨ ˆ Lr, it follows that gy “ y. By property (b), all y
constructed in this manner from elements x of LH1 (for example, x “ 1) are proportional. This
means that y must be of the form pk, . . . , kq P L1 ˆ ¨ ¨ ¨ ˆLr for some k P K. But then k “ yi “ tix,

so since L1
ti
ÝÑ Li is an isomorphism fixing K, it follows that x P K.

Thus, the subfield of L1 fixed by all elements of H is exactly K. In particular, L1|K must be a
Galois extension, with a surjection H � GalpL1|Kq. Since

|G| “ dimKpRq “ dimKpL1q ` ¨ ¨ ¨ ` dimKpLrq “ r dimKpL1q

“ rG : HsdimKpL1q,

so dimKpL1q “ |H|, we can in fact conclude that L1|K is a Galois extension with Galois group H.

Let L “ L1. Construct an isomorphism

R ÝÑ

#

pxgqg P
ź

gPG

L | @g P G, h P H : xgh “ h´1xg

+

by sending an element pyiqi to the tuple pxgqg defined by xtih “ h´1ϕ´1
ti,1
pyiq for all 1 ď i ď r and

h P H. It can easily be verified that the actions of G on the two sides coincide.

Uniqueness is also easy to show.

Example 2.33. If H “ G, we have R – L for some Galois extension L|K with Galois group G.

Example 2.34. If H “ 1, we have the trivial G-extension R –
ś

gPGK.

As a very important consequence, we conclude that all nondegenerate G-extensions lie in the same
orbit over the separable closure of K:
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Corollary 2.35. If K is separably closed, the trivial G-extension is the only nondegenerate G-
extension of K. It follows that KrGsˆ1 acts transitively on PnondegpKq if K is separably closed:

PnondegpKq “ KrGsˆ1 .π.

For general fields K, we therefore obtain

PnondegpKq “ KseprGsˆ1 .π XHpKq,

so we can write any m P PnondegpKq as m “ α.π for some α P KseprGsˆ1 .

The corollary has the following useful application: If W is a representation of KrGsˆ1 and f : HÑW
is any KrGsˆ1 -invariant linear map, then for any m P PnondegpKq, we have fpmq “ 0 if and only if
fpπq “ 0. This way, after decomposing H into irreducible representations of KrGsˆ1 , we can often
eliminate some summands (on which π projects to 0)!

Warning 2.36. As we will see in Remark 4.10, we might nevertheless have fpmq ‰ 0 and fpπq “ 0
for some degenerate extensions!

Remark 2.37. Lemma 2.32 also implies that nondegenerateG-extensions of a fieldK are in bijection
with continuous homomorphisms

f : GalpKsep|Kq Ñ G

modulo conjugation by elements of G. The automorphisms of such a G-extension are in bijection
with elements of the centralizer Zpimpfqq Ď G of the image of f .

Corollary 2.38. If K “ Fq is a finite field, the number of nondegenerate Fq-points on P is

|PnondegpFqq| “ |FqrGsˆ1 |.

Proof. Nondegenerate G-extensions of Fq are in bijection with FqrGsˆ1 -orbits in PnondegpFqq. By
Burnside’s Lemma, and because continuous maps GalpFq|Fqq Ñ G are exactly determined by the
image of the Frobenius automorphism of Fq|Fq, we have

|PnondegpFqq| “
ÿ

f :GalpFq |FqqÑG
modulo conjugation

|FqrGsˆ1 |
Zpimpfqq

“ #tf : GalpFq|Fqq Ñ Gu ¨
|FqrGsˆ1 |
|G|

“ |FqrGsˆ1 |.

Using Artin–Wedderburn’s Theorem, the number |FqrGsˆ1 | can easily be deduced from the represen-
tation theory of G over Fq.
We have thus constructed a (potentially complicated) quasi-projective variety Pnondeg with a known
number of Fq-points for all q.

2.4 Localizations

The closedness condition (Cc) can of course be verified locally:

Lemma 2.39. Condition (Cc) holds for m P H with type I over the ring S if and only if for all
maximal ideals p of S, condition (Cc) holds for m with type I bS Sp over the ring Sp.

Proof. The claim follows from the fact that

I “ tx P KrGs | @p : x P I bS Spu.
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Definition 2.40. We call a nondegenerate G-extension of S maximal if it doesn’t properly contain
another G-extension of S. Let Pmax

I pSq be the set of points in Pnondeg
I pSq corresponding to maximal

extensions.

Example 2.41. The integral closure constructed in Lemma 2.6 is a maximal G-extension. More
generally, the integral closure of S in a nondegenerate extension of K as in Lemma 2.32 is a maximal
G-extension.

Lemma 2.42. A G-extension corresponding to m P PIpSq is maximal if and only if there exists no
larger unitary ideal J Ľ I such that m P PJpSq.
In particular, if all full ideals of SrGs are equivalent, then the G-extension corresponding to m P

Pnondeg
SrGs pSq is maximal if and only if there exists no λ P SrGs XKrGsˆ1 zSrGs

ˆ
1 such that λ´1.m P

PSrGspSq.

Proof. The first claim follows directly from the construction of m. For the second claim, notice that
for any λ P KrGsˆ1 , we have SrGsλ´1 Ľ SrGs if and only if λ lies in SrGs, but not in Aut1pSrGsq “
SrGsˆ1 . Also, recall that PSrGsλ´1pSq “ λ.PSrGspSq.

It is a well-known fact that maximality is a local condition:

Lemma 2.43. A G-extension R of S is maximal if and only if the G-extension R bS Sp of Sp is
maximal for every maximal ideal p of S.

Proof. ñ If R1 Ľ R is a larger G-extension, then R1 bS Sp Ľ RbS Sp for some maximal ideal p.

ð Assume that for some p, there is a larger G-extension R1p Ľ R bS Sp. Interpret R bS Sq and
R1p as subsets of RbS K. Let R1 “ R1p X

Ş

q‰pRbS Sq. It follows that R1 bS Sp “ R1p (Take

any x P R1p and again consider the ideal 0 ‰ Jx “ tz P S | xz P Su Ď S. Let Jx “ pkJ 1 where

J 1 Ď S is an ideal coprime to p. Pick b P J 1zp and let a “ xb. Then, Ja Ě pk, so Jazq ‰ H for
any maximal ideal q ‰ p. Therefore, a P R1p X

Ş

q‰pR bS Sq “ R1. Since b P Szp, it follows
that x “ a

b P R
1 bS Sp.) and R1 bS Sq “ R bS Sq for all q ‰ p. Then, you can show that

R1 Ľ R is again a G-extension.

You can furthermore show that closedness and maximality hold over a local ring Zppq if and only if
they hold over its completion Zp.

2.5 Decomposition of H

To simplify the parametrization in Theorem 2.13 for nondegenerate extensions, we will use the
following simple idea: Find a projection f : H Ñ W to a lower-dimensional KrGsˆ1 -representation
so that its restriction to the orbit PnondegpKsepq is injective. Checking injectivity is (in principle)
easy: It is equivalent to the assumption that the stabilizer in KseprGsˆ1 of fpπq P W equals the
stabilizer G of π P H.

We will now facilitate finding a good projection W by decomposing H into smaller KrGsˆ1 -repre-
sentations.

Throughout this section, we assume that the characteristic of K does not divide the order of G, so
that every representation of G defined over K is semisimple.

In the appendix, you can find the list of irreducible summands of the KrGsˆ1 -subrepresentation of
H generated by PnondegpKq, for certain finite groups G.

Let C “ CpKq be the set of irreducible representations of G over K (up to isomorphism). We denote
the trivial onedimensional representation by triv P C.

14



For any irreducible representation V P C, let DpV q be the division ring such that V – DpV qdegpV q

and let EndpV q – MdegpV qpDpV qq be the ring of right DpV q-linear maps V Ñ V . The Artin–
Wedderburn Theorem states that KrGs is the product of these matrix algebras:

KrGs –
ź

V PC
EndpV q

The action of the finite group G on V factors through the canonical left action of the matrix group
AutpV q “ EndpV qˆ “ GLdegpV qpDpV qq:

G ãÑ KrGsˆ � AutpV q ýV

We will often consider V a representation of not only the finite group G, but also of the group
KrGsˆ.

Warning 2.44. Let K “ Q and G “ te, τu – Z{2Z. We then have an isomorphism KrGs – K ˆK
where the first factor corresponds to the trivial representation triv and the second factor corresponds
to the nontrivial representation sgn. The action of pa, bq P Kˆ ˆKˆ “ KrGsˆ on triv is given by
pa, bq.x “ ax and the action on sgn is given by pa, bq.x “ bx. Note that sgn b sgn fl triv as
representations of KrGsˆ: the action on sgnb sgn is given by pa, bq.x “ b2x.

The subgroup KrGsˆ1 consists of those elements of KrGsˆ that project to 1 P Kˆ – Autptrivq.

Now, clearly

H “ HomGpKrGs bKrGs Ñ KrGsq

–
à

V1,V2,WPC
HomGpEndpV1q b EndpV2q Ñ EndpW qq.

For any three irreducible representations V1, V2,W of G, write

mpV1 b V2 Ô W q

for the projection of m P H to

HomGpEndpV1q b EndpV2q Ñ EndpW qq.

We will now describe how to further decompose each of these summands.

2.5.1 Over sufficiently large base fields

Let us first assume that the division rings are DpV q “ K for all V P C, so EndpV q “ MdegpV qpKq

and V “ KdegpV q. (In other words, all irreducible representations of G over K stay irreducible over
K.)

Now, the space HomGpEndpV1q b EndpV2q Ñ EndpW qq can be interpreted as the tensor product of
the space of G-invariant K-linear maps V1b V2 ÑW and the space of (not necessarily G-invariant)
K-linear maps W Ñ V1 b V2. The idea is that the space of K-linear maps is

HomKpEndpV1q b EndpV2q Ñ EndpW qq

– EndpV1q
˚ b EndpV2q

˚ b EndpW q

– pV1 b V
˚
1 q b pV2 b V

˚
2 q b pW

˚ bW q

– pV ˚1 b V
˚
2 bW q b pW

˚ b V1 b V2q

– HomKpV1 b V2 ÑW q bHomKpW Ñ V1 b V2q.
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Now, recall that we are interested in left G-invariant maps EndpV1q b EndpV2q Ñ EndpW q. They
correspond to tensors in which the first tensor factor V1 b V2 ÑW is G-invariant.

On the other hand, we considered the right action of KrGsˆ on KrGs (and hence EndpV1q, EndpV2q,
and EndpW q). This means that it translates to an action on the second tensor factor W Ñ V1bV2.

When explicitly writing down a convenient isomorphism, we will make use of the following small
lemma.

Lemma 2.45. If the characteristic of K doesn’t divide the order of G, then the characteristic of K
doesn’t divide the degree of any irreducible representation V of G over K.

Remark 2.46. The lemma immediately follows from the fact that the degree of V divides the order
of G: This is true in characteristic zero according to [29, Section 6.5, Corollary 2] and then translates
to any characteristic not dividing |G| by [29, Section 15.5].

However, we don’t need these strong statements. Here is an easier proof:

Proof. Assume that charpKq | degpV q, so the image of degpV q in K is zero.

Now, let us recall the following well-known application of Schur’s Lemma: If f : GÑ K is any class
function, then the G-invariant map V Ñ V given by v ÞÑ

ř

gPG fpgqgv must be some multiple of
the identity, say λ ¨ idV for λ P K. Computing the trace, we conclude that

ÿ

gPG

fpgqχV pgq “ λ ¨ degpV q “ 0 in K,

where χV : GÑ K is the character of the representation V . On the other hand, we have

ÿ

gPG

χV pg
´1qχV pgq “ |G| ‰ 0 in K,

since V is irreducible.

Theorem 2.47. For any V1, V2,W P C, the map

HomGpV1 b V2 ÑW q bHomKpW Ñ V1 b V2q

HomGpEndpV1q b EndpV2q Ñ EndpW qq

ϕ

given by

pb t

A1 bA2 ÞÑ
degpV1q degpV2q

degpW q|G| ¨ p ˝ pA1 bA2q ˝ t

is an isomorphism of K-vector spaces. (Here, we wrote degpV1q degpV2q

degpW q|G| ¨ p ˝ pA1 bA2q ˝ t for the map

in EndpW q that sends w PW to degpV1q degpV2q

degpW q|G| ¨ pppA1 bA2qtpwqq PW .)

V1 b V2 W
KrGs-linear map p

K-linear map t

The action of KrGsˆ is given by

λ.ppb tq “ pb ppλb λq ˝ t ˝ λ´1q,

where we interpret λ P KrGsˆ as an element of AutpV1q, AutpV2q, and AutpW q.
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Remark 2.48. The dimension h of the K-vector space HomGpV1 b V2 Ñ W q is the multiplicity
with which the irreducible representation W of G occurs in V1 b V2. Fix a basis p1, . . . , ph of
HomGpV1 b V2 Ñ W q. The lemma then means that elements of HomGpEndpV1q b EndpV2q Ñ

EndpW qq are in bijection with tuples pt1, . . . , thq of elements of HomKpW Ñ V1 b V2q:

HomGpEndpV1q b EndpV2q Ñ EndpW qq – HomKpW Ñ V1 b V2q
‘h

The group KrGsˆ acts on each summand HomKpW Ñ V1 b V2q in the canonical way:

λ.ti “ pλb λq ˝ ti ˝ λ
´1.

If h “ 1 and we have fixed the projection map p “ p1, we will often identify HomGpEndpV1q b

EndpV2q Ñ EndpW qq with HomKpW Ñ V1 b V2q. If V1 “ triv and V2 “ W , we will use the
canonical isomorphism p : V1 b V2 ÑW . (Similarly, if V2 “ triv and V1 “W .)

Remark 2.49. The representation HomKpW Ñ V1 b V2q of KrGsˆ is in general not irreducible:
For example, if V1 “ V2 “ V and dimpV q ě 2, we can decompose it as HomKpW Ñ Sym2

pV qq ‘
HomKpW Ñ Alt2

pV qq. However, since each factor AutpV q – GLdegpV qpKq of KrGsˆ is a matrix
group over K, the theory of irreducible representations of Lie algebras presents an easy way of
completely decomposing into irreducible representations of KrGsˆ.

Proof of the lemma. It is clear that the map is well-defined: the composition p ˝ pA1 b A2q ˝ t is
K-linear and the map ϕppb tq is G-invariant:

p ˝ pgA1 b gA2q ˝ t “ p ˝ pg b gq ˝ pA1 bA2q ˝ t

“ g ˝ p ˝ pA1 bA2q ˝ t

because p is G-invariant.

Next, let us construct the inverse map. Pick a basis pe1,r1qr1 of V1, a basis pe2,r2qr2 of V2, and a
basis pfsqs of W . Let pe˚1,r1qr1 , pe˚2,r2qr2 , pf˚s qs be the respective dual bases of V ˚1 , V ˚2 , W˚.

Now, let T : EndpV1q b EndpV2q Ñ EndpW q be a K-linear G-invariant map.

For any r1, r2, s, let tr1r2s “ pe1,r1 b e2,r2qf
˚
s P HomKpW Ñ V1bV2q and define pr1r2s P HomGpV1b

V2 ÑW q by

pr1r2spv1 b v2q “
degpW q|G|

degpV1qdegpV2q
¨ T pv1e

˚
1,r1 b v2e

˚
2,r2qfs

for v1 b v2 P V1 b V2. Then, pr1r2s is K-linear and G-invariant because T is.

You can then show that rϕpT q “
ř

r1,r2,s
pr1r2s b tr1r2s defines the inverse rϕ of ϕ.

The isomorphisms given above combine to an isomorphism

H –
à

V1,V2,WPC
HomGpV1 b V2 ÑW q bHomKpW Ñ V1 b V2q.

The following lemma explains what element of HomGpV1 b V2 Ñ W q b HomKpW Ñ V1 b V2q the
trivial map π P H projects to.

Lemma 2.50. For any V1, V2 P C, fix a decomposition V1bV2 –
À

sPSpV1,V2q
Ws into irreducible G-

representations Ws P C with projection maps ps : V1bV2 �Ws and inclusion maps ιs : Ws ãÑ V1bV2.

Then, the element
ř

V1,V2PC
ř

sPSpV1,V2q
ps b ιs corresponds to the trivial element π of H.

Proof. The decomposition of V1 b V2 gives rise to a decomposition of

EndpV1q b EndpV2q – V
degpV1q

1 b V
degpV2q

2 – pV1 b V2q
degpV1q degpV2q.
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(Separately decompose each pair of column spaces of the matrix rings EndpV1q and EndpV2q.) Each
pair of projection and inclusion maps ps, ιs : V1bV2 Õ Ws corresponds to degpV1qdegpV2q projection
and inclusion maps EndpV1qbEndpV2q Õ Ws. The element of H can be computed from the resulting
maps KrGs bKrGs Õ Ws and the following lemma then shows the claim.

Lemma 2.51. Fix a decomposition of G-representations KrGs bKrGs –
À

sPSWs with projection
maps ps : KrGs bKrGs�Ws and inclusion maps ιs : Ws ãÑ KrGs bKrGs.

For any s P S, consider the element

fs “

„

xb y ÞÑ
1

degpWsq|G|
¨ ps ˝ pxb yq ˝ ιs



of HomGpKrGs bKrGs Ñ EndpWsqq. Then, the sum

F “
ÿ

sPS

fs P
à

WPC
HomGpKrGs bKrGs Ñ EndpW qq – H

is the trivial map π P H.

Proof. The crucial idea is to note that the sum is independent of the choice of decomposition
KrGs bKrGs –

À

sPSWs. We can therefore assume that each of the irreducible summands ιspWsq

is contained in one of the |G| summands in KrGs bKrGs “
À

hPG ∆pKrGsqpeb hq.

Since the element F of HomGpKrGs b KrGs Ñ KrGsq is G-invariant, it suffices to check that it
sends eb e to e and eb g to 0 for g ‰ e.

Firstly, putting x “ y “ e, the composition ps˝ιs is always the identity, so fspebeq “
1

degpWsq|G|
¨id P

EndpWsq. Any irreducible representation W occurs as a summand in KrGs exactly degpW q times
and therefore degpW q|G| times in KrGs bKrGs –

À

hPG ∆pKrGsqpeb hq. Thus, F peb eq maps to
id P EndpW q and hence F peb eq “ e P KrGs.

On the other hand, putting x “ e and y “ g ‰ e, observe that the intersection

∆pKrGsqpeb hq X peb gq∆pKrGsqpeb hq

is trivial for any h P G. Thus, for each summand U “ ιspWsq in our decomposition of KrGsbKrGs,
the intersection U Xppeb gq ¨Uq is trivial. This means that the composition ps ˝ peb gq ˝ ιs must be
zero for each of the projection/inclusion pairs pps, ιsq. Therefore, we indeed have F peb gq “ 0.

The unit, symmetry, and associativity conditions have convenient descriptions in terms of our de-
composition.

As representations of G, we clearly have a canonical isomorphism trivb V “ V . The unit condition
(Cu) fixes the corresponding K-linear map V Ñ triv b V “ V :

Lemma 2.52. For m P H, the unit condition (Cu) is equivalent to

πptriv b V Õ V q “ idb id for all V P C. (Cu)

Proof. The image of
ř

g g in EndpV q is |G| ¨ id if V “ triv and 0 otherwise. Therefore, the only
summands contributing to mp

ř

g g b xq are those with V1 “ triv and V2 “ W . As HomGptriv b
V Ñ V q is generated by the identity map, we can write mptriv b V Õ V q “ id b t for some
t P HomKpV Ñ triv b V q “ HomKpV Ñ V q. This corresponds to the map

A1 bA2 ÞÑ
1

|G|
pA1 bA2q ˝ t P EndpV q,

which sends
ř

g g b x to x ˝ t. Hence, (Cu) is equivalent to t “ id.
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Lemma 2.53. For m P H, the symmetry condition (Cs) is equivalent to

mpV1 b V2 Õ W q “ swappmpV2 b V1 Õ W qq for all V1, V2,W P C, (Cs)

where swap interchanges the two tensor factors corresponding to V1 and V2.

To describe the associativity condition, we refer to Remark 2.14, which says that left and right
associative compositions

KrGs bKrGs bKrGs Ñ KrGs

should coincide. We first decompose the space

HomGpKrGsbKrGsbKrGs Ñ KrGsq “
à

V1,V2,V3,W

HomGpEndpV1qbEndpV2qbEndpV3q Ñ EndpW qq

as before, and use the analogue of Theorem 2.47:

Lemma 2.54. The map

HomGpV1 b V2 b V3 ÑW q bHomKpW Ñ V1 b V2 b V3q

HomGpEndpV1q b EndpV2q b EndpV3q Ñ EndpW qq

given by

pb t

A1 bA2 bA3 ÞÑ
degpV1q degpV2q degpV3q

degpW q|G|2 ¨ p ˝ pA1 bA2 bA3q ˝ t

is an isomorphism of K-vector spaces.

V1 b V2 b V3 W
KrGs-linear map p

K-linear map t

The action of KrGsˆ is defined by

λ.ppb tq “ pb ppλb λb λq ˝ t ˝ λ´1q.

Then, the left associative composition can be computed as follows:

Lemma 2.55. The left associative composition

left-asspmq P HomGpKrGs bKrGs bKrGs Ñ KrGsq

of any m P H is defined by

left-asspmqpV1 b V2 b V3 Ô W q “
ÿ

UPC
left-asspmpV1 b V2 Ô Uq,mpU b V3 Ô W qq,

where the left associative composition of

pb t P HomGpV1 b V2 Ñ Uq bHomKpU Ñ V1 b V2q

and
p1 b t1 P HomGpU b V3 ÑW q bHomKpW Ñ U b V3q
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is

left-assppb t, p1 b t1q “ p2 b t2 P HomGpV1 b V2 b V3 ÑW q bHomKpW Ñ V1 b V2 b V3q

with
p2 “ p1 ˝ ppb idV3

q

and
t2 “ ptb idV3

q ˝ t1.

V1 b V2 b V3 U b V3 W
pbidV3 p1

tbidV3 t1

The right associative composition is defined similarly.

2.5.2 Galois descent

In the previous section, we have described how to decompose H if K is sufficiently large for all
irreducible representations of G over K to stay irreducible over K. To decompose H “ HpKq for
arbitrary base fields K (with charpKq - |G|), you can for example use the method of Galois descent.
It is often not difficult to guess and then prove the correct decomposition without explicitly referring
to Galois descent, though. In fact that is the path we will be taking in the later examples. This
section is mostly included as a general reference.

The elements of HpKq are exactly the elements of HpKq fixed by GalpK|Kq.

If V P CpKq are the irreducible representations of G over K, let us first describe the action of
GalpK|Kq on KrGs and on HpKq. The canonical action on KrGs often does not correspond to the
canonical (factor-wise) action on

ś

V PCpKq EndpV q and
À

V1,V2,WPCpKqHomGpEndpV1qbEndpV2q Ñ

EndpW qq:

In general, the Galois group GalpK|Kq permutes rows of the character table of G. Consider the
corresponding action of GalpK|Kq on CpKq. For any σ P GalpK|Kq, we can then find a corresponding
isomorphism Pσ,V : σV Ñ V of vector spaces over K such that Pσ,V gP

´1
σ,V “ σgσ´1 for each g P G.

This isomorphism is unique up to scaling.

Then, σ sends an element A P EndpV q Ď KrGs to σ.A “ P´1
σ,V σpAqPσ,V P EndpσV q Ď KrGs.

Similarly, σ sends an element t P HomGpEndpV1q b EndpV2q Ñ EndpW qq Ď HpKq to σ.t P
HomGpEndpσV1q b EndpσV2q Ñ EndpσW qq Ď HpKq given by

pσ.tqpA1 bA2q “ P´1
σ,Wσ

”

t
”

pPσ,V1σ
´1pA1qP

´1
σ,V1

q b pPσ,V2σ
´1pA2qP

´1
σ,V2

q

ıı

Pσ,W .

Under the isomorphism in Theorem 2.47, this means that

σ.ppb tq “ p1 b t1

where

p1 “ P´1
σ,W ˝ σpp ˝ pPσ,V1

b Pσ,V2
qq,

t1 “ σppP´1
σ,V1

b P´1
σ,V2

q ˝ tq ˝ Pσ,W .

20



V1 b V2 W

σV1 b σV2 W

σV1 b σV2 σW

p

t

σPσ,V1bPσ,V2

σ

p1

t1

Pσ,W

Example 2.56. Let G “ Cn be the cyclic group of order n, generated by τ . Then, the (one-
dimensional) irreducible representations of G over K are the spaces V0, . . . , Vn´1 with Vi “ K and
the action of G given by τ.v “ ζinv for v P Vi.

The action of GalpK|Kq on V0, . . . , Vn´1 is given by σVi “ Vri when σpζnq “ ζrn. For Pσ,V , we can
without loss of generality pick the identity map K Ñ K. Then, σ sends an element λi P EndpViq “ K
to σ.λi “ σpλiq P EndpσViq “ K.

An element pλiqi of KrGs –
ś

iK therefore turns out to be fixed by GalpK|Kq if and only if
λ0, . . . , λn´1 P Kpζnq and λri “ σpλiq for each σ P GalpKpζnq|Kq with σpζnq “ ζrn. For example, if
K “ Q, this corresponds to the natural decomposition QrGs –

ś

d|nQpζdq.

For any i, j, we have Vib Vj – Vi`j (the obvious identity map K bK – K is an isomorphism). Let
Vi,j “ HomKpVi`j Ñ Vi b Vjq – K. We therefore have

HpKq –
à

i,j

Vi,j .

Any σ P GalpK|Kq sends v P Vi,j “ K to σ.v “ σpvq P Vri,rj “ K where σpζnq “ ζrn as above.

An element pvi,jqi,j of HpKq –
À

i,j Vi,j is therefore fixed by GalpK|Kq if and only if vi,j P Kpζnq
and vri,rj “ σpvi,jq for all i, j and all σ P GalpKpζnq|Kq with σpζnq “ ζrn.

An element pλiqi P KrGs
ˆ acts on pvi,jqi,j P HpKq as pλiqi.pvijqi,j “ p

λiλj
λi`j

¨ vi,jqi,j .

2.6 Discriminants

Our goal in this section is to compute the discriminant of a G-extension R of S in terms of the
corresponding element m of PIpSq. Let triv : KrGs Ñ K be the map

ř

g agg ÞÑ
ř

g ag. We will
show that this corresponds to the trace map RbS K Ñ K.

Definition 2.57. For any m P PpKq, we call

discpmq “ detpptriv ˝mpab bqqa,bPGq

the discriminant of m.

We define discriminants and indices as usual:

Let R be a G-extension of S. If S is a principal ideal domain, then R is a free S-module. Let
α1, . . . , αn be a basis. The discriminant of R is then

discpRq “ detppTrpαiαjqq1ďi,jďnq.

This is well-defined up to multiplication by elements of Sˆ2. If S is an arbitrary Dedekind domain,
the discriminant of R is the ideal of S generated by the determinants of matrices detppTrpαiαjqqi,jq
where α1, . . . , αn P R.

Let I be a full ideal of SrGs. If S is a principal ideal domain, we define the index rSrGs : Is as the
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determinant of any matrix sending a basis of SrGs to a basis of I. (This index is well-defined up
to multiplication by elements of Sˆ.) If S is an arbitrary Dedekind domain, we define the index
rSrGs : Is to be the fractional ideal of S generated by determinants of matrices sending a basis of
SrGs to elements of I.

For any unitary full ideal I and any m P PpKq, we call

discIpmq “ rSrGs : Is2 ¨ discpmq

the discriminant of m with respect to I.

Of course, discpmq “ discSrGspmq.

Lemma 2.58. Let R be the G-extension of S corresponding to m P PIpSq. Then, the discriminant
of R is

discpRq “ discIpmq.

Proof. The trace map Tr “ TrR : RbS K Ñ K corresponds to a map TrKrGs : KrGs Ñ K.

For any a, b P G, write mpab bq “
ř

cPG ta,b,cc. The G-invariance of m means that tga,gb,gc “ ta,b,c
for all g, a, b, c P G. Now, the unit condition (Cu) implies that

ř

aPG ta,e,e “ 1. Then,

TrKrGsphq “
ÿ

gPG

th,g,g “
ÿ

gPG

tg´1h,e,e “ 1 for all h P G.

Hence, TrKrGspaq “ trivpaq for all a P KrGs. The claim then follows by performing a change of basis
from KrGs to I, since by definition

discpRq “ rSrGs : Is2 ¨ detppTrKrGspmpab bqqqa,bPGq “ discIpmq.

Assuming that charpKq - |G|, we can also express the discriminant in terms of the decomposition
of H given in section 2.5. For any irreducible representation V of G over K, identify elements of
V b V ˚ with endomorphisms of V . Denote by tr : V b V ˚ Ñ K “ triv and det : V b V ˚ Ñ K the
trace and determinant maps. Up to scaling, tr is the only G-invariant linear map V bV ˚ Ñ triv. We
can therefore write any element f of HomGpEndpV q b EndpV ˚q Ñ Endptrivqq – HomGpV b V

˚ Ñ

trivq b HomKptriv Ñ V b V ˚q as f “ tr
dimpV q b t for some t P HomKptriv Ñ V b V ˚q – V b V ˚.

Then, let detpfq “ detptq.

Theorem 2.59. If the characteristic of K does not divide the order of G, then

discpmq “
ź

V PCpKq

detpmpV b V ˚ Ô trivqqdimpV q

for any m P PpKq.

Proof. First, note that the function triv ˝m : KrGs bKrGs Ñ K can be interpreted as

triv ˝m “
ÿ

V1,V2PCpKq

mpV1 b V2 Õ trivq.

Now, a summand

HomGpEndpV1q b EndpV2q Ñ Endptrivqq – HomGpV1 b V2 Ñ trivq bHomKptriv Ñ V1 b V2q

ofHpKq is nonzero if and only if triv occurs as a summand in V1bV2. This means the representations
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V1 and V2 of G are dual: V1 – V ˚2 . Hence,

triv ˝m “
ÿ

V PCpKq

mpV b V ˚ Õ trivq.

For each V P CpKq, fix a basis of V and the corresponding dual basis of V ˚. This induces the basis

pEVr,sq1ďr,sďdimpV q of EndpV q of elementary matrices and a dual basis pEV
˚

r1,s1qr1,s1 of EndpV ˚q. Note
that

KrGs –
à

V PCpKq

EndpV q –
à

V PCpKq

EndpV ˚q.

Write mpV bV ˚ Õ trivq “ tr
dimpV q b t

V with tV P V bV ˚ – EndpV q. According to the construction

of our decomposition of HpKq, we get

triv ˝mpEVr,s b E
V ˚

r1,s1q “
dimpV q

|G|
¨ trpEVr,st

V EVs1,r1q “

#

dimpV q
|G| ¨ tVs,s1 , r “ r1,

0, r ‰ r1.

Therefore, the |G| ˆ |G|-matrix ptriv ˝mpEVr,s bE
V ˚

r1,s1qqV,r,s,r1,s1 is a block diagonal matrix in which

the block dimpV q
|G| tV occurs dimpV q times for each V P CpKq. Its determinant is therefore

ź

V PCpKq

det

ˆ

dimpV q

|G|
tV

˙dimpV q

.

We have performed changes of basis of KrGs (independent of m) that transformed the matrix

ptriv ˝mpab bqqa,bPG into the matrix ptriv ˝mpEVr,s bE
V ˚

r1,s1qqV,r,s,r1,s1 . This shows that the identity

discpmq “
ź

V PCpKq

detpmpV b V ˚ Ô trivqqdimpV q

is true up to some multiplicative constant. It therefore suffices to show that both sides agree for
m “ π. We then have discpmq “ 1 and tV “ idV for all V , since tr

dimpV q and idV are corresponding

projection and inclusion maps V b V ˚ Õ triv.

More generally, consider a subgroup H Ď G. A basis of the S-module SrGsH is p
ř

hPH hgqrgsPHzG.

Definition 2.60. For any m P PpKq, we call

discHpmq “ det
``

ÿ

hPH

triv ˝mpab hbq
˘

ras,rbsPHzG

˘

the H-discriminant of m.

For any unitary full ideal I and any m P PpKq, we call

discHI pmq “
“

SrGsH : IH
‰2
¨ discHpmq

the H-discriminant of m with respect to I.

Computations similar to the above then show the following two results.

Lemma 2.61. Let R be the G-extension of S corresponding to m P PIpSq. Then, the discriminant
of the subring fixed by a subgroup H Ď G is

discpRHq “ discHI pmq.
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Proof. Let TrR : RbS K Ñ K be the trace map in R and TrRH : RH bS K Ñ K be the trace map
in RH . For any r P R, we have

TrRH
`

ÿ

hPH

hr
˘

“ TrRprq.

Let TrKrGs : KrGs Ñ K and TrKrGsH : KrGsH Ñ K be the corresponding trace maps in KrGs and

KrGsH . We conclude that

TrKrGsH
`

m
`

ÿ

haPH

haab
ÿ

hbPH

hbb
˘˘

“ TrKrGsH
`

ÿ

haPH

ham
`

ab
ÿ

hbPH

hbb
˘˘

“ TrKrGs
`

m
`

ab
ÿ

hPH

hb
˘˘

“ triv ˝m
`

ab
ÿ

hPH

hb
˘

.

The result again follows by performing a change of basis from KrGsH to IH .

Theorem 2.62. If the characteristic of K does not divide the order of G, then

discHpmq “
ź

V PCpKq

detpmpV b V ˚ Ô trivqqdimpV Hq

for any m P PpKq.

Proof. This follows from a computation similar to the proof of Theorem 2.59.

We can also describe the effect of the action of KrGsˆ1 on discriminants. Denote by IGH “ IndGH triv
the result of lifting the trivial representation of H to G via induction. This is the permutation
representation for right cosets of H in G. For example, IG1 is the regular representation reg of G.
Then, xIGH , V y “ dimpV Hq is the multiplicity with which V occurs in IGH .

Lemma 2.63. For any m P PpKq and any λ P KrGsˆ1 , we have

discpλ.mq “ detpregpλqq2 ¨ discpmq

and for all subgroups H Ď G, we have

discHpλ.mq “ detpIGHpλqq2 ¨ discHpmq.

Proof. These facts are immediate consequences of the definition of discpmq and discHpmq.

2.7 Ideal classes

Fix a Dedekind domain S with field of fractions K.

Let A be some (not necessarily commutative) S-algebra. Assume that A is a finitely generated
torsion-free S-module. Write AK “ AbS K.

Definition 2.64. We call a left A-submodule I of AK a full ideal of A (over S) if I is a finitely
generated S-module and I bS K “ AK (meaning k1 ¨ A Ď I Ď k2 ¨ A for some k1, k2 P K

ˆ). Two
full ideals I, I 1 are called equivalent if I 1 “ Iλ for some λ P AˆK . For any full ideal I, we denote the
set of λ P AˆK such that I “ Iλ by AutpIq.

Let ClpAq “ ClSpAq be the set of equivalence classes of full ideals of A.

We call A a principal ideal ring (over S) if all full ideals of A are equivalent.
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Example 2.65. If A a Dedekind domain, then the full ideals of A are exactly the nonzero fractional
ideals of A. Hence, ClpAq is the class group of A.

For any finite group G, the Jordan–Zassenhaus Theorem (see [34]) implies that ClZpZrGsq is finite.

For computing ClpZrGsq in specific examples, we roughly follow the proof in [34]. The following
simple lemmas are sufficient for the groups studied in this thesis.

Lemma 2.66. Let A1, . . . , An be S-algebras as above. Then, the map

ClpA1q ˆ ¨ ¨ ¨ ˆ ClpAnq ÝÑ ClpA1 ˆ ¨ ¨ ¨ ˆAnq

pI1, ¨ ¨ ¨ , Inq ÞÝÑ I1 ˆ ¨ ¨ ¨ ˆ In

is a bijection.

Lemma 2.67 (Similar to [34, pages 282f.]). If A is a principal ideal ring, then the matrix ring
MnpAq is also a principal ideal ring.

Proof. Let I be a full ideal of MnpAq. Consider the set V Ď AnK of rows of elements of I. The fact
that I is a left MnpAq-module shows that V is a left A-module, and that I is the set of matrices
whose elements lie in V . Our goal is now to construct some λ P GLnpAKq such that V λ “ An, so
Iλ “MnpAq.

For 1 ď i ď n, let ιi : AK Ñ AnK be the i-th inclusion map and let pi : AnK Ñ AK be the i-th
projection map. We will now inductively construct upper triangular matrices λk P GLnpAKq for
0 ď k ď n such that pipV λkq “ A and ιipAq Ď V λk for all 1 ď i ď k. For k “ 0, we can of course
take the identity matrix λ0 “ In. Assume we have constructed λk´1 for some 1 ď k ď n. The
assumption that I Ď MnpAKq is a full ideal of MnpAq implies that pkpV λk´1q Ď AK is a full ideal
of A. Since A is a principal ideal ring, there exists some xk P A

ˆ
K with pkpV λk´1q “ Axk. Now,

let x1, . . . , xk´1, xk`1, . . . , xn P AK such that px1, . . . , xnq P V λk´1. By the induction hypothesis,
we have px1, . . . , xk´1, 0, . . . , 0q P V λk´1. Hence, p0, . . . , 0, xk, . . . , xnq P V λk´1. We can then
put λk “ λk´1µk where µk P GLnpAKq is the identity matrix with the k-th row replaced by
p0, . . . , 0, 1

xk
,´

xk`1

xk
, . . . ,´xn

xk
q, finishing the induction.

For k “ n, we obtain V λn “ An and therefore Iλn “MnpAq.

Assume we have computed ClpBq for some ring B and want to compute ClpAq for a subring of finite
index. The following lemma explains how this can be achieved.

Lemma 2.68. Let A Ď B be S-algebras as above such that kB Ď A for some non-zero-divisor k P S.
Define the set W of pairs pJ, T q where J is a full ideal of B and T is a left A-submodule of J{kJ with
BT “ J{kJ . Call two such pairs pJ, T q and pJ 1, T 1q equivalent if there is an element λ P AˆK “ BˆK
such that Jλ “ J 1 and Tλ “ T 1.

Then, we obtain a bijection between ClpAq and the set of equivalence classes of elements pJ, T q PW .
A full ideal I of A corresponds to the pair pBI, I{kBIq. Conversely, a pair pJ, T q corresponds to
the preimage of T under the projection map J Ñ J{kJ . The automorphism groups satisfy AutpIq Ď
AutpJq.

Proof. This is a direct consequence of the fact that kBI Ď AI “ I for any I P ClpAq.

Remark 2.69. Fixing representatives pJiqiPI of the equivalence classes of full ideals of B, we see
that any element of W is equivalent to one of the form pJi, T q, and that two pairs pJi, T q and pJi1 , T

1q

are equivalent if and only if i “ i1 and Tλ “ T 1 for some λ P AutpJiq.

Corollary 2.70. Assume ClpBq is finite and the ideal kS has finite index in S. Then, ClpAq is
finite and AutpIq is a subgroup of finite index of AutpJq for all I P ClpAq as above with BI “ J .
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Proof. For any J P ClpBq, the finite set J{kJ – JbSpS{kSq has only finitely many leftA-submodules
T . The group AutpJq acts on this finite set of submodules T of J{kJ . For any I P ClpAq with BI “ J ,
the automorphism group AutpIq is exactly the stabilizer of I.

Example 2.71. LetG “ C2 “ te, τu be the cyclic group of order two and let S “ Z. Then, the image
of the canonical embedding ZrGs Ď ZˆZ is the set of pairs pa, bq such that a ” b mod 2. The ring Z
and hence the ring ZˆZ is a principal ideal ring. We have 2pZˆZq Ď ZrGs, so each full ideal of ZrGs
corresponds to a left ZrGs-submodule T of Z{2ZˆZ{2Z such that pZˆZq¨T “ Z{2ZˆZ{2Z (in other
words, T projects surjectively onto both factors), modulo the action of AutpZˆ Zq “ t˘1u ˆ t˘1u.
There are exactly two (equivalence classes of) such modules:

• The module tp0, 0q, p1, 0q, p0, 1q, p1, 1qu “ Z{2ZˆZ{2Z corresponding to the full ideal ZˆZ of
ZrGs.

• The module tp0, 0q, p1, 1qu Ĺ Z{2ZˆZ{2Z corresponding to the full ideal ZrGs “ tpa, bq | a ” b
mod 2u Ĺ Zˆ Z of ZrGs.

Remark 2.72. In Dirichlet domains, class groups are a purely global phenomenon: the localizations
are always principal ideal domains. This is not the case in our more general situation: for example,
the ring Z2rC2s still has two equivalence classes of full ideals.

2.8 Toy example: the cyclic group of order two

As a toy example, let us look at the cyclic group G “ C2 “ te, τu of order two over the ring S “ Z
of integers. It is recommended to compare this example with the more general treatment of cyclic
groups in Chapter 3.

Artin–Wedderburn decomposition of QrGs. We have an isomorphism QrGs – QˆQ sending
e to p1, 1q and τ to p1,´1q. Identify any element of QrGs with the corresponding element of QˆQ.
The first factor corresponds to the trivial representation, the second factor corresponds to the sign
representation.

The image of the embedding ZrGs Ď Z ˆ Z is the set of pairs pa, bq P Z ˆ Z with a ” b mod 2.
There are two equivalence classes of unitary full ideals of ZrGs: one represented by the ideal

I1 “ ZrC2s “ eZ‘ τZ – tpa, bq P Zˆ Z | a ” b mod 2u

and another represented by the ideal

I2 “ pe` τqZ‘
e´ τ

2
Z – 2Zˆ Z.

Both ideals I “ I1, I2 have index rZrGs : Is “ 1.

Decomposition of H. The tensor products of the irreducible representations of G are as follows:

b triv sgn

triv triv sgn

sgn sgn triv

As we saw in Section 2.5, H is isomorphic to the direct sum of the following representations of
QrGsˆ:
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• HomQptriv Ñ triv b trivq

• HomQpsgn Ñ triv b sgnq

• HomQpsgn Ñ sgnb trivq

• HomQptriv Ñ sgnb sgnq

Of course, each of those representations is one-dimensional and comes with a canonical identification
with Q. For an element m P H, let us denote the corresponding elements of Q by v00, v01, v10, v11,
respectively.

The map m : QrGs bQrGs Ñ QrGs is defined as follows:

mppa, bq b pa1, b1qq “

ˆ

v00aa
1 ` v11bb

1

2
,
v01ab

1 ` v10a
1b

2

˙

.

The trivial extension corresponds to v00 “ v01 “ v10 “ v11 “ 1.

Conditions (Cu) and (Cs) are equivalent to v00 “ v01 “ v10 “ 1. Condition (Ca) is automatically
satisfied. Therefore,

PpQq “ tp1, 1, 1, v11q | v11 P Qu – Q.

The action of QrGsˆ1 “ 1ˆQˆ – Qˆ on PpQq is given by λ.v11 “ λ2v11. Thus, G-extensions of Q
are in bijection with elements of Q, modulo multiplication by elements of Qˆ2.

The discriminant of a G-extension of Z corresponding to v11 is v11.

The closedness condition (Cc) is equivalent to v P 1 ` 4Z for type I1 and equivalent to v P 4Z for
type I2. Therefore,

PI1pZq – 1` 4Z, PI2pZq – 4Z.

Furthermore, Aut1pI1q “ Aut1pI2q “ 1ˆ Zˆ – t˘1u acts trivially on v11.

The extension corresponding to m P PI1pZq or m P PI2pZq is nonmaximal if and only if there exists
some nonzero λ P ZzZˆ such that λ´1.v “ v

λ2 P PI1pZq Y PI2pZq.
We have thus recovered the well-known Theorem 1.3.
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Chapter 3

Cyclic groups

Assume G “ Cn is a cyclic group of order n generated by τ . Let S be a Dedekind domain whose
field of fractions K has characteristic not dividing n.

3.1 Decomposition

For any positive integer d and any ring T , let T rζds “ Zrζds bZ T . (Note that this is often not an
integral domain! For example, if T “ Zq is a local ring, it might be a product of local rings.) If T
is a field, we alternatively write T pζdq.

Artin–Wedderburn decomposition of KrGs. We have an isomorphism KrGs –
ś

d|nKpζdq

sending τ to the tuple pζdqd|n.

For i P Z{nZ, denote by ρi the homomorphism KrGs Ñ Kpζnq sending τ to ζin.

For r P pZ{nZqˆ, denote by σr the automorphism of Kpζnq sending ζn to ζrn.

The maps ρi : KrGs Ñ Kpζnq combine to an isomorphism

KrGs –
ź1

iPZ{nZ
Kpζnq

where the right-hand side is the set of tuples pxiqi P
ś

iKpζnq such that for all r P pZ{nZqˆ and all
i P Z{nZ, we have xri “ σrpxiq. Note that this implies that xi P Kpζdq where we denote by d the
size of the subgroup of Z{nZ generated by i.

The inverse map is

pxiqi ÞÝÑ
1

n

ÿ

i

ˆ

ÿ

j

xjζ
´ij
n

˙

τ i. (3.1)

Decomposition of H. For i, j P Z{nZ, let λ P KrGsˆ act on the space Vi,j :“ Kpζnq by multipli-

cation by
ρipλqρjpλq
ρi`jpλq

.

Let
à1

i,j
Vi,j be the set of tuples pvi,jqi,j in

À

i,j Vi,j such that vri,rj “ σrpvi,jq for all r P pZ{nZqˆ

and all i, j P Z{nZ. Note that this condition implies that vi,j P Kpζdq where we denote by d the size
of the subgroup of Z{nZ generated by i and j.
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We can now construct a KrGsˆ-invariant isomorphism

à1

i,j

Vi,j
„
ÝÑ H “ HomGpKrGs bKrGs Ñ KrGsq

as follows: send pvi,jqi,j to the G-invariant homomorphism m defined by

ρupmpxb yqq “
1

n

ÿ

i,j:
i`j“u

ρipxqρjpyqvi,j P Kpζnq for all u and all x, y P KrGs. (3.2)

The inverse map HÑ
à1

i,j
Vi,j sends m to pvi,jqi,j with

vi,j “
ÿ

k

ζ´ikn ρi`jpmpτ
k b eqq

“
1

n

ÿ

k,l

ζ´ik´jln ρi`j
`

m
`

τk b τ l
˘˘

“
1

n

ÿ

k,l

ζ´ik´jln

ÿ

u

ρu
`

m
`

τk b τ l
˘˘

.

(3.3)

We will in the following identify elements m P H with tuples v “ pvi,jqi,j P
à1

i,j
Vi,j .

Remark 3.1. The trivial map π P H corresponds to the tuple p1qi,j P
à1

i,j
Vi,j . Let v “ pvi,jqi,j P

PnondegpKq. According to Corollary 2.35, there exists some α P KseprGsˆ1 such that v “ α.π, so

vi,j “
ρipαqρjpαq

ρi`jpαq
for all i, j.

The numbers vi,j P Kpζnq are therefore all invertible for nondegenerate extensions.

For any i,

ρipα
nq “

ź

j

ρipαqρjpαq

ρi`jpαq
“
ź

j

vi,j P Kpζnq
ˆ,

which means that β :“ αn lies in KrGsˆ1 and is independent of the choice of α. Note that

vni,j “
ρipβqρjpβq

ρi`jpβq
.

3.2 Equations

The unit, symmetry, and associativity conditions for v “ pvi,jqi,j P H (see Theorem 2.13) are as
follows:

v0,i “ 1 for all i, (Cu)

vj,i “ vi,j for all i, j, (Cs)

vi,jvi`j,k “ vj,kvi,j`k for all i, j, k. (Ca)

Remark 3.2. Assuming (Cu) and (Cs), it suffices to check (Ca) only for 1 ď i ă k ď n ´ 1 and
j ‰ 0. Due to the condition that σrpvi,jq “ vri,rj , you in fact only need to check it for one such
tuple pi, j, kq P pZ{nZq3 in each orbit of the group pZ{nZqˆ.
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Remark 3.3. For any tuple pvi,jqi,j P
à1

i,j
Vi,j satisfying (Cu) and (Cs), we have

vi,j P

$

’

&

’

%

t1u, if i or j “ 0,

Kpζd ` ζ
´1
d q, if i “ ´j,

Kpζdq, always.

where d is the size of the subgroup of Z{nZ generated by i and j.

Proof. We have already seen that vi,j P Kpζdq. If i “ 0 or j “ 0, then vi,j “ 1 clearly follows from
(Cu) and (Cs). If i “ ´j, then σ´1pvi,jq “ vj,i “ vi,j implies that vi,j P Kpζd ` ζ

´1
d q.

The discriminant of m “ pvi,jqi,j P PpKq is (use Theorem 2.59 over the separable closure of K or
directly compute the discriminant by hand)

discpmq “
ź

i

vi,´i. (3.4)

More generally, if H “ xτhy Ď G, the H-discriminant of m “ pvi,jqi,j P PpKq is

discHpmq “
ź

i:
ih”0 mod n

vi,´i.

The simple (purely multiplicative) structure of the variety Pnondeg allows us to understand its points.

Let us first show some examples where Pnondeg can be described in particularly simple form.

Example 3.4 (n “ 2). The only variable vi,j not fixed by (Cu) and (Cs) is v11 P Kpζ2q “ K. The
associativity equation (Ca) is then automatically satisfied.

vi,j 0 1
0 1 1
1 1 v11

We hence have a bijection PpKq – K sending v to v11. It restricts to a bijection PnondegpKq – Kˆ.

The discriminant is
discpmq “ v11.

Example 3.5 (n “ 3). The variables vi,j can be computed from v11 P Kpζ3q as follows:

vi,j 0 1 2
0 1 1 1
1 1 v11 v11σ2pv11q

2 1 v11σ2pv11q σ2pv11q

We have a bijection PpKq – Kpζ3q sending v to v11. It restricts to a bijection PnondegpKq – Kpζ3q
ˆ.

The discriminant is
discpmq “ v12v21 “ NKpζ3q|Kpv11q

2.

Example 3.6 (n “ 4). If v P PpKq is nondegenerate, the variables can be computed from v13 P K
ˆ

and v12 P Kpiq
ˆ as follows:

vi,j 0 1 2 3
0 1 1 1 1
1 1 v13{σ3pv12q v12 v13

2 1 v12 v12σ3pv12q σ3pv12q

3 1 v13 σ3pv12q v13{v12
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We have a bijection PnondegpKq – Kˆ ˆKpiqˆ sending v to pv13, v12q.

The discriminant is
discpmq “ v13v22v31 “ v2

13NKpiq|Kpv12q.

The H-discriminant for H “ xτ2y is

discHpmq “ v22 “ NKpiq|Kpv12q.

Example 3.7 (n “ 5). If v P PpKq is nondegenerate, the variables can be computed from v12 P

Kpζ5q
ˆ as follows:1

vi,j 0 1 2 3 4

0 1 1 1 1 1

1 1 vσ1`σ4´σ2
12 vσ1

12 vσ3
12 vσ1`σ4

12

2 1 vσ1
12 vσ2`σ3´σ4

12 vσ2`σ3
12 vσ2

12

3 1 vσ3
12 vσ2`σ3

12 vσ2`σ3´σ1
12 vσ4

12

4 1 vσ1`σ4
12 vσ2

12 vσ4
12 vσ1`σ4´σ3

12

We have a bijection PnondegpKq – Kpζ5q
ˆ sending v to v12.

The discriminant is
discpmq “ v14v23v32v41 “ NKpζ5q|Kpv12q

2.

Example 3.8 (n “ 6). If v P PpKq is nondegenerate, the variables can be computed from v11 P

Kpζ3q
ˆ, v12 P Kpζ3q

ˆ, and v15 P K
ˆ.

We have a bijection PnondegpKq – Kpζ3q
ˆ ˆKpζ3q

ˆ ˆKˆ sending v to pv11, v12, v15q.

Example 3.9 (n “ 7). If v P PpKq is nondegenerate, the variables can be computed from v13 P

Kpζ7q
ˆ.

We have a bijection PnondegpKq – Kpζ7q
ˆ sending v to v13.

3.3 Integral structure, full ideals

To compute ClpSrGsq, we first need to understand the ring SrGs Ď
ź1

i
Srζns:

Lemma 3.10. The image of SrGs in
ź1

i
Srζns is the set of tuples pxiqi such that

ř

i xiζ
´ij
n ” 0

mod n for all j. The image in
ś

d|n Srζds is the set of tuples pydqd such that
ř

d|n TrKpζdq|Kpydζ
´j
d q ”

0 mod n for all j.

Proof. According to (3.1), an element pxiqi of
ź1

i
Srζns lies in the image if and only if

ÿ

i

xiζ
´ij
n ” 0 mod n for all j.

An element pxiqi of
ź1

i
Srζns corresponds to pydqd P

ś

d|n Srζds given by yd “ xn{d. As xri “ σrpxiq

for r P pZ{nZqˆ, the left-hand side is

ÿ

i

xiζ
´ij
n “

ÿ

d|n

ÿ

rPpZ{dZqˆ
xrn{dζ

´rj
d “

ÿ

d|n

ÿ

rPpZ{dZqˆ
σrpxn{dζ

´j
d q “

ÿ

d|n

TrKpζdq|Kpydζ
´j
d q.

1We use exponential notation: for example, vσ4`σ1´σ2
12 is σ4pv12qσ1pv12q{σ2pv12q.
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Example 3.11. If n “ p is prime, the image in S ˆ Srζps is

tpa, bq P S ˆ Srζps | a` TrKpζpq|Kpbq ” 0 mod pu

“ tpa, bq P S ˆ Srζps | a ” b mod pζp ´ 1qu.

The image in
ź1

i
Srζps is the set of tuples pxiqi such that

ř

i xi ” 0 mod ζp ´ 1.

Example 3.12. If n “ 4, the image is the set of pa, b, c` idq P S ˆ S ˆ Sris such that

a` b` 2c ” 0 mod 4 and b` c` d ” 0 mod 2.

We will now study the case S “ Z.

Lemma 3.13. Let n “ p be prime and let a1, . . . , ah be representatives of the h ideal classes in
Zrζps. For each i, let fi be a Z-linear isomorphism ai{ppζp ´ 1qaiq

„
Ñ Z{pZ of Z-modules. (Such an

isomorphism exists because pζp ´ 1q is an ideal of norm p.) The 2h equivalence classes of full ideals
of ZrGs are as follows: for each 1 ď i ď h, there are the two full ideal classes represented by the
unitary full ideals

I1,i “ tpx, yq P Zˆ ai | x ” fipyq mod pu

and
I2,i “ pZˆ ai.

The indices of I1,i and I2,i in ZrGs are both equal to the index rZrζps : ais.

Proof. First of all ClpZq “ tZu and ClpZrζpsq “ ta1, . . . , ahu. Therefore, Lemma 2.66 implies that
ClpZˆZrζpsq “ tZˆa1, . . . ,Zˆahu. Since ppZˆZrζpsq Ď ZrGs, Lemma 2.68 implies that elements of
ClpZrGsq are in bijection with equivalence classes of pairs pZˆai, T q where 1 ď i ď h and T is a ZrGs-
submodule of Z{pZˆ ai{pai that projects surjectively onto both factors. Two such pairs pZˆ ai, T q
and pZˆai1 , T 1q are equivalent if and only if i “ i1 and there exists some λ P AutpZˆaiq “ ZˆˆZrζpsˆ
such that Tλ “ T 1. It is not hard to see that we either have T “ Zˆ ai, corresponding to the ideal
Z ˆ ai “ I2,ip

1
p , 1q – I2,i, or we have T “ tpx, yq P Z ˆ ai | x ” gpyq mod pu for some surjective

Z-linear map g : ai{pai � Z{pZ. As T is closed under multiplication by p1, ζpq P ZrGs, we must
have gpζpyq “ gpyq for all y P ai. The kernel of g must therefore be a Zrζps-ideal of index p in
ai. Since pζp ´ 1q is the only ideal of index p, the kernel has to be pζp ´ 1qai. Then, g “ µfi for

some µ P pZ{pZqˆ. Multiplying T by the unit λ “ p1,
ζµp´1

ζp´1 q P Zˆ ˆ Zrζpsˆ satisfying
ζµp´1

ζp´1 ” µ

mod pζp ´ 1q, we see that this case only produces one additional ideal class: I1,i.

Corollary 3.14. Assume Zrζps is a principal ideal domain. (This is the case if and only if p ď 19.)
We then have h “ 1 and can choose a1 “ Zrζps. The two types are then

I1 “ tpx, yq P Zˆ Zrζps | x ” y mod pζp ´ 1qu “ ZrGs

and
I2 “ pZˆ Zrζps.

The indices of I1 and I2 in ZrGs are both 1.

Example 3.15. If n “ 4, the seven equivalence classes of full ideals are represented by the following
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unitary full ideals:

I1 “ xp4, 0, 0q, p0, 2, 0q, p0, 0, 1q, p0, 0, iqy

I2 “ xp2, 2, 0q, p0, 4, 0q, p0, 0, 1q, p0, 0, iqy

I3 “ xp2, 0, iq, p0, 2, 0q, p0, 0, 1` iq, p0, 0, 2iqy

I4 “ xp4, 0, 0q, p0, 1, iq, p0, 0, 1` iq, p0, 0, 2iqy

I5 “ xp2, 0, iq, p0, 2, iq, p0, 0, 1` iq, p0, 0, 2iqy

I6 “ xp2, 1, iq, p0, 2, 0q, p0, 0, 1` iq, p0, 0, 2iqy

I7 “ xp1, 1, iq, p0, 2, 1` iq, p0, 0, 2q, p0, 0, 2iqy

Again, let H “ xτ2y be the index 2 subgroup of G. For convenience, we have chosen these full ideals
so that rZrGs : Iis “ rZrGsH : IHi s “ 1 for each of our full ideals Ii.

3.4 Good primes

Let us study G-extensions of S “ Zq for any prime q not dividing n.

Lemma 3.16. If q is a prime not dividing n, then ZqrGs “
ź1

i
Zqrζns “

ś

d|n Zqrζds.

Proof. This follows immediately from Lemma 3.10.

In particular, as each Zqrζds and therefore ZqrGs is a product of principal ideal domains, all full
ideals of ZqrGs are equivalent to ZqrGs. Assume I “ ZqrGs throughout this section.

Lemma 3.17. Let m “ pvi,jqi,j P PnondegpQpq. If q is a prime not dividing n, then pvi,jqi,j satisfies

the closedness condition (Cc), i.e. pvi,jqi,j P Pnondeg
I pZpq, if and only if vi,j P Zqrζns for all i, j.

Proof. The closedness condition (Cc) is equivalent to mpZqrGs b ZqrGsq Ď ZqrGs “
ź1

i
Zqrζns, so

ρupmpZqrGs b ZqrGsqq Ď Zqrζns for all u. By (3.2), this is equivalent to

1

n

ÿ

i,j:
i`j“u

ρipτ
rqρjpτ

sqvi,j P Zqrζns for all u, r, s,

which simply means that

1

n

ÿ

i,j:
i`j“u

ζir`jsn vi,j P Zqrζns for all u, r, s.

Note that n P Zˆq , so this condition holds whenever all vi,j lie in Zqrζns.
Conversely, if ρupmpZqrGs b ZqrGsqq Ď Zqrζns for all u, then (3.3) implies that

vi,j “
ÿ

k

ζ´ikn ρi`jpmpτ
k b eqq P Zqrζns.

Let us now recall that q is unramified in Zrζns. The decomposition group is generated by the q-th
power map, corresponding to the element σq of GalpQpζnq|Qq. If we denote any prime factor of q
in Zrζns by q1, then the prime factors of q are exactly the ideals qi “ σipq1q for i P pZ{nZqˆ. Two
such ideals qi and qj are identical if and only if j “ qti for some integer t.
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Let pZ{nZqrq ´ 1s “ n
gcdpn,q´1qZ{nZ be the set of f P Z{nZ such that fpq ´ 1q ” 0 mod n. Let Bq

be the set of tuples pbiqiPZ{nZ of integers such that b0 “ 0 and such that bqi “ bi for all i and such
that there exists some (unique) f P pZ{nZqrq ´ 1s with bi ” fi mod n for all i.

Remark 3.18. The set Bq Ď Zn is a lattice of rank
ř

d|n, dě2
ϕpdq

orddpqq
where ϕpdq “ #pZ{dZqˆ is

the Euler phi function and orddpqq is the multiplicative order of q modulo d.

We will now construct a map
PnondegpQpq Ñ Bq

using the following lemma.

Lemma 3.19. Let pvi,jqi,j “ α.π P PnondegpQpq with α P QprGsˆ1 and β “ αn P QprGsˆ1 as in
Remark 3.1. For each i P Z{nZ, let bi be the q1-valuation of ρipβq. Then, the tuple pbiqi lies in Bq.

Proof. Since vni,j “
ρipβqρjpβq
ρi`jpβq

, we must have

bi ` bj ´ bi`j ” 0 mod n for all i, j.

This implies that there exists some f P Z{nZ such that bi ” fi mod n for all i. Since σqpq1q “ q1,
we have bqi “ bi for all i. In particular, it follows that fpq ´ 1q ” 0 mod n.

Remark 3.20. The map PnondegpQpq Ñ Bq is clearly ZqrGsˆ1 -invariant.

We can compute the q-valuation of the discriminant of pvi,jqi,j P PnondegpQpq in terms of its image

pbiqi in Bq: Since vpi,´i “
ρipβqρ´ipβq

ρ0pβq
“ ρipβqρ´ipβq, it is vdiscpbq “ 1

n

ř

ipbi ` b´iq “
2
n

ř

i bi.

The closedness condition from Lemma 3.17 can also be rephrased in terms of the image pbiqi in Bq:
It holds if and only if

bi ` bj ´ bi`j ě 0 for all i, j. (3.5)

Taking bj to be the smallest among the numbers b0, . . . , bn´1, we see that in particular bi ě bi `
bj ´ bi`j ě 0 for all i.

Given that the closedness condition and the discriminant only depend on the tuple b “ pbiqi, it
makes sense to define the following series (the local factor at q):

fnondeg
q pxq “

ÿ

bPBq satisfying (3.5)

xvdiscpbq.

Note that the closedness condition (3.5) cuts out a polyhedron in the lattice Bq Ď Zn. The series
fnondeg
q pxq can therefore be interpreted as an Ehrhart series (see [15] for the definition and a proof

that the series is a rational function). For n “ 2, 3, the series can easily be computed by hand. We
used the Normaliz software [9, 10] for n “ 4, 5:

Example 3.21 (n “ 2). The local factor at q ‰ 2 is

fnondeg
q pxq “

1

1´ x
.

Example 3.22 (n “ 3). The local factor at q ‰ 3 is

fnondeg
q pxq “

$

’

’

&

’

’

%

1

p1´ x2q
2 , q ” 1 mod 3,

1

1´ x4
, q ” 2 mod 3.
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Example 3.23 (n “ 4). The local factor at q ‰ 2 is

fnondeg
q pxq “

$

’

’

&

’

’

%

1´ x` x2

p1´ xq p1´ x3q p1´ x4q
, q ” 1 mod 4,

1

p1´ x2q p1´ x4q
, q ” 3 mod 4.

Example 3.24 (n “ 5). The local factor at q ‰ 5 is

fnondeg
q pxq “

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

1` 2x4 ` 2x6 ` 2x8 ` x12

p1´ x4q
2
p1´ x6q

2 , q ” 1 mod 5,

1´ x4 ` x8

p1´ x4q p1´ x12q
, q ” 4 mod 5,

1

1´ x8
, q ” 2, 3 mod 5.

The maximality condition can be expressed in terms of the image pbiqi P Bq as follows:

Lemma 3.25. We have pvi,jqi,j P Pmax
I pZqq if and only if (3.5) holds and

0 ď bi ă n for all i. (3.6)

Proof. Since ZqrGs is the only full ideal up to equivalence, the G-extension of Zq is nonmaximal if
and only if there exists some λ P ZqrGs XQqrGsˆ1 zZqrGs

ˆ
1 such that λ´1.v “ pλ´1αq.π still satisfies

the closedness condition. The q1-valuation li ě 0 of ρipλq then has to be positive for some i. On the
other hand, the q1-valuation bi ´ nli of ρipλ

´nβq “ ρippλ
´1αqnq must still be nonnegative, which

means that bi ě n.

Conversely, assume L :“ maxi bi ě n. To show that the G-extension of Zq is nonmaximal, construct
λ P ZqrGs X QqrGsˆ1 so that the q1-valuation of ρipλq is li “ 1 when bi “ M and is li “ 0 when
bi ăM . It then follows that

pbi ´ nliq ` pbj ´ nljq ´ pbi`j ´ nli`jq ě 0,

so λ´1.v still satisfies the closedness condition: since the left-hand side is divisible by n, it suffices to
show that it is greater than ´n. If pli, lj , li`jq “ p1, 0, 0q, then the left-hand side is bi`bj´bi`j´n ą
M ` bj ´M ´ n ě ´n. If pli, lj , li`jq “ p1, 1, 0q, then the left-hand side is bi ` bj ´ bi`j ´ 2n ą
M `M ´M ´ 2n ě ´n. If pli, lj , li`jq “ p1, 1, 1q, then the left-hand side is bi ` bj ´ bi`j ´ n “
M `M ´M ´ n ě 0. The remaining cases are all similarly easy.

For maximal rings, we therefore obtain one potential tuple pb0, . . . , bn´1q P Bq for each

f P pZ{nZqrq ´ 1s “
n

gcdpn, q ´ 1q
Z{nZ.

The numbers 0 ď bi ă n are determined by bi ” fi mod n.

The q-valuation of the discriminant is then

2

n

ÿ

i

bi “
2

n
¨ gpfq ¨

n{gpfq´1
ÿ

t“0

tgpfq “
2gpfq2 ¨ pn{gpfq ´ 1qpn{gpfqq

n ¨ 2
“ n´ gpfq

with gpfq “ gcdpf, nq.
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As before, we define the local factor

fmax
q pxq “

ÿ

bPB satisfying (3.5) and (3.6)

xvdiscpbq.

We have shown that

fmax
q pxq “

ÿ

fP n
gcdpn,q´1qZ{nZ

xn´gcdpf,nq

“
ÿ

n
gcdpn,q´1q |g|n

ϕ

ˆ

n

g

˙

xn´g

“
ÿ

d|gcdpn,q´1q

ϕpdqxnp1´
1
d q

where ϕ denotes the Euler phi function.

Example 3.26. If n “ p is prime, the local factor at q ‰ p is

fmax
q pxq “

#

1, q ı 1 mod p,

1` pp´ 1qxp´1, q ” 1 mod p.

Example 3.27. More generally, if n “ pk is a prime power with gcdppk, q´1q “ pe, the local factor
at q ‰ p is

fmax
q pxq “ 1`

e
ÿ

t“1

pp´ 1qpt´1xp
k
´pk´t .

Example 3.28. For n “ 4, the local factor at q ‰ 2 is

fmax
q pxq “

#

1` x2, q ” 3 mod 4,

1` x2 ` 2x3, q ” 1 mod 4.

Remark 3.29. For q - n, any G-extension of Qq is tame. We could also have computed the
series fmax

q psq using the fact that the maximal tame quotient of the absolute Galois group of Qq is

topologically generated by (a lift of) the Frobenius ϕ and a map τ sending q1{k to ζkq
1{k, subject

to the relation ϕ ˝ τ ˝ ϕ´1 “ τ q. In [18, section 5] used this approach to study “mass formulas” for
tame extensions of Qq with arbitrary prescribed Galois group.

3.5 Bad primes

It remains to treat the closedness and maximality conditions for primes q dividing n. We only cover
the case that n “ p is prime (and q “ p). For other specific values of n, one could carry out a similar
analysis, or refer to a database of local fields (see [17]) for a list of all G-extensions of Qq.
Let n “ p be prime. Recall that p ramifies completely in Zprζps: We have ppq “ pζp ´ 1qp´1. We
will repeatedly make use of the congruence

ζip ´ 1

ζp ´ 1
” ζi´1

p ` ¨ ¨ ¨ ` 1 ” i mod ζp ´ 1

for i P Z{nZ.

Since Zprζps is a principal ideal domain, an argument as in the proof of Lemma 3.13 shows that,
up to equivalence, ZprGs has exactly two unitary full ideals: the ideal I1 “ ZprGs and the ideal
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I2 “ pZp ˆ Zprζps. We will now analyze the closedness conditions for each of these two possible
types.

3.5.1 Closedness in type I1

Before we can simplify the closedness condition, we need to solve a linear functional equation:

Lemma 3.30. Let f : Z{nZˆ Z{nZÑ Z{nZ be a function such that

fpi, jq ` fpi` j, kq ” fpj, kq ` fpi, j ` kq mod n for all i, j, k. (3.7)

Then, there exists some function g : Z{nZ Ñ Z{n2Z such that g is linear modulo n (meaning that
gpi` jq ” gpiq ` gpjq mod n for all i, j) and

fpi, jq ”
gpiq ` gpjq ´ gpi` jq

n
mod n for all i, j. (3.8)

Proof. Define the function g as follows:

gpaq ” a
n´1
ÿ

b“0

fp1, bq ` nfp1, 0q ´ n
a´1
ÿ

b“0

fp1, bq mod n2 for a ě 0.

First of all, note that this function is indeed well-defined: gpa ` nq ” gpaq for all a ě 0. It is also
clearly linear modulo n.

Next, we will show (3.8) for integers i ě 1 and j via induction over i.

For i “ 1, this follows directly from the definition. Assume now that we have shown (3.8) for some
i and all j. Then, (3.7) implies that

fp1, iq ` fp1` i, jq ” fpi, jq ` fp1, i` jq mod n,

so
fp1` i, jq ” fpi, jq ` fp1, i` jq ´ fp1, iq mod n.

According to the induction hypothesis, this is

fp1` i, jq ”
gp1` iq ` gpjq ´ gp1` i` jq

n
.

Lemma 3.31. Let n “ p be prime and 1 ď e ď p´1 and let f : Z{pZˆZ{pZÑ Z{pZ be a function
satisfying (3.7) and

fpri, rjq ” refpi, jq mod p for all r, i, j.

Then, there exists some constant c P Z{pZ such that modulo p,

fpi, jq ”

#

c ¨ i
p
`jp´pi`jqp

p , e “ 1,

c ¨ pie ` je ´ pi` jqeq, e ě 2.

Proof. Let g be a function as in Lemma 3.30. First, note that we can find some b P Z such that
g1piq “ gpiq ´ b ¨ ip is divisible by p for all i. Then, the function 1

pg
1 from Z{pZ to Z{pZ can be

represented by a polynomial of degree at most p. We can therefore write

gpiq “
p
ÿ

k“0

ak ¨ i
k

where the coefficients a0, . . . , ap´1 are divisible by p. Replacing gpiq by gpiq ´ a1i doesn’t change
gpiq ` gpjq ´ gpi` jq, so we can assume without loss of generality that a1 “ 0.
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Now, the requirement that fpri, rjq ” refpi, jq mod p means that

1

p

p
ÿ

k“0

akpr
k ´ reqpik ` jk ´ pi` jqkq ” 0 mod p for all r, i, j.

The left-hand side is a polynomial of degree at most p in r. To be zero for all r, it must be a multiple

of rp ´ r. Its rp-coefficient is ap ¨
ip`jp´pi`jqp

p .

If e ‰ 1, the r-coefficient is 1
pa1pi ` j ´ pi ` jqq “ 0, so we must have ap ¨

ip`jp´pi`jqp

p ” 0 mod p

for all i, j. For j “ 1, the term ip`jp´pi`jqp

p is a polynomial of degree p ´ 1 in i and hence cannot
always be zero. Therefore, ap “ 0.

For any 0 ď k ď p´ 1 with k ‰ e, the rk-coefficient is ak
p ¨ pi

k ` jk ´ pi` jqkq. If k ě 2 and j “ 1,

the term ik ` jk ´ pi` jqk is a polynomial of degree k ´ 1 ď p´ 2 in i and hence cannot always be
zero. The term is 1 for k “ 0. Therefore, ak “ 0 whenever k ‰ 1, p, e.

We have thus shown that if e “ 1, all coefficients ak except ap must be zero, and that if e ‰ 1, all
coefficients ak except ae must be zero (and ae must be divisible by p). This finishes the proof.

Lemma 3.32. Let n “ p be prime and assume m “ pvi,jqi,j P PnondegpQpq. Let e ě 1 so that
vi,j “ 1 ` pζp ´ 1qewi,j with wi,j P Zprζps for all i, j. Then, there is a constant c P Z such that
modulo ζp ´ 1,

wi,j ”

#

c ¨ i
p
`jp´pi`jqp

p , e “ 1,

c ¨ pie ` je ´ pi` jqeq, e ě 2.

Proof. Modulo pζp ´ 1qe`1, the associativity condition (Ca) becomes

wi,j ` wi`j,k ” wj,k ` wi,j`k mod ζp ´ 1.

The condition vri,rj “ σrpvi,jq means that pζp ´ 1qewri,rj “ pζ
r
p ´ 1qeσrpwi,jq, so

wri,rj ”

ˆ

ζrp ´ 1

ζp ´ 1

˙e

σrpwi,jq

” rewi,j mod pζp ´ 1q for all i, j, r.

(Note that this conclusion holds even if r “ 0, as v0,0 “ 1.)

The claim then follows from Lemma 3.31 (just pick fpi, jq ” wi,j mod ζp ´ 1).

Lemma 3.33. Let n “ p be prime and assume m “ pvi,jqi,j P PnondegpQpq. Let 2 ď e ď p ´ 1
so that vi,j P 1 ` pζp ´ 1qeZprζps for all i, j. Then, there exists some λ P ZprGsˆ1 such that v1i,j P

1` pζp ´ 1qe`1Zprζps, where m1 “ λ.m “ pv1i,jqi,j P PnondegpQpq.

Proof. Writing vi,j “ 1` pζp ´ 1qewi,j , Lemma 3.32 shows that there is a constant c P Z such that

wi,j ” c ¨ pie ` je ´ pi` jqeq mod ζp ´ 1 for all i, j.

Take λ “ 1´ c ¨ pτ ´ 1qe P ZprGsˆ1 . Then, modulo pζp ´ 1qe`1, we get

v1i,j ”
ρipλqρjpλq

ρi`jpλq
¨ vi,j

”
p1´ c ¨ pζip ´ 1qeqp1´ c ¨ pζjp ´ 1qeq

p1´ c ¨ pζi`jp ´ 1qeq
¨ p1` c ¨ pie ` je ´ pi` jqeqpζp ´ 1qeq

” 1.

We again used that pζip ´ 1qe ” iepζp ´ 1qe mod pζp ´ 1qe`1.
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Lemma 3.34. Let n “ p be prime. For type I1 “ ZprGs, the closedness condition (Cc) is equivalent
to the conditions that vi,j P Zprζps and

ÿ

i,j:
i`j“u

vi,jζ
ir`js
p ” 0 mod p for all r, s, u

and
ÿ

i,j

vi,jζ
ir`js
p ” 0 mod p2 for all r, s.

Proof. Recall that I1 “ ZprGs “ tpxiqi P
ź1

i
Zprζps |

ř

i xi ” 0 mod ζp ´ 1u. Hence, we have

mpI1 b I1q Ď I1 if and only if ρupmpτ
r b τsqq P Zprζps for all u and

ř

u ρupmpτ
r b τsqq P pZprζps.

The claim then follows from (3.2).

Lemma 3.35. Let n “ p be prime and assume m P PnondegpQpq, i.e., commutativity and asso-
ciativity are satisfied. For type I1 “ ZprGs, the closedness condition (Cc) is then equivalent to the
condition that

vi,j P 1` pζp ´ 1q2Zprζps for all i, j.

Proof. Assume vi,j P 1 ` pζp ´ 1q2Zprζps for all i, j. Repeatedly applying Lemma 3.33 and using

the fact that Pnondeg
I1

pZpq is invariant under Aut1pI1q “ ZprGsˆ1 , we can in fact assume that vi,j P
1` pζp ´ 1qpZprζps.
Let vi,j “ 1` pζp ´ 1qpwi,j . Then, we have

ÿ

i,j:
i`j“u

vi,jζ
ir`js
p ”

ÿ

i,j:
i`j“u

p1` pζp ´ 1qpwi,jqζ
ir`js
p ” 0 mod p for all r, s, u.

so it only remains to show that
ÿ

i,j

vi,jζ
ir`js
p ” 0 mod p2.

Since the left-hand side is an integer, we only need to verify that it is congruent to 0 modulo
ppqpζp ´ 1q “ pζp ´ 1qp, which is again obvious:

ÿ

i,j

vi,jζ
ir`js
p ”

ÿ

i,j

p1` pζp ´ 1qpwi,jqζ
ir`js
p ” 0 mod pζp ´ 1qp.

Conversely, let us show that vi,j P 1` pζp´ 1q2Zprζps is necessary. Assume the closedness condition
is satisfied.

We know that vi,j P Zprζps and that

0 ”
ÿ

i,j:
i`j“u

vi,j mod p for all u. (3.9)

With u “ 0, we get

0 ” v0,0 `
ÿ

i‰0

σipv1,´1q ” 1` pp´ 1qv1,´1 ” 1´ v1,´1 mod pζp ´ 1q,

so v1,´1 ” 1 mod pζp ´ 1q and hence vi,´i ” 1 mod pζp ´ 1q for all i. Then, the associativity
condition (Ca) with i “ b, j “ a, k “ ´a´ b proves that

vb,ava`b,´a´b “ va,´a´bvb,´b,
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so
va,b ” vb,a ” va,´a´b mod pζp ´ 1q.

The associativity condition with i “ ´a, j “ a, k “ b proves that

v´a,av0,b “ va,bv´a,a`b “ va,bσ´1pva,´a´bq,

so
1 ” va,bva,´a´b ” v2

a,b mod pζp ´ 1q.

Since pζp ´ 1q is a prime ideal in Zprζps, it follows that

va,b ” ˘1 mod pζp ´ 1q for all a, b.

Now, the right-hand side of (3.9) consists of p summands, each of which is ˘1 modulo pζp ´ 1q. As
pζp´1qXZ “ pZ, the summands must all have the same sign modulo pζp´1q. One of the summands
is v0,u “ 1, so we must have vi,j ” 1 mod pζp ´ 1q for all i, j.

Writing vi,j “ 1` pζp ´ 1qwi,j , Lemma 3.32 shows that there is a constant c P Z such that

wi,j ” c ¨
ip ` jp ´ pi` jqp

p
mod pζp ´ 1q for all i, j.

For odd p, set u “ 1 in (3.9). We get that

0 ” c ¨
1

p

˜

2
ÿ

i

ip ´ p

¸

” c ¨
1

p

˜

ÿ

i

pip ` p´iqpq ´ p

¸

” ´c mod pζp ´ 1q,

which implies that c ” 0 mod pζp´1q, so wi,j ” 0 mod pζp´1q and indeed vi,j P 1`pζp´1q2Zprζps.
For p “ 2, use that

0 ”
ÿ

i,j

vi,j ” 3` v11 mod 4.

3.5.2 Closedness in type I2

Lemma 3.36. Let n “ p be prime. For type I2 “ pZp ˆ Zprζps, the closedness condition (Cc) is
equivalent to the conditions that vi,j P Zprζps and

ÿ

i,j‰0:
i`j“u

vi,jζ
ir`js
p ” 0 mod p for all r, s, u (3.10)

and
ÿ

i‰0

vi,´iζ
ipr´sq
p ” 0 mod p2 for all r, s. (3.11)

Proof. Note that I2 “ pZp ˆ Zprζps “ tpxiqi P
ź1

i
Zprζps | x0 ” 0 mod pu. Hence, we have

mpI2 b I2q Ď I2 if and only if ρupmpτ
r b τsqq P Zprζps for all u and ρ0pmpτ

r b τsqq P pZprζps. The
claim then follows from (3.2).

Lemma 3.37. Let n “ p be prime and assume m P PnondegpQpq. For type I2 “ pZp ˆ Zprζps, the
closedness condition (Cc) is then equivalent to the conditions that

vi,j P pZprζps for all i, j ‰ 0
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and
vi,´i P p

2Zprζps for all i ‰ 0.

Proof. The conditions clearly imply closedness according to the previous lemma.

Conversely, assume that the closedness condition is satisfied. First, let us show that v1,´1 ” 0
mod pζp ´ 1qp: write v1,´1 “

ř

k akζ
k
p with ak P Z. Without loss of generality, ap´1 “ 0. We have,

vi,´i “ σipv1,´1q “
ř

k akζ
ik
p . Then, (3.11) with r “ 0 implies

0 ”
ÿ

i‰0

ÿ

k

akζ
ipk´sq
p ”

ÿ

k

ak
ÿ

i

ζipk´sqp ´
ÿ

k

ak ” pas ´
ÿ

k

ak mod p2 for all s.

Hence, a0 ” a1 ” ¨ ¨ ¨ ” ap´1 ” 0 mod p. Let ak “ pbk. Then, we obtain

0 ” p2bs ´
ÿ

k

pbk ” ´p
ÿ

k

bk mod p2 for all s,

so
ř

k bk ” 0 mod k. This implies that
ř

k bkζ
k
p ” 0 mod ζp´1, so v1,´1 is divisible by ppqpζp´1q “

pζp ´ 1qp.

Now, define β P QprGsˆ1 as in Remark 3.1, so that

vpi,j “
ρipβqρjpβq

ρi`jpβq
for all i, j.

By definition of QprGsˆ1 , we have ρ0pβq “ 1. Write ρ1pβq “ pζp ´ 1qet with t P Zprζpsˆ. Then,

vp1,´1 “ ρ1pβqρ´1pβq “ ρ1pβqσ´1pρ1pβqq

is divisible by ζp´1 exactly 2e times. We have seen that the left-hand side is divisible by pζp´1qp
2

,
so e{p ě p

2 . Now, for any i, j ‰ 0 with i` j ‰ 0,

vpi,j “
ρipβqρjpβq

ρi`jpβq
“
σipρ1pβqqσjpρ1pβqq

σi`jpρ1pβqq

is divisible by ζp ´ 1 exactly e times. In particular, e is divisible by p. Our goal is to show
that e{p ě p ´ 1, since this implies that vi,´i is divisible by ζp ´ 1 exactly 2e

p ě 2pp ´ 1q times

and vi,j is divisible by ζp ´ 1 exactly e
p ě p ´ 1 times, as claimed. Assume e{p ď p ´ 2. Let

λ “ p1, ζp ´ 1q P Zˆ ˆ Zprζpsˆ “ Aut1pI2q. Then, consider w “ λ´e{p.v P PnondegpQpq. If
i, j, i` j ‰ 0, we get

wpi,j “
σiptqσjptq

σi`jptq
.

Letting t ” c mod ζp ´ 1 for some 0 ‰ c P Z{pZ, we conclude that wpi,j ” c mod ζp ´ 1, so

wi,j ” c ” t mod ζp ´ 1. Then, as v “ λe{p.w,

vi,j ”
pζip ´ 1qe{ppζjp ´ 1qe{p

pζi`jp ´ 1qe{p
¨ t ” pζp ´ 1qe{p ¨

ˆ

ij

i` j

˙e{p

¨ t mod pζp ´ 1qe{p`1.

Now, (3.10) implies that

ÿ

i,j‰0:
i`j“1

vi,j ” pζp ´ 1qe{p ¨
ÿ

i,j‰0:
i`j“1

pijqe{p ¨ t mod pζp ´ 1qe{p`1.
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However, since p
2 ď

e
p ď p´ 2, we have

ÿ

i,j‰0:
i`j“1

pijqe{p ”
ÿ

i

pip1´ iqqe{p ”
ÿ

i

e{p
ÿ

r“0

ˆ

e{p

r

˙

¨ p´1qr ¨ ie{p`r

”

ˆ

e{p

p´ 1´ e{p

˙

¨ p´1qp´1´e{p ¨ p´1q ı 0 mod p,

so t ” 0 mod ζp ´ 1, contradicting our assumption that t P Zprζpsˆ.

3.5.3 Maximality

Lemma 3.38. Let n “ p be prime. Then, any m P Pnondeg
I1

pZpq is maximal.

Proof. We know that m is nonmaximal if and only if there exists some unitary full ideal J Ľ I1 such
that m P PJpZpq. Now, there are two cases:

i) The full ideal is of the form J “ I1λ
´1 (so PJpZpq “ λ.PI1pZpq) for some λ P QprGsˆ1 –

Qprζpsˆ with λ P pζp ´ 1qZprζps.

ii) The full ideal is of the form J “ I2λ
´1 (so PJpZpq “ λ.PI2pZpq) for some λ P QprGsˆ1 –

Qprζpsˆ with λ P pζp ´ 1qZprζps.

In either case, you can see that v1,´1 R λσ´1pλqZprζps, so m R λ.PJpZpq.

Lemma 3.39. Let n “ p be prime and assume m P Pnondeg
I2

pZpq. Then, m is nonmaximal if and
only if one of the following two conditions holds:

a) We have
1

p
vi,j P pζp ´ 1qZprζps for all i, j ‰ 0 with i ‰ j

and
1

p2
vi,´i P pζp ´ 1q2Zprζps for all i ‰ 0.

b) There exists some a P t1, . . . , p´ 1u such that

1

p
vi,j P a` pζp ´ 1q2Zprζps for all i, j ‰ 0 with i ‰ j

and
1

p2
vi,´i P a

2 ` pζp ´ 1q2Zprζps for all i ‰ 0.

Proof. We know that m is nonmaximal if and only if there exists some unitary full ideal J Ľ I2 such
that m P PJpZpq. Now, there are two cases:

i) The full ideal is of the form J “ I1λ
´1 (so PJpZpq “ λ.PI1pZpq) for some λ P QprGsˆ1 –

Qprζpsˆ with λ P pζp ´ 1qZprζps.

ii) The full ideal is of the form J “ I2λ
´1 (so PJpZpq “ λ.PI2pZpq) for some λ P QprGsˆ1 –

Qprζpsˆ with λ P pζp ´ 1qZprζps.

In case ii), you can see that m P PJpZpq for some λ is equivalent to a).
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Now assume we’re not in case a). In case i), you can see that m P PJpZpq can only happen when
λ P pZprζpsˆ. Write 1

pλ ” a ` bpζp ´ 1q mod pζp ´ 1q2 with a, b P t0, . . . , p ´ 1u and a ‰ 0. Then,

m P PJpZpq is equivalent to

1

p
vi,j P

pa` bpζip ´ 1qqpa` bpζjp ´ 1qq

a` bpζi`jp ´ 1q
` pζp ´ 1q2Zprζps

“ a` pζp ´ 1q2Zprζps for i, j ‰ 0 with i` j ‰ 0,

and

1

p2
vi,´i P pa` bpζ

i
p ´ 1qqpa` bpζ´ip ´ 1qq ` pζp ´ 1q2Zprζps

“ a2 ` pζp ´ 1q2Zprζps for i ‰ 0.

3.6 Summary

By combining the descriptions of PpQq in Examples 3.4, 3.5 and 3.7 with the local analysis performed
in Sections 3.4 and 3.5, we obtain the following parametrizations.

Lemma 3.40. Let n “ 2. The projection PpQq Ñ V11 – Q is bijective. The two full ideals of ZrGs
are I1 “ ZrGs “ tpa, bq P Z ˆ Z | a ” b mod 2u and I2 “ 2Z ˆ Z. The image of the injective map
PIpZq Ñ V11 – Q is

#

1` 4Z, I “ I1,

4Z, I “ I2.

The discriminant of the ring corresponding to m P PIpZq is v11 in both cases. We have Aut1pIq “
t˘1u and hence Aut1pIq

σ1`σ2 “ 1 in both cases.

For any prime q and any m P PIbZq pZqq, we have m P Pmax
IbZq pZqq if and only if

$

’

&

’

%

v11 R q
2Z, q ‰ 2, I “ I1 or I2,

always, q “ 2, I “ I1,
1
4v11 R 4ZY p1` 4Zq, q “ 2, I “ I2.

Theorem 1.3 follows easily.

Lemma 3.41. Let n “ 3. The projection PpQq Ñ V11 – Qpζ3q is bijective. The two full ideals of
ZrGs are I1 “ ZrGs “ tpa, bq P Zˆ Zrζ3s | a ” b mod pζ3 ´ 1qu and I2 “ 3Zˆ Zrζ3s. The image of
the injective map PIpZq Ñ V11 – Qpζ3q is

#

1` 3Zrζ3s, I “ I1,

3Zrζ3s, I “ I2.

The discriminant of the ring corresponding to m P PIpZq is NQpζ3q|Qpv11q
2 in both cases. We have

Aut1pIq “

#

t1, ζ3, ζ
2
3u, I “ I1,

t˘1,˘ζ3,˘ζ
2
3u, I “ I2,

and hence

Aut1pIq
σ1`σ1´σ2 “

#

t1u, I “ I1,

t˘1u, I “ I2.
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For any prime q and any m P PIpZq, we have m P Pmax
IbZq pZqq if and only if

$

’

’

’

&

’

’

’

%

v11Zqrζ3s P tp1q, pq1q, pq2qu, q ” 1 mod 3, q “ q1q2 in Zrζ3s, I “ I1 or I2,

v11 P Zqrζ3sˆ, q ” 2 mod 3, I “ I1 or I2,

always, q “ 3, I “ I1,
1
3v11 R pζ3 ´ 1qZrζ3s Y pt˘1u ` 3Zrζ3sq, q “ 3, I “ I2.

Theorem 1.4 follows easily.

Lemma 3.42. Let n “ 5. The projection PnondegpQq Ñ V ˆ12 – Qpζ5qˆ is bijective. The two full
ideals of ZrGs are I1 “ ZrGs “ tpa, bq P Zˆ Zrζ5s | a ” b mod pζ5 ´ 1qu and I2 “ 5Zˆ Zrζ5s. For
any prime q and any m P PnondegpQq, we have m P Pmax

IbZq pZqq if and only if:

If q ” 1 mod 5 with decomposition q “ q1q2q3q4 in Zrζ5s such that qi “ σipq1q,

v12Zqrζ5s P tp1q, q1q2, q2q4, q3q1, q4q3u.

If q ” 2, 3, 4 mod 5,
v12 P Zqrζ5sˆ.

If q “ 5 and I “ I1,
v12 P 1` pζ5 ´ 1q2Zrζ5s.

If q “ 5 and I “ I2,

v12 P 5Zrζ5s, but
1

5
v12 R pζ5 ´ 1qZrζ5s Y pt1, 2, 3, 4u ` pζ5 ´ 1q2Zrζ5sq.

The discriminant of the ring corresponding to m P PIpZq is NQpζ5q|Qpv12q
2 in both cases. We have

Aut1pIq “

#

xζ5,´p1` ζ5q
2y, I “ I1,

x´ζ5, 1` ζ5y, I “ I2,

and hence

Aut1pIq
σ1`σ2´σ3 “

#

x´pζ5 ` ζ
´1
5 q2y, I “ I1,

x´1, ζ5 ` ζ
´1
5 y, I “ I2.

Theorem 1.6 follows easily, noting that the elements of Aut1pI2q
σ1`σ2´σ3{Aut1pI1q

σ1`σ2´σ3 are
represented by 1,´1, pζ5 ` ζ

´1
5 q,´pζ5 ` ζ

´1
5 q, which reduce to 1, 4, 2, 3 modulo pζ5 ´ 1q2.

To show that the Dirichlet series

Dmaxpsq “
ÿ

R maximal G-ext. of Z
discpRq´s

is
Dmaxpsq “

`

1` 4 ¨ 5´8s
˘

ź

q”1 mod 5

`

1` 4q´4s
˘

,

it only remains to make use of the fact that the canonical map

Zrζ5sˆ Ñ pZrζ5s{pζ5 ´ 1q2qˆ{t1, 2, 3, 4u

is injective with kernel x´1, ζ5 ` ζ´1
5 y. Hence, for any t P Zrζ5s with t ı 0 mod pζ5 ´ 1q, there is

exactly one rrs P Zrζ5sˆ{x´1, ζ5 ` ζ´1
5 y such that rt satisfies condition c) in Theorem 1.6. For any

t P 5Zrζ5sz5pζ5 ´ 1qZrζ5s, there are exactly four such rrs.
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One can similarly show that the Dirichlet series

Dnondegpsq “
ÿ

R nondeg. G-ext. of Z
discpRq´s

is

Dnondegpsq “

˜

1` 5 ¨
8
ÿ

a“4

5´2as

¸

ź

q‰5

fnondeg
q pq´sq

“

ˆ

1` 5 ¨
5´8s

1´ 5´2s

˙

ź

q‰5

fnondeg
q pq´sq

where the local factors fnondeg
q pxq are as in Example 3.24.
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Chapter 4

The quaternion group

Let G “ t˘1,˘i,˘j,˘ku be the quaternion group and let K be a field of characteristic different
from 2.

First, recall the subgroup structure and the representation theory of G. The subgroups of G are

1, t˘1u, t˘1,˘iu, t˘1,˘ju, t˘1,˘ku, G.

They are normal subgroups of G with respective quotients

G, pZ{2Zq2,Z{2Z,Z{2Z,Z{2Z, 1.

In addition to the discriminant discpRq of a nondegenerate G-extension R, we will also look at its
conductor

condpRq “
discpRq

discpRt˘1uq
.

We similarly define condpmq “ discpmq

disct˘1upmq
and condIpmq “

discIpmq

disc
t˘1u
I pmq

.

We write the elements of pZ{2Zq2 as 00, 01, 10, 11. The quotient G{t˘1u is isomorphic to pZ{2Zq2
via

1 ÞÑ 00, i ÞÑ 01, j ÞÑ 10, k ÞÑ 11.

Let us fix preimages
ϕ00 “ 1, ϕ01 “ ´i, ϕ10 “ ´j, ϕ11 “ ´k.

The four irreducible representations of pZ{2Zq2 produce four irreducible representations of G over K:

triv “ sgn00, sgni “ sgn01, sgnj “ sgn10, sgnk “ sgn11

given by

trivp˘1q “ `1 trivp˘iq “ `1 trivp˘jq “ `1 trivp˘kq “ `1

sgnip˘1q “ `1 sgnip˘iq “ `1 sgnip˘jq “ ´1 sgnip˘kq “ ´1

sgnjp˘1q “ `1 sgnjp˘iq “ ´1 sgnjp˘jq “ `1 sgnjp˘kq “ ´1

sgnkp˘1q “ `1 sgnkp˘iq “ ´1 sgnkp˘jq “ ´1 sgnkp˘kq “ `1

We shall also consider the standard four-dimensional representation std : GÑ HpKq where HpKq “
ta` bi` cj ` dk | a, b, c, d P Ku is the ring of Hamilton quaternions over K.
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We obtain the Artin–Wedderburn decomposition

KrGs – K ˆK ˆK ˆK ˆHpKq

corresponding to the representations triv, sgni, sgnj , sgnk, std.

Let us fix some notation regarding the ring of quaternions.

Definition 4.1. For any h “ a ` bi ` cj ` dk P HpKq, define its real part <phq “ h< “ a and
its imaginary part =phq “ h= “ bi ` cj ` dk. An element h is called real if h “ <phq and purely
imaginary if h “ =phq. Denote the set of purely imaginary quaternions by H=pKq. We further define
the conjugate h˚ “ a´ bi´ cj ´ dk and the norm Nphq “ a2 ` b2 ` c2 ` d2. An element h P HpKq
is invertible if and only if Nphq ‰ 0. We then have h´1 “ 1

Nphqh
˚. Also note that ph1h2q

˚ “ h˚2h
˚
1

and <ph1h2q “ <ph2h1q for all h1, h2 P HpKq.

Remark 4.2. The standard representation is irreducible over K (and HpKq is a division ring) if and
only if a2`b2`c2`d2 “ 0 has no nontrivial solution over K. Otherwise, it splits as std – std1‘std1

for an irreducible two-dimensional representation std1. Then, HpKq is isomorphic to M2pKq. Assume
there is such an isomorphism f : HpKq Ñ M2pKq of K-algebras. Let h P HpKq. Then, the real
part is <phq “ 1

2 Trpfphqq. The imaginary part corresponds to fp=phqq “ fphq ´ 1
2 TrpfphqqI2. Real

quaterions correspond to multiples of the identity matrix. Purely imaginary quaternions correspond
to trace-free matrices (elements of sl2pKq Ă M2pKq). The conjugate corresponds to fph˚q “
TrpfphqqI2 ´ fphq “ adjpfphqq, the adjugate matrix of fphq. The norm is Nphq “ detpfphqq. The
tensor products of irreducible representations of G decompose as follows:

b triv sgni sgnj sgnk std1

triv triv sgni sgnj sgnk std1

sgni sgni triv sgnk sgnj std1

sgnj sgnj sgnk triv sgni std1

sgnk sgnk sgnj sgni triv std1

std1 std1 std1 std1 std1 triv ‘ sgni ‘ sgnj ‘ sgnk

This decomposition reflects the shape of the multiplication table of a G-extension (see Table 4.1).

Now, let us decompose H –
À

V1,V2,W
HomGpEndpV1q b EndpV2q Ñ EndpW qq into irreducible

representations of KrGsˆ. Note that, as representations of G, we have Endpsgnaq – sgnar– Ks for
all a and Endpstdq – stdr– HpKqs.

Lemma 4.3. The following is a description of the elements of all nonzero spaces HomGpEndpV1qb

EndpV2q Ñ EndpW qq where the representations V1, V2, W of G are among the representations triv,
sgni, sgnj, sgnk, std defined above. We also give a formula for the action of

λ “ pλ00, λ01, λ10, λ11, λstdq P K
ˆ ˆKˆ ˆKˆ ˆKˆ ˆHpKqˆ “ KrGsˆ

on each such space.

• For all a, b P pZ{2Zq2, elements t of

HomGpEndpsgnaq b Endpsgnbq Ñ Endpsgna`bqq

are in bijection with numbers ua,b P K via

tpxb yq “
1

8
ua,bxy.
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The action is given by

λ.ua,b “
λaλb
λa`b

¨ ua,b.

• For all a P pZ{2Zq2, elements t of

HomGpEndpsgnaq b Endpstdq Ñ Endpstdqq

are in bijection with quaternions va P HpKq via

tpxb yq “
1

8
xϕayva.

The action is given by
λ.va “ λa ¨ λstdvaλ

´1
std.

We can further decompose va “ v<a ` v
=
a . The action on these two summands is given by

λ.v<a “ λa ¨ v
<
a

and
λ.v=a “ λa ¨ λstdv

=
a λ

´1
std.

• Similarly, for all a P pZ{2Zq2, elements t of

HomGpEndpstdq b Endpsgnaq Ñ Endpstdqq

are in bijection with quaternions v1a P HpKq via

tpxb yq “
1

8
ϕaxv

1
ay.

The action on v1a is defined exactly like the action on va.

• For all a P pZ{2Zq2, elements t of

HomGpEndpstdq b Endpstdq Ñ Endpsgnaqq

are in bijection with quaternions wa P HpKq via

tpxb yq “
1

2
<pϕaxway˚q.

The action is given by

λ.wa “
1

λa
¨ λstdwaλ

˚
std.

Again, decompose wa “ w<
a ` w

=
a . The action on these two summands is given by

λ.w<
a “

Npλstdq

λa
¨ w<

a

and

λ.w=
a “

1

λa
¨ λstdw

=
a λ

˚
std.

Therefore elements m of H exactly correspond to tuples

ppua,bqa,b, pv
<
a qa, pv

=
a qa, pv

1<
a qa, pv

1=
a qa, pw

<
a qa, pw

=
a qaq
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and we obtain a corresponding decomposition

HpKq –
à

a,b

Ua,b ‘
à

a

V <
a ‘

à

a

V =
a ‘

à

a

V 1<a ‘
à

a

V 1=a ‘
à

a

W<
a ‘

à

a

W=
a

–
à

a,b

K ‘
à

a

K ‘
à

a

H=pKq ‘
à

a

K ‘
à

a

H=pKq ‘
à

a

K ‘
à

a

H=pKq

of HpKq into irreducible KrGsˆ-representations.

The trivial map π P HpKq corresponds to the tuple with ua,b “ 1 and va “ v1a “ wa “ ϕ´1
a for all

a, b.

Proof. You can verify that ϕastdpgqϕ´1
a “ sgnapgqstdpgq for all a P pZ{2Zq2 and g P G. It is then

easy to see that all of the elements t defined above are indeed G-invariant and to translate the action
of KrGsˆ on HpKq “ HomGpKrGs bKrGs Ñ KrGsq to an action on the summands ua,b, va, v

1
a, wa.

In total, we have constructed a space of G-invariant maps of dimension

ÿ

a,bPpZ{2Zq2
1`

ÿ

aPpZ{2Zq2
4`

ÿ

aPpZ{2Zq2
4`

ÿ

aPpZ{2Zq2
4 “ 64.

On the other hand, according to Remark 2.20, the dimension of HpKq “ HomGpKrGs bKrGs Ñ
KrGsq is also |G|2 “ 64, so we have indeed constructed all G-invariant maps. You can check by
hand that the element m of HpKq with ua,b “ 1 and va “ v1a “ wa “ ϕ´1

a for all a indeed satisfies
mpeb eq “ e and mpeb gq “ 0 for all e ‰ g P G. Then, G-invariance proves that m “ π.

For reference, we now state the unit, symmetry and associativity conditions in terms of the pa-
rameters given above. We skip the straightforward proofs of the following lemmas, as they are not
necessary for showing the parametrization of nondegenerate extensions in Theorem 4.11H=pKq.

Lemma 4.4. For an element ppua,bqa,b, pv
<
a qa, pv

=
a qa, pv

1<
a qa, pv

1=
a qa, pw

<
a qa, pw

=
a qaq of HpKq, the unit

condition (Cu) is equivalent to the following equations:

• u00,a “ 1 for all a P pZ{2Zq2.

• v00 “ 1.

Lemma 4.5. The symmetry condition (Cs) is equivalent to the following equations:

• ua,b “ ub,a for all a, b P pZ{2Zq2.

• va “ v1a for all a P pZ{2Zq2.

• w=
00 “ 0.

• w<
a “ 0 for all nonzero a P pZ{2Zq2.

Lemma 4.6. Assuming (Cs), the associativity condition (Ca) is equivalent to the following equa-
tions:

• ua,bua`b,c “ ub,cua,b`c for all a, b, c P pZ{2Zq2.

• ϕa`b ¨ ua,bva`b “ ϕaϕb ¨ vbva for all a, b P pZ{2Zq2. Note that always ϕa`b “ ˘ϕaϕb.

• ϕbϕa ¨ vavb “ ϕaϕb ¨ vbva for all a, b P pZ{2Zq2. Note that always ϕbϕa “ ˘ϕaϕb.

• ϕbϕa ¨ vawb “ ϕa`b ¨ ua,a`bwa`b.

• ϕbϕa ¨ vawb “ ϕ˚aϕb ¨ wbv
˚
a . Note that ϕbϕa “ ˘ϕ

˚
aϕb.

•
ř

a<pϕaxway˚qϕazva “
ř

a ϕaxva<pϕaywaz˚q for all x, y, z P HpKq.
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Lemma 4.7. The H-discriminants and conductor of an element m P PpKq can be computed as
follows:

discpmq “ u01,01u10,10u11,11w
4
00

disct˘1u
pmq “ u01,01u10,10u11,11

disct˘1,˘iu
pmq “ u01,01

disct˘1,˘ju
pmq “ u10,10

disct˘1,˘ku
pmq “ u11,11

condpmq “ w4
00

Proof. To show this, you can either use Theorem 2.59 over a field in which std splits, or directly
compute the discriminants by hand.

4.1 Nondegenerate extensions

Lemma 4.8. If the G-extension is nondegenerate, then v=00 “ v1=00 “ w=
00 “ 0 and v<a “ v1<a “ w<

a “ 0
for all a ‰ 00. On the other hand, the remeaining summands ua,b P K, v<00 P K, v=a “ v1=a P H=pKq
(for a ‰ 00), w<

00 P K, w=
a P H=pKq (for a ‰ 00) are all invertible in K, respectively HpKq.

Proof. The statement clearly holds for the trivial element π of PnondegpKq. Since the points in
Pnondeg all lie on the same KseprGsˆ1 -orbit (see Corollary 2.35), it therefore holds for any element
of PnondegpKq.

Remark 4.9. Therefore, the subspace of HpKq spanned by PnondegpKq can be written as

à

a,b

Ua,b ‘ V
<
00 ‘

à

a‰00

V =
a ‘W

<
00

à

a‰00

W=
a .

For K “ C, this corresponds to the decomposition of the subspace of HpKq spanned by PnondegpKq
given in section 6.6: For example, u01,01 corresponds to an element of Sym2

psgniq and u01,10 corre-

sponds to an element of stdi¨stdj
stdk and w<

00 corresponds to an element of Alt2
pstdq and v=01 corresponds

to an element of slpstdq ¨ sgni and w=
01 corresponds to an element of Sym2

pstdq
sgni .

Remark 4.10. There are degenerate elements of PpKq with v<01 ‰ 0. The space P parametrizing
G-extensions is therefore not irreducible! The corresponding degenerate G-extensions cannot be
approximated by nondegenerate G-extensions.

To construct an example, take v00 “ v01 “ 1 and v10 “ v11 “ 0 and w00 “ w01 “ w10 “ w11 “ 0
and ua,b according to the following table:

ua,b 00 01 10 11
00 1 1 1 1
01 1 ´1 ´1 1
10 1 ´1 0 0
11 1 1 0 0

The corresponding degenerate G-extension of K has a basis 1, x1, x2, x3, y1, yi, yj , yk with the fol-
lowing multiplication table:
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¨ 1 x1 x2 x3 y1 yi yj yk
1 1 x1 x2 x3 y1 yi yj yk
x1 x1 ´1 ´x3 x2 ´yi y1 yk ´yj
x2 x2 ´x3 0 0 0 0 0 0
x3 x3 x2 0 0 0 0 0 0
y1 y1 ´yi 0 0 0 0 0 0
yi yi y1 0 0 0 0 0 0
yj yj yk 0 0 0 0 0 0
yk yk ´yj 0 0 0 0 0 0

4.1.1 Parametrization in terms of purely imaginary quaternions

Theorem 4.11H=pKq. Elements of PnondegpKq are in bijection with tuples pd, v1, v2, v3, e1, e2, e3q

such that d P Kˆ, vi P H=pKqˆ, ei P K
ˆ satisfy the equations

e1v1 “ v2v3, e2v2 “ v3v1, e3v3 “ v1v2. (4.1H=pKq)

An element pλ1, λ2, λ3, λHq of KrGsˆ1 acts on the tuple pd, v1, v2, v3, e1, e2, e3q in PnondegpKq as
follows:

pλ1, λ2, λ3, λHq.pd, v1, v2, v3, e1, e2, e3q “ pd
1, v11, v

1
2, v

1
3, e

1
1, e

1
2, e

1
3q,

where

d1 “ NpλHq ¨ d,

v1i “ λi ¨ λHviλ
´1
H ,

e1i “
λ1λ2λ3

λ2
i

¨ ei.

The trivial element π P PnondegpKq corresponds to the tuple p1, i, j, k, 1, 1, 1q.

The bijection is given by

u00,00 “ u00,01 “ u00,10 “ u00,11 “ u01,00 “ u10,00 “ u11,00 “ 1,

u01,01 “ Npv1q, u10,10 “ Npv2q, u11,11 “ Npv3q,

u11,10 “ u10,11 “ e1, u01,11 “ u11,01 “ e2, u10,01 “ u01,10 “ e3,

v00 “ v100 “ 1, v01 “ v101 “ v1, v10 “ v110 “ v2, v11 “ v111 “ v3,

w00 “ d, w01 “
d

Npv1q
¨ v1, w10 “

d

Npv2q
¨ v2, w11 “

d

Npv3q
¨ v3.

The H-discriminants and conductor of m “ pd, v1, v2, v3, e1, e2, e3q P PnondegpKq can be computed
as follows:

discpmq “ Npv1qNpv2qNpv3qd
4

disct˘1u
pmq “ Npv1qNpv2qNpv3q

disct˘1,˘iu
pmq “ Npv1q

disct˘1,˘ju
pmq “ Npv2q

disct˘1,˘ku
pmq “ Npv3q

condpmq “ d4

Proof. You can easily verify that π P PnondegpKq corresponds to the tuple p1, i, j, k, 1, 1, 1q. The
equations (4.1H=pKq) and the equations defining the bijection are all KseprGsˆ1 -invariant. Further-

more, the space of tuples with d P pKsepqˆ, vi P H=pKsepqˆ, ei P pK
sepqˆ satisfying the equa-
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tions (4.1H=pKq) defines an irreducible seven-dimensional variety (see Remark 4.14H=pKq below).

Since KseprGsˆ1 also defines a seven-dimensional variety, and KseprGsˆ1 .π “ PnondegpKq, the map
m ÞÑ pd, v1, v2, v3, e1, e2, e3q must be surjective. (Alternatively, you could explicitly check the unit,
symmetry, and associativity conditions.)

We will procrastinate proving the following remarks until we have an equivalent, but slightly more
intuitive description of PnondegpKq in the next section.

Remark 4.12H=pKq. Note that (4.1H=pKq) implies that

Npviq “
e1e2e3

ei
.

Remark 4.13H=pKq. The map pd, v1, v2, v3, e1, e2, e3q ÞÑ pd, v1, v2, v3q is injective. Its image is the

set of tuples such that d P Kˆ, vi P H=pKqˆ and

<pv2v3q “ <pv3v1q “ <pv1v2q “ 0.

Remark 4.14H=pKq. The map pd, v1, v2, v3, e1, e2, e3q ÞÑ pd, e3, v1, v2q is injective. Its image is the

set of tuples such that d P Kˆ, e3 P K
ˆ, v1, v2 P H=pKqˆ and

<pv1v2q “ 0.

4.1.2 Parametrization in terms of vectors

For any vector v, denote its length by |v|. We can identify the space K3 with the space H=pKq of
purely imaginary quaternions via the map f : K3 Ñ H=pKq sending pb, c, dq to bi ` cj ` dk. Note
that for any v1 “ pb1, c1, d1q and v2 “ pb2, c2, d2q, we get

fpv1qfpv2q “ pb1i` c1j ` d1kqpb2i` c2j ` d2kq

“ p´b1b2 ´ c1c2 ´ d1d2q

` pc1d2 ´ d1c2qi` pd1b2 ´ b1d2qj ` pb1c2 ´ c1b2qk

“ ´ v1 ¨ v2 ` fpv1 ˆ v2q,

where ¨ denotes the standard inner product and ˆ denotes the cross product in K3. In particular,

Npfpvqq “ ´fpvq2 “ |v|2

for all v P K3. For any h “ a` bi` cj ` dk P HpKq and v P K3, we have

hfpvqh´1 “ fprphqvq,

where rphq P SO3pKq is the orthogonal matrix

rphq “
1

Nphq

¨

˝

a2 ` b2 ´ c2 ´ d2 2bc´ 2ad 2bd` 2ac
2bc` 2ad a2 ´ b2 ` c2 ´ d2 2cd´ 2ab
2bd´ 2ac 2cd` 2ab a2 ´ b2 ´ c2 ` d2

˛

‚.

Then, our parametrization in Theorem 4.11H=pKq translates to the following:

Theorem 4.11K3 . Elements of PnondegpKq are in bijection with tuples pd, v1, v2, v3, e1, e2, e3q such
that d P Kˆ, vi P K

3 with |vi|
2 ‰ 0, ei P K

ˆ satisfy the equations

e1v1 “ v2 ˆ v3, e2v2 “ v3 ˆ v1, e3v3 “ v1 ˆ v2. (4.1K3)
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An element pλ1, λ2, λ3, λHq of KrGsˆ1 acts on the tuple pd, v1, v2, v3, e1, e2, e3q in PnondegpKq as
follows:

pλ1, λ2, λ3, λHq.pd, v1, v2, v3, e1, e2, e3q “ pd
1, v11, v

1
2, v

1
3, e

1
1, e

1
2, e

1
3q,

where

d1 “ NpλHq ¨ d,

v1i “ λi ¨ rpλHqvi,

e1i “
λ1λ2λ3

λ2
i

¨ ei.

The trivial element π P PnondegpKq corresponds to the tuple p1, p1, 0, 0q, p0, 1, 0q, p0, 0, 1q, 1, 1, 1q.

The bijection is given by

u00,00 “ u00,01 “ u00,10 “ u00,11 “ u01,00 “ u10,00 “ u11,00 “ 1,

u01,01 “ |v1|
2, u10,10 “ |v2|

2, u11,11 “ |v3|
2,

u11,10 “ u10,11 “ e1, u01,11 “ u11,01 “ e2, u10,01 “ u01,10 “ e3,

v00 “ v100 “ 1, v01 “ v101 “ fpv1q, v10 “ v110 “ fpv2q, v11 “ v111 “ fpv3q,

w00 “ d, w01 “
d

|v1|
2
fpv1q, w10 “

d

|v2|
2
fpv2q, w11 “

d

|v3|
2
fpv3q.

The H-discriminants of m “ pd, v1, v2, v3, e1, e2, e3q P PnondegpKq can be computed as follows:

discpmq “ |v1|
2|v2|

2|v3|
2d4

disct˘1u
pmq “ |v1|

2|v2|
2|v3|

2

disct˘1,˘iu
pmq “ |v1|

2

disct˘1,˘ju
pmq “ |v2|

2

disct˘1,˘ku
pmq “ |v3|

2

condpmq “ d4

Remark 4.12K3 . Note that (4.1K3) implies that

|vi|
2 “

e1e2e3

ei
,

and in particular p|v1||v2||v3|q
2 “ pe1e2e3q

2.

Proof. First, note that (4.1K3) implies that v1 and v2 are orthogonal. Hence,

e2e3v3 “ v1 ˆ e2v2 “ v1 ˆ pv3 ˆ v1q “ |v1|
2 ¨ v3,

so e2e3 “ |v1|
2. The other two equations e1e3 “ |v2|

2 and e1e2 “ |v3|
2 can be proved similarly.

Remark 4.13K3 . The map pd, v1, v2, v3, e1, e2, e3q ÞÑ pd, v1, v2, v3q is injective. Its image is the set
of tuples such that d P Kˆ, vi P K

3 with |vi|
2 ‰ 0 and the vectors v1, v2, v3 are pairwise orthogonal:

v2 ¨ v3 “ v3 ¨ v1 “ v1 ¨ v2 “ 0.

Proof. The fact that v1, v2, v3 are pairwise orthogonal clearly follows from (4.1K3). On the other
hand, if v1, v2 are orthogonal vectors of nonzero length, then the vectors orthogonal to both v1 and
v2 are exactly the multiples of the cross product v1 ˆ v2. Hence, as the length of v3 is also nonzero,
there exists some unique number e3 P K

ˆ such that e3v3 “ v1 ˆ v2. You can similarly construct e1

and e2.
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Remark 4.14K3 . The map pd, v1, v2, v3, e1, e2, e3q ÞÑ pd, e3, v1, v2q is injective. Its image is the set
of tuples such that d P Kˆ, e3 P K

ˆ, and v1, v2 P K
3 with |v1|

2, |v2|
2 ‰ 0 are orthogonal:

v1 ¨ v2 “ 0.

Proof. The remaining parameters v3, e1, e2 can be computed as follows:

v3 “
v1 ˆ v2

e3
, e1 “

|v2|
2

e3
, e2 “

|v1|
2

e3
.

Then,

v2 ˆ v3 “
v2 ˆ pv1 ˆ v2q

e3
“
|v2|

2

e3
¨ v1 “ e1v1

and similarly v3 ˆ v1 “ e2v2.

Remark 4.15. Consider a tuple pd, v1, v2, v3, e1, e2, e3q P PnondegpKq, corresponding to a G-exten-
sion L of K with a fixed isomorphism L – KrGs of left KrGs-modules. Write vi “ pvi1, vi2, vi3q.
Table 4.1 gives the explicit multiplication table of L with respect to the basis

1 “ p8, 0, 0, 0, 0q,

x1 “ p0, 8, 0, 0, 0q,

x2 “ p0, 0, 8, 0, 0q,

x3 “ p0, 0, 0, 8, 0q,

y1 “ p0, 0, 0, 0, 4q,

yi “ p0, 0, 0, 0, 4iq,

yj “ p0, 0, 0, 0, 4jq,

yk “ p0, 0, 0, 0, 4kq,

of L – KrGs – K ˆK ˆK ˆK ˆHpKq.
We have

L – Krx1, x2, y1s{px
2
1 ´ |v1|

2, x2
2 ´ |v2|

2, y2
1x1x2 ´ dpx1x2 ` v11x2 ` v22x1 ` v33e3qq.

Interpreted carefully, we can write

L – K

»

–

g

f

f

ed

˜

1`
v11

a

|v1|
2
`

v22
a

|v2|
2
`

v33
a

|v3|
2

¸

fi

fl .

The subfields are

Lt˘1u – Krx1, x2s{px
2
1 ´ |v1|

2, x2
2 ´ |v2|

2q – K
”

a

|v1|
2,
a

|v2|
2
ı

“ K
”

a

|v1|
2,
a

|v2|
2,
a

|v3|
2
ı

,

Lt˘1,˘iu – Krx1s{px
2
1 ´ |v1|

2q – K
”

a

|v1|
2
ı

,

Lt˘1,˘ju – Krx2s{px
2
2 ´ |v2|

2q – K
”

a

|v2|
2
ı

,

Lt˘1,˘ku – Krx3s{px
2
3 ´ |v3|

2q – K
”

a

|v3|
2
ı

.

54



Table 4.1: Multiplication table of a G-extension L

¨ 1 x1 x2 x3 y1 yi yj yk

1 1 x1 x2 x3 y1 yi yj yk

x1 ¨ ¨ ¨ e2e3 e3x3 e2x2 v11y1 ´ v12yk ` v13yj v11yi ` v12yj ` v13yk ´v11yj ` v12yi ` v13y1 ´v11yk ´ v12y1 ` v13yi

x2 ¨ ¨ ¨ ¨ ¨ ¨ e1e3 e1x1 v21yk ` v22y1 ´ v23yi v21yj ´ v22yi ´ v23y1 v21yi ` v22yj ` v23yk v21y1 ´ v22yk ` v23yj

x3 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ e1e2 ´v31yj ` v32yi ` v33y1 v31yk ` v32y1 ´ v33yi ´v31y1 ` v32yk ´ v33yj v31yi ` v32yj ` v33yk

y1 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ dp1` v11
e2e3

x1 `
v22
e1e3

x2 `
v33
e1e2

x3q dp v32
e1e2

x3 ´
v23
e1e3

x2q dp v13
e2e3

x1 ´
v31
e1e2

x3q dp v21
e1e3

vj ´
v12
e2e3

x1q

yi ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ dp1` v11
e2e3

x1 ´
v22
e1e3

x2 ´
v33
e1e2

x3q dp v12
e2e3

x1 `
v21
e1e3

x2q dp v13
e2e3

x1 `
v31
e1e2

x3q

yj ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ dp1´ v11
e2e3

x1 `
v22
e1e3

x2 ´
v33
e1e2

x3q dp v23
e1e3

x2 `
v32
e1e2

x3q

yk ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ dp1´ v11
e2e3

x1 ´
v22
e1e3

x2 `
v33
e1e2

x3q
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Remark 4.16. In [19, Theorem 4], Kiming used Galois cohomology to show that a field extension
Kp
?
a,
?
bq of K of degree four is contained in a Galois extension L of K with Galois group G if and

only if there exist orthogonal vectors v1, v2 P K
3 such that |v1|

2 “ a and |v2|
2 “ b. This is a direct

consequence of the parametrization given above.

4.1.3 Parametrization in terms of trace-free matrices

Recall Remark 4.2: If a2 ` b2 ` c2 ` d2 “ 0 has a nontrivial solution in K, then there is an
isomorphism f : M2pKq Ñ HpKq. Purely imaginary quaternions correspond exactly to trace-free
matrices. The norm of a quaternion corresponds to the determinant of the corresponding matrix.
Our parametrization can then be rewritten as follows:

Theorem 4.11sl2pKq. Elements of PnondegpKq are in bijection with tuples pd, v1, v2, v3, e1, e2, e3q

such that d P Kˆ, vi P sl2pKq with detpviq ‰ 0, ei P K
ˆ satisfy the equations

e1v1 “ v2v3, e2v2 “ v3v1, e3v3 “ v1v2. (4.1sl2pKq)

An element pλ1, λ2, λ3, λHq of the group Kˆ ˆ Kˆ ˆ Kˆ ˆ GL2pKq – KrGsˆ1 acts on the tuple
pd, v1, v2, v3, e1, e2, e3q in PnondegpKq as follows:

pλ1, λ2, λ3, λHq.pd, v1, v2, v3, e1, e2, e3q “ pd
1, v11, v

1
2, v

1
3, e

1
1, e

1
2, e

1
3q,

where

d1 “ detpλHq ¨ d,

v1i “ λi ¨ λHviλ
´1
H ,

e1i “
λ1λ2λ3

λ2
i

¨ ei.

The bijection is given by

u00,00 “ u00,01 “ u00,10 “ u00,11 “ u01,00 “ u10,00 “ u11,00 “ 1,

u01,01 “ detpv1q, u10,10 “ detpv2q, u11,11 “ detpv3q,

u11,10 “ u10,11 “ e1, u01,11 “ u11,01 “ e2, u10,01 “ u01,10 “ e3,

v00 “ v100 “ 1, v01 “ v101 “ fpv1q, v10 “ v110 “ fpv2q, v11 “ v111 “ fpv3q,

w00 “ d, w01 “
d

detpv1q
¨ fpv1q, w10 “

d

detpv2q
¨ fpv2q, w11 “

d

detpv3q
¨ fpv3q.

The H-discriminants and conductor of m “ pd, v1, v2, v3, e1, e2, e3q P PnondegpKq can be computed
as follows:

discpmq “ detpv1qdetpv2qdetpv3qd
4

disct˘1u
pmq “ detpv1qdetpv2qdetpv3q

disct˘1,˘iu
pmq “ detpv1q

disct˘1,˘ju
pmq “ detpv2q

disct˘1,˘ku
pmq “ detpv3q

condpmq “ d4

Remark 4.12sl2pKq. Note that (4.1sl2pKq) implies that

detpviq “
e1e2e3

ei
.
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Remark 4.13sl2pKq. The map pd, v1, v2, v3, e1, e2, e3q ÞÑ pd, v1, v2, v3q is injective. Its image is the
set of tuples such that d P Kˆ, vi P sl2pKq with detpviq ‰ 0 and

Trpv2v3q “ Trpv3v1q “ Trpv1v2q “ 0.

Remark 4.14sl2pKq. The map pd, v1, v2, v3, e1, e2, e3q ÞÑ pd, e3, v1, v2q is injective. Its image is the
set of tuples such that d P Kˆ, e3 P K

ˆ, v1, v2 P sl2pKq with detpv1q,detpv2q ‰ 0 and

Trpv1v2q “ 0.

The parametrization in terms of trace-free matrices is particularly useful when K “ Qp for some
odd prime p, as it will allow us to more easily understand the maximality conditions. We can in
fact construct an isomorphism HpQpq – M2pQpq preserving integrality and will always use such an
isomorphism in the following:

Lemma 4.17. Let p ‰ 2 be an odd prime. Then, there is an isomorphism HpQpq – M2pQpq that
restricts to an isomorphism HpZpq –M2pZpq, where HpZpq denotes the ring of Hamilton quaternions
a` bi` cj ` dk with a, b, c, d P Zp.

Proof. By the pigeon-hole principle, there exists a solution pα, βq P F2
p to α2`β2` 1 “ 0. Since p is

odd, we can use Hensel’s Lemma to lift it to a solution pα, βq P Z2
p. Then, we obtain an isomorphism

HpQpq ÑM2pQpq given by

1 ÞÑ

ˆ

1 0
0 1

˙

, i ÞÑ

ˆ

0 ´1
1 0

˙

, j ÞÑ

ˆ

´β ´α
´α β

˙

, k ÞÑ

ˆ

α ´β
´β ´α

˙

.

The inverse map is given by

1` βj ´ αk Ðß

ˆ

2 0
0 0

˙

, 1´ βj ` αk Ðß

ˆ

0 0
0 2

˙

,

´i` αj ` βk Ðß

ˆ

0 2
0 0

˙

, i` αj ` βk Ðß

ˆ

0 0
2 0

˙

.

4.2 Integral structure, full ideals

Let S be a Dedekind domain whose field of fractions K has characteristic different from 2.

Definition 4.18. The ring H1pSq of Lipschitz quaternions is the ring of quaternions a` bi` cj`dk
with a, b, c, d P S.

The ring HpSq Ď H1pSr 12 sq of Hurwitz quaternions is the ring of quaternions a ` bi ` cj ` dk such
that either a, b, c, d all lie in S or a, b, c, d all lie in 1

2 ` S.

Remark 4.19. If 2 is invertible in S, then HpSq “ H1pSq.

Unlike the ring of Lipschitz quaternions, the ring HpZq of Hurwitz quaternions over Z is a principal
ideal ring:

Theorem 4.20. All ideals of HpZq are principal.

Proof. See [13, Section 5.1] for a proof that one can perform Euclidean division in HpZq.

Given the isomorphism
KrGs

„
Ñ K ˆK ˆK ˆK ˆHpKq,
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it is natural to consider its restriction

SrGs ãÑ S ˆ S ˆ S ˆ S ˆHpSq.

Its image contains
8S ˆ 8S ˆ 8S ˆ 8S ˆ 2H1pSq.

In particular, if we let
SrGs “ S ˆ S ˆ S ˆ S ˆHpSq,

we have 8SrGs Ď SrGs Ď SrGs. If 2 is invertible in S, then SrGs “ SrGs. We will also write

SrGsˆ1 “ Sˆ ˆ Sˆ ˆ Sˆ ˆHpSqˆ Ě SrGsˆ1

and note that if 2 is invertible in S, then SrGsˆ1 “ SrGsˆ1 .

Given that 8ZrGs Ď ZrGs Ď ZrGs and that ZrGs is a principal ideal ring, one can use Lemma 2.68
and a simple computer program to enumerate all 701 equivalence classes of full ideals I of ZrGs.
For any odd prime p, we have

ZprGs “ ZprGs – Zp ˆ Zp ˆ Zp ˆ Zp ˆM2pZpq.

Lemma 2.67 therefore shows that ZprGs is also a principal ideal ring for any odd prime p.

For counting G-extensions, we will later need the following lemma relating unitary full ideal classes
of ZrGs and unitary full ideal classes of Z2rGs.

Lemma 4.21. For any unitary full ideal J2 of Z2rGs, we have

ÿ

unitary full
ideal class I of ZrGs

with IbZ2–J2

rZrGsˆ1 : Aut1pIqs “ rZ2rGs
ˆ
1 : Aut1pJ2qs.

Remark 4.22. Corollary 2.70 implies that Aut1pIq and Aut1pJ2q have finite index in ZrGsˆ1 and

Z2rGs
ˆ
1 , respectively.

Proof. We describe the relation between full ideals of ZrGs and full ideals of ZprGs via the ring of
adeles of Q. This is motivated by work of Borel [8].

Let Afin “
ś1

pQp be the finite part of the adele ring over Q and let Ẑ “
ś

p Zp. We make use of the
fact that full ideals I of Z (resp. HpZq, ZrGs) can be written as U “

Ş

p Tp, where Tp “ U bZp is a
full ideal of Zp (resp. HpZpq, ZprGs) for all primes p, and Tp “ Zp (resp. HpZpq, ZprGs) for almost
all primes p.

The facts that Z and HpZq are principal ideal rings imply that Qˆ acts transitively on ẐzAˆfin by

right multiplication and that HpQqˆ acts transitively on HpẐqˆzHpAfinq
ˆ by right multiplication.

Hence, QrGsˆ1 acts transitively on ẐrGsˆ1 zAfinrGs
ˆ
1 by right multiplication.

For any odd prime p, there is (up to equivalence) only one unitary full ideal of ZprGs: the ideal
Jp “ ZprGs. Any unitary full ideal I of ZrGs such that I bZ2 – J2 is therefore equivalent to one of

the form
Ş

p Jpλp, where λp P Aut1pJpqzQprGsˆ1 for all primes p. Using that QrGsˆ1 acts transitively

on ẐrGsˆ1 zAfinrGs
ˆ
1 , we can assume that λp P Aut1pJpqzZprGsˆ1 . Note that Aut1pJ2q is a subgroup

of Z2rGs
ˆ
1 of finite index and ZprGsˆ1 “ ZprGsˆ1 “ Aut1pJpq for all odd primes p. The group ZrGsˆ1

acts on
ś

p Aut1pJpqzZprGsˆ1 by right multiplication. The orbits correspond to equivalence classes
of unitary full ideals I satisfying I b Z2 – J2, and the stabilizer of I is Aut1pIq.
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4.3 Good primes

Let p ‰ 2 be an odd prime. As we have seen earlier, I “ ZprGs is the only unitary full ideal up to
equivalence.

We will now compute the subset Pnondeg
ZprGs pZpq Ď P

nondegpQpq, first in terms of the parametrization

given in Theorem 4.11K3 , then in terms of the parametrization given in Theorem 4.11sl2pKq.

Lemma 4.23K3 . Let p ‰ 2 be an odd prime. An element pd, v1, v2, v3, e1, e2, e3q of PnondegpQpq as

in Theorem 4.11K3 lies in Pnondeg
ZprGs pZpq (i.e., satisfies the closedness condition (Cc)) if and only if

d P Zp, vi P Z3
p, ei P Zp, and d

|vi|2
¨ vi P Z3

p for all i.

Proof. This follows directly from the decomposition of H given in Lemma 4.3 and the definition of
the bijection constructed in Theorem 4.11K3 . It is also obvious from the explicit multiplication table
given in Remark 4.15 and Table 4.1.

Lemma 4.23sl2pKq. Let p ‰ 2 be an odd prime. An element pd, v1, v2, v3, e1, e2, e3q of PnondegpQpq
as in Theorem 4.11sl2pKq (employing the isomorphism HpQpq –M2pQpq constructed in Lemma 4.17)

lies in Pnondeg
ZprGs pZpq (i.e., satisfies the closedness condition (Cc)) if and only if d P Zp, vi P sl2pZpq,

ei P Zp, and d
detpviq

¨ vi P sl2pZpq for all i.

Lemma 4.24. An element m “ pd, v1, v2, v3, e1, e2, e3q of PnondegpQpq as in Theorem 4.11sl2pKq lies

in Pmax
ZprGspZpq if and only if d

e1e2e3
P Zp, vi P sl2pZpq, ei P Zp, and d P Zp is squarefree.

Proof. “ð” Assume d P Zp is squarefree and v1, v2, v3 P sl2pZpq and e1, e2, e3 P Zp and e1e2e3 | d. As

detpviq “
e1e2e3
e2i

, these conditions clearly imply that m P Pnondeg
ZprGs pZpq. Assume the extension is

nonmaximal. Recall that this means that there exists some λ P ZprGs XQprGsˆ1 zZprGs
ˆ
1 such

that m1 “ λ´1.m P Pnondeg
ZprGs pZpq. Write λ “ pλ1, λ2, λ3, λHq and m1 “ pd1, v11, v

1
2, v

1
3, e

1
1, e

1
2, e

1
3q.

We have Zp Q e12e13 “ λ´2
1 e2e3. Since e2e3 | d and d is squarefree, this implies that λ1 P Zˆp .

Similarly, λ2, λ3 P Zˆp . Furthermore, Zp Q d1 “ detpλHq
´1d. Since d is squarefree, this implies

that either detpλHq P Zˆp (so λH P GL2pZpq and therefore λ P ZprGsˆ1 ), or detpλHq P pZˆp and

d1 P Zˆp . In the latter case, note that Zp Q detp d1

detpv13q
¨ v13q “

d12

e11e
1
2
, so we must have e11, e

1
2 P Zˆp .

Similarly, e13 P Zˆp . Since λ1, λ2, λ3 P Zˆp , it follows that e1, e2, e3 P Zˆp . Multiplying λH on

the left and right by appropriate elements of GL2pZpq Ă ZprGsˆ1 , we can assume that λH is in
Smith Normal Form, so

λH “

ˆ

p 0
0 1

˙

.

Then, writing

v1 “

ˆ

a1 b1
c1 ´a1

˙

, v2 “

ˆ

a2 b2
c2 ´a2

˙

, v3 “

ˆ

a3 b3
c3 ´a3

˙

,

we get

sl2pZpq Q v11 “ λ´1
1 λ´1

H v1λH “ λ´1
1

ˆ

a1 b1{p
c1p ´a1

˙

.

We must therefore have b1 ” 0 mod p. Similarly, b2 ” 0 mod p and b3 ” 0 mod p. Remem-
ber that 0 ” Trpv1v2q ” 2a1a2 mod p, so one of the numbers a1 and a2 must be divisible
by p, say a1 ” 0 mod p. Hence, p | detpv1q “ e2e3, contradicting our earlier conclusion that
e2, e3 P Zˆp .

“ñ” Assume m P Pmax
ZprGspZpq. We must in particular have d P Zp, vi P sl2pZpq, ei P Zp, and

d
detpviq

¨ vi P sl2pZpq. Assume for contradiction that p2 | d or e1e2e3 - d. Without loss of

generality, e1 | e2 and e2 | e3.
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Remember that detpv1q is the discriminant of the degree two extension of Zp fixed by t˘1,˘iu.
Discriminants of degree two extensions of Zp (with p odd) are always squarefree, so e2e3, and
similarly e1e2 and e1e3 must be squarefree. Hence, e1, e2 P Zˆp and either e3 P Zˆp or e3 P pZˆp .
In particular, none of the three matrices v1, v2, v3 with determinants e2e3, e1e3, e1e2 can be
divisible by p. Then, d

detpv1q
¨ v1 implies that e2e3 “ detpv1q | d. In fact, e1e2e3 | d, since

e1 P Zˆp .

If p2 | d, let us explicitly construct some λ P ZprGsXQprGsˆ1 zZprGs
ˆ
1 such that m1 “ λ´1.m P

Pnondeg
ZprGs pZpq. There are two cases: If p2e1e2e3 | d, then we can take λ “ p1, 1, 1,

`

p 0
0 p

˘

q

and get m1 “ λ´1.m P Pnondeg
ZprGs pZpq. If p | e3 and pe1e2e3 | d, then applying an element

of GL2pZpq Ă ZprGsˆ1 to m, we can turn v1 into Frobenius Normal Form modulo p: either
v1 ”

`

a1 0
0 ´a1

˘

mod p for some a1 P Zp, or v1 ”
`

0 b1
1 0

˘

mod p for some b1 P Zp. As
detpv1q ” 0 mod p, but v1 ı 0 mod p, the only possibility that remains is v1 ” p

0 0
1 0 q mod p.

Since Trpv1v2q “ Trpv1v3q “ 0, the matrices v2 and v3 must be of the form p ˚ 0
˚ ˚ q modulo p.

We can then take λ “ p1, 1, 1,
`

p 0
0 1

˘

q and get m1 “ λ´1.m P Pnondeg
ZprGs pZpq.

Corollary 4.25. Let p ‰ 2 be an odd prime. An element pd, v1, v2, v3, e1, e2, e3q of PnondegpQpq as
in Theorem 4.11K3 lies in Pmax

ZprGspZpq if and only if d
e1e2e3

P Zp, vi P Z3
p, ei P Zp, and d P Zp is

squarefree. (In particular, the vectors v1, v2, v3 cannot be divisible by p.)

Let us also rewrite the maximality condition in terms of the parameters e3, v1, v2, d:

Corollary 4.26. Let p ‰ 2 be an odd prime. An element pd, v1, v2, v3, e1, e2, e3q of PnondegpQpq as
in Theorem 4.11K3 lies in Pmax

ZprGspZpq if and only if the following conditions hold: The number e3

lies in Zp. The vectors v1, v2 lie in Z3
p. Furthermore, |v1|

2 is squarefree and divisible by e3 and the

vector v1 ˆ v2 is also divisible by e3. Finally, d P Zp is squarefree and divisible by |v1|
2
|v2|

2

e3
.

Proof. Recall that v3 “
v1ˆv2
e3

and e2 “
|v1|

2

e3
and e1 “

|v2|
2

e3
. Hence, e1e2e3 “

|v1|
2
|v2|

2

e3
.

The squarefreeness of |v1|
2 is necessary since |v1|

2 “ e2e3 divides d. Furthermore, note that |v3|
2 “

|v1|
2
|v2|

2

e23
. Hence, if v3 P Z3

p and |v1|
2 P Zp is squarefree, then |v2|

2 is also divisible by e3.

For counting maximal G-extensions of Z, we will need to know how many maximal G-extensions Zp
has, weighted by the inverse of the number of automorphisms.

Lemma 4.27. For any odd prime p, we have

ÿ

R maximal G-extension of Zp

| condpRq|
1{4
p

# AutpRq
“ 1` 4p´1.

Proof. Remember that nondegenerate G-extensions of Qp correspond to continuous homomorphisms
f : GalpQp|Qpq Ñ G, modulo conjugation by elements of G. Automorphisms of G-extensions
correspond to centralizers of the image. As in Corollary 2.38, we can therefore write

ÿ

R maximal G-extension of Zp

| condpRq|
1{4
p

# AutpRq
“

1

#G

ÿ

f :GalpQp|QpqÑG

| condpfq|1{4p .

Now, use the description of the Galois group of the maximal tame extension of Qp (see [18, section
5]): the group is topologically generated by (a lift of) the Frobenius ϕ and a map τ sending p1{k to
ζkp

1{k, subject to the relation ϕ ˝ τ ˝ ϕ´1 “ τp. If fpτq “ `1, there are 8 possible values of fpϕq,
and condpfq “ 1. If fpτq “ ´1, there are 8 possible values of fpϕq, and condpfq “ p4. If fpτq “ ˘i
(or, similarly, fpτq “ ˘j or fpτq “ ˘k), there are 4 possible values of fpϕq (namely ˘1,˘i if p ” 1
mod 4 and ˘j,˘k if p ” 3 mod 4), and condpfq “ p4.
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4.4 Bad prime

For counting maximal G-extensions of Z by conductor, we won’t need an explicit description of
Pmax
I pZ2q similar to Lemma 4.24. It suffices to count maximal G-extensions of Z2 as in Lemma 4.27.

Lemma 4.28. We have

ÿ

R maximal G-extension of Z2

| condpRq|
1{4
p

# AutpRq
“ 3.

Proof. Again,

ÿ

R maximal G-extension of Z2

| condpRq|
1{4
p

# AutpRq
“

1

#G

ÿ

f :GalpQ2|Q2qÑG

| condpfq|1{4p .

We use the database of local fields described in [17] and also accessible at [30]. Separately study
each possible isomorphism class of the image of f in G.

Up to automorphisms of G, there are six surjective homomorphisms GalpQ2|Q2q Ñ G (there are six
Galois extensions of Q2 with Galois group G). They all have conductor 216. The group G has 24
automorphisms.

Up to automorphisms of Z{4Z, there are twelve surjective homomorphisms GalpQ2|Q2q Ñ Z{4Z.
There are 6 embeddings Z{4Z ãÑ G and the conductor of the composition GalpQ2|Q2q Ñ Z{4Z ãÑ G
doesn’t depend on the embedding. Modulo the embedding, one homomorphism has conductor 1,
one has conductor 28, two have conductor 212, eight have conductor 216.

There are seven surjective homomorphisms GalpQ2|Q2q Ñ Z{2Z. There is a unique embedding
Z{2Z ãÑ G. One map has conductor 1, two have conductor 28, four have conductor 212.

Finally, there is one trivial map GalpQ2|Q2q Ñ 1 ãÑ G. Therefore, the sum is

1

8
p6 ¨ 24 ¨ 2´4 ` p1 ¨ 1` 1 ¨ 2´2 ` 2 ¨ 2´3 ` 8 ¨ 2´4q ¨ 6` p1 ¨ 1` 2 ¨ 2´2 ` 4 ¨ 2´3q ¨ 1` 1q “ 3.

4.5 Measures

Let K “ Qp for some prime p, or K “ R. We denote the usual absolute value on K by | ¨ |K . For
any vector v P K3, we write |v|K “ ||v||K for the valuation of the length of v. If K “ Qp, we will
alternatively write | ¨ |p. If K “ R, we simply write | ¨ |.

For counting maximal G-extensions of bounded conductor, it will be useful to define a Haar measure
on the group KrGsˆ1 and a KrGsˆ1 -invariant measure on PnondegpKq. The technique of defining in-
variant measures has been used extensively. (See for example [5].) The sets Pmax

I pZpq Ă PnondegpQpq
may contain infinitely many elements, but still have finite volume.

Let us endow K and HpKq with the standard (additive) Haar measure dg (normalized so that
volpZpq “ volpH1pZpqq “ 1). We can use it to construct a (multiplicative) Haar measure dˆg on Kˆ

by dˆx “ |x|´1
K dx and a (multiplicative) Haar measure dˆx on HpKqˆ by dˆx “ |Npxq|´2

K dx. They
combine to a (multiplicative) Haar measure dˆλ on KrGsˆ1 “ Kˆ ˆKˆ ˆKˆ ˆHpKqˆ.

As before, we identify PnondegpKq with the space of tuples pe3, v1, v2, dq where e3, d P Kˆ and
v1, v2 P K

3 with |v1|
2, |v2|

2 ‰ 0 are orthogonal. Recall that the other parameters v3, e1, e2 can be
computed as

v3 “
v1 ˆ v2

e3
, e1 “

|v2|
2

e3
, e2 “

|v1|
2

e3

and that the conductor is given by
condpmq “ d4.
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We define a KrGsˆ1 -invariant measure dm on PnondegpKq by

ż

PnondegpKq

dm ¨ rpmq “

ż

Kˆ

de3

|e3|K

ż

K3zt|¨|2“0u

dv1

|v1|
3
K

ż

xv1yKzt|¨|2“0u

dv2

|v2|
2
K

ż

Kˆ

dd

|d|K
¨ rpe3, v1, v2, dq,

where dv1 is the standard Haar measure on K3, and dv2 is the standard area measure on the
plane xv1y

K Ĺ K3 perpendicular to v1. It will also be convenient to consider the measure d1m “

dm ¨ | condpmq|
1{4
K “ dm ¨ |d|K on PnondegpKq:

ż

PnondegpKq

d1m ¨ rpmq

“

ż

Kˆ

de3

|e3|K

ż

K3zt|¨|2“0u

dv1

|v1|
3
K

ż

xv1yKzt|¨|2“0u

dv2

|v2|
2
K

ż

Kˆ
dd ¨ rpe3, v1, v2, dq

“

ż

Kˆ
de3

ż

K3zt|¨|2“0u

dv1

|e3|K

ż

xv1yKzt|¨|2“0u

dv2

|v1|K |e3|K

ż

Kˆ

dd

|v1|
2
K |v2|

2
K{|e3|K

¨ rpe3, v1, v2, dq.

The Jacobi matrix for the map QprGsˆ1 Ñ PnondegpQpq given by λ ÞÑ λ.π at λ “ 1 with re-
spect to the basis pdλ1,dλ2,dλ3,da,db,dc,ddq of the cotangent space T˚1 QprGs

ˆ
1 and the basis

pde3,dv11,dv12,dv13,dv22,dv23,ddq of the cotangent space T˚πPnondegpQpq is

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 1 ´1 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 2
0 0 0 0 0 ´2 0
0 1 0 0 0 0 0
0 0 0 0 2 0 0
0 0 0 2 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

Its determinant is 16. Therefore, if A Ď KrGsˆ1 is a subgroup of finite measure and if m0 P

PnondegpKq has finite stabilizer StabApm0q, then

ż

A.m0

dm “ |16|K ¨
1

# StabApm0q
¨

ż

A

dˆλ

and, because condpλ.m0q
1{4 “ NpλHq condpm0q

1{4,

ż

A.m0

dm ¨ | condIpmq|
1{4
K “ |16|K ¨

| condIpm0q|
1{4
K

# StabApm0q
¨

ż

A

dˆλ ¨ |NpλHq|K .

For any prime p and any unitary full ideal I of ZprGs, consider the local “volume”

µI,p “

ż

Pmax
I pZpq

dm ¨ | condIpmq|
1{4
p .

Remark 4.29. Note that the KrGsˆ1 -invariance of dm together with Remark 2.19 implies that µI,p
depends only on the equivalence class of the unitary full ideal I.

We can now compute the local “volume” µI,p for any odd prime p:

Lemma 4.30. For any odd prime p and any unitary full ideal I of ZprGs, we have

µI,p “ p1` 4p´1qp1´ p´1q4p1´ p´2q.
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Proof. We have seen above that

µI,p “
ÿ

rmsPAut1pIqzPmax
I pZpq

|16|p ¨
| condIpmq|

1{4
p

# StabAut1pIqpmq
¨

ż

Aut1pIq

dˆλ ¨ |NpλHq|p.

Remember that I – ZprGs, so Aut1pIq – ZprGsˆ1 – ZprGsˆ1 . Therefore,

ż

Aut1pIq

dˆλ ¨ |NpλHq|p “ volpAut1pIqq “ volpZprGsˆ1 q “ volpZˆp q3 ¨ volpGL2pZpqq

“ p1´ p´1q3 ¨ p1´ p´2qp1´ p´1q “ p1´ p´1q4p1´ p´2q.

Each orbit rms P Aut1pIqzPmax
I pZpq corresponds to exactly one maximal G-extension of Zp and the

stabilizer of m in Aut1pIq is isomorphic to AutpRq. Hence, using Lemma 4.27, we obtain

µI,p “
ÿ

R maximal G-extension of Zp

| condpRq|
1{4
p

# AutpRq
¨ p1´ p´1q4p1´ p´2q

“ p1` 4p´1qp1´ p´1q4p1´ p´2q.

Similarly, we can compute an appropriate weighted sum of the local “volumes” µI,2:

Lemma 4.31. We have

ÿ

unitary full ideal class I of Z2rGs

µI,2
volpAut1pIqq

“
3

24
.

Proof. Again,

µI,2 “
ÿ

rmsPAut1pIqzPmax
I pZ2q

|16|2 ¨
| condIpmq|

1{4
2

# StabAut1pIqpmq
¨ volpAut1pIqq.

The result then follows from Lemma 4.28 as before.

Corollary 4.32. Summing over ideal classes of ZrGs, we get

ÿ

unitary full ideal class I of ZrGs

µIbZ2,2

# Aut1pIq
“

3

214
.

Proof. Combine the previous lemma and Lemma 4.21 and use that

#ZrGsˆ1 “ p#Zˆq3 ¨#HpZqˆ “ 2 ¨ 2 ¨ 2 ¨ 24 “ 3 ¨ 26

and
volpZ2rGs

ˆ
1 q “ volpZˆ2 q

3 ¨ volpHpZ2q
ˆq “ p1{2q3 ¨ p3{2q “ 3 ¨ 2´4.

4.6 Counting

We discuss two different ways of counting maximal G-extensions R of Z:

a) by discriminant discpRq

b) by conductor condpRq “ discpRq
discpRt˘1uq
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Remark 4.33. The conductor condpRq is a fourth power for any maximal G-extension R of Z.

Klüners [20, Korollar 7.1] has counted Galois extensions of Q with Galois group G by discriminant:1

Theorem 4.34. There exists a constant Cdisc ą 0 such that

#tmax. G-extension R of Z with |discpRq|1{4 ď Xu “ Cdisc ¨X ` opXq.

We will show how to use our parametrization to count by conductor:

Theorem 4.35 (See Theorem 1.8). We have

#tmax. G-extension R of Z with | condpRq|1{4 ď Xu “ Ccond ¨XplogXq3 ` opXplogXq3q.

where

Ccond “
π2

211
¨
ź

p‰2

p1` 4p´1qp1´ p´1q4p1´ p´2q

“
1

28
¨
ź

p‰2

p1` 4p´1qp1´ p´1q4

« 0.00085271440732599.

There is a fundamental difference between counting by discriminant and counting by conductor:
To any G-extension L of Q, associate the subextension Lt˘1u fixed by t˘1u Ă G. It is a pZ{2Zq2-
extension of Q. When ordering G-extensions L of Q by discriminant, a positive proportion of them
have the same associated subextension Lt˘1u. (In fact, in terms of our parametrization, a positive
proportion of G-extensions have the same vectors v1, v2, v3.) When ordering by conductor, any
pZ{2Zq2-extension occurs in 0% of G-extensions. (In fact, any vector v1 and any number e1 occurs
in 0% of G-extensions.)

This difference has several consequences:

• It is an obstruction for Klüners’s proof to work when counting by conductor: For any pZ{2Zq2-
extension L1 of Q, he studies the number of Z{2Z-extensions L of L1 that are Galois over Q
with Galois group G. The Z{2Z-extensions of a fixed number field L1 can be counted using
Dirichlet series, but the error bound depends on the field L1. To have a chance of controlling
the total number of G-extensions, we want most of the contribution to come from few “small”
fields L1.

• It seems to be an obstruction to Cdisc having a good representation as an Euler product: The
constant Cdisc is largely influenced by the behavior of small pZ{2Zq2-extensions. In fact, we can
write Cdisc “

ř

L1 fpL
1q for some natural values fpL1q. Unless the values fpL1q exhibit some

multiplicative structure, one would not expect prime factors of the discriminant to behave
independently.

On the other hand, no particular L1 contributes a positive amount to the constant Ccond, so
one could hope different primes behave independently by virtue of the Chinese Remainder
Theorem. This is why we can express Ccond in a natural way as an Euler product.

• When counting by conductor, almost all G-extensions have exactly two automorphisms. When
counting by discriminant, a positive proportion have more than two automorphisms. Instead of
simply counting G-extensions, one might find it more natural to count G-extensions L weighted
by 1{# AutpLq, or to exclude those G-extensions of Q that are not fields, which would change
the constant Cdisc.

1In fact, he counted extensions of arbitrary number fields!
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Remark 4.36. Counting D4-extensions of Q, a similar phenomenon (different behaviors when
counting by discriminant versus conductor) has been observed by Altuğ, Shankar, Varma, and
Wilson in [1].

4.6.1 Overview

We first give an overview of the counting process. Our goal is to approximate the sum

NpXq “
ÿ

R maximal G-extension of Z,
| condpRq|1{4ďX

1

AutpRq

“
ÿ

I unitary full ideal
class of ZrGs

ÿ

mPAut1pIqzPmax
I pZq,

| condIpmq|
1{4
ďX

1

StabAut1pIqpmq

“
ÿ

I unitary full ideal
class of ZrGs

#tm P Pmax
I pZq | | condIpmq|

1{4 ď Xu

# Aut1pIq

for large X.

For any unitary full ideal I of ZrGs, let

MIpXq “ tm P Pmax
I pZq | | condIpmq|

1{4 ď Xu.

In the following, we write f “ Opgq if there exists some constant C (possibly depending on I, but
not on X or any other variable) such that |f | ď C|g|. We write f “ opgq if for each ε ą 0, there
exists some N (possibly depending on I and ε, but not on any other variable) such that |f | ď ε|g|
for all X ě N . We write OP pgq and oP pgq to signify that the constants C or N may depend on P .

The main difficulty lies in showing the following theorem.

Theorem 4.37.

#MIpXq “
4π2

3
¨
ź

p

µIbZp,p ¨XplogXq3 ` opXplogXq3q.

Summing over all unitary full ideals I of ZrGs, we conclude:

Corollary 4.38.

NpXq “
4π2

3
¨
ÿ

I

ś

p µIbZp,p

# Aut1pIq
¨XplogXq3 ` opXplogXq3q.

For some purposes, the following estimate will be useful. It can easily be proved with the same
methods as Theorem 4.37.

Theorem 4.39. For any vector u P Q3, let

Mu
I pXq “ tm “ pv1, v2, v3, dq P Pmax

I pZq | | condIpmq|
1{4 ď X, v1 “ uu.

Then,
#Mu

I pXq “ opXplogXq3q.

Corollary 4.40. When counting by conductor, almost all G-extensions have an automorphism group
of size two:

#tR maximal G-extension of Z | | condpRq|1{4 ď X and # AutpRq ‰ 2u “ opXplogXq3q.
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Proof. For any m P Pmax
I pZq, the elements `1 and ´1 of ZpGq Ď Aut1pIq (corresponding to

λ “ p1, 1, 1,˘1q P Aut1pIq) stabilize m. On the other hand, they are usually the only two elements of
Aut1pIq stabilizing m: Say λ “ pλ1, λ2, λ3, λHq P QrGsˆ1 stabilizes m “ pv1, v2, v3, dq P PnondegpQq.
This means that NpλHq “ 1 and that v1, v2, v3 is an eigenbasis of the orthogonal matrix rpλHq P
SO3pQq with corresponding eigenvalues λ´1

1 , λ´1
2 , λ´1

3 . The only possible rational eigenvalues of an
orthogonal matrix are ˘1. Hence, the eigenvalues must be 1, 1, 1 or (some permutation of) 1,´1,´1.
In the former case, rpλHq is the identity matrix, so λH “ ˘1. In the latter case, rpλHq is a rotation
by angle π around one of the vectors v1, v2, v3. Now, Aut1pIq is a finite group, so there are only
finitely many possible rotation axes. The following lemma then shows that there are only finitely
many possible vectors v1, v2, or v3. The result then follows from Theorem 4.39.

Lemma 4.41. For any unitary full ideal I and any line l Ď Q3 through the origin, there are only
Op1q vectors u P l such that there exists some m “ pv1, v2, v3, dq P Pmax

I pZq with v1 “ u.

Proof. Replacing I by Iλ for some λ P QprGsˆ1 , we can assume that v1 P Z3 for allm “ pv1, v2, v3, dq P

Pnondeg
I pZq.

There exists a number P ě 3 such that for all primes p ą P , we have I b Zp “ ZprGs. As we have
seen in Corollary 4.25, the vector v1 cannot be divisible by any such prime p ą P .

On the other hand, for any small prime p ď P , there are of course only finitely many maximal

G-extensions of Zp. The valuation |v1|
2
p is invariant under the action of ZprGsˆ1 Ě Aut1pIq and can

therefore only assume finitely many different values.

Therefore, v1 P Z3 can only be some bounded multiple of a primitive vector spanning the line l.

Lemma 4.42. When counting m “ pd, v1, v2, v3, e1, e2, e3q P Pmax
I pZq by conductor, almost always

|e1| ‰ |e2| (and similarly |e1| ‰ |e3| and |e2| ‰ |e3|):

#tm “ pd, v1, v2, v3, e1, e2, e3q P Pmax
I pZq | | condpmq|1{4 “ |d| ď X, |e1| “ |e2|u “ opXplogXq3q.

Proof. If |e1| “ |e2|, then disct˘1,˘ku
pmq “ e1e2 “ e2

1. The discriminant of a maximal extension of
Z of degree 2 cannot be divisible by a square other than 4. Hence, the number |e1| “ |e2| can only
attain finitely many different values. Then, |v3|

2 “ e1e2 implies that there are only finitely many
possible vectors v3 and we can apply Theorem 4.39.

Together with the volume computations in Lemma 4.30 and Corollary 4.32, we obtain our main
counting theorem: Theorem 4.35.

To express condIpmq in terms of the more convenient invariant condpmq, define

τI “
rZrGs : Is2

rZrGst˘1u : It˘1us2
,

so that
condIpmq “ τI ¨ condpmq.

For any prime p, letting

µ1I,p “

ż

Pmax
I pZpq

d1m “

ż

Pmax
I pZpq

dm ¨ | condpmq|1{4p ,

we therefore get
µI,p “ |τI |

1{4
p ¨ µ1I,p.

It follows from the product formula for valuations that Theorem 4.37 is equivalent to the following
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theorem concerning the set

M 1
IpXq “ tm P Pmax

I pZq | | condpmq|1{4 ď Xu

“MIp|τI |
1{4Xq.

Theorem 4.37’.

#M 1
IpXq “

4π2

3
¨
ź

p

µ1IbZp,p ¨XplogXq3 ` opXplogXq3q.

4.6.2 Strategy

To count elements of the sets

M 1
IpXq “ tm P Pmax

I pZq | | condpmq|1{4 ď Xu,

first note that by symmetry, it suffices to count elements of sets we denote by abuse of notation by
1
6M

1
IpXq:

1
6M

1
IpXq “ tm “ pv1, v2, v3, e1, e2, e3, dq P Pmax

I pZq | | condpmq|1{4 ď X and |e1| ě |e2| ě |e3|u

“ tm “ pe3, v1, v2, dq P Pmax
I pZq | |d| ď X and |v2| ě |v1| ě |e3|u.

To count elements of 1
6M

1
IpXq, we construct the tuples pe3, v1, v2, dq P

1
6M

1
IpXq step by step:

1) Pick e3: Very roughly, the allowed values are those e3 P Z such that |e3|
3 ď X.

2) Pick v1: Very roughly, the allowed vectors are those v1 P Z3 such that |v1|
2 ” 0 mod e3 and

|e3| ď |v1| ď X1{4|e3|
1{4. (You expect them to have a density of 1

e3
. See Theorem 4.50 below.)

3) Pick v2: Very roughly, the allowed vectors are those v2 P Z3 that are orthogonal to v1 and
such that v1 ˆ v2 ” 0 mod e3 and |v1| ď |v2| ď X1{2|e3|

1{2{|v1|. (You pick v2 from a lattice
that usually has covolume |v1| ¨ |e3|. See Corollary 4.59 and Lemma 4.62 below.)

4) Pick d: Very roughly, the allowed values are those d P Z such that d ” 0 mod |v1|
2
|v2|

2

e3
and

|d| ď X. (You pick d from a lattice of covolume |v1|
2
|v2|

2

e3
.)

We use a sieve to control the behavior of the element m “ pe3, v1, v2, dq P Pmax
I pZq at small primes

p ď P .

Our goal is now to prove the following lemma.

Lemma 4.43. For sufficiently large P ě 2, the number of elements of 1
6M

1
IpXq is

# 1
6M

1
IpXq “

2π2

9
¨
ź

pďP

µ1IbZp,p ¨XplogXq3

`XplogXq3poP p1q `OpP´1qq.

Since the infinite product
ś

p µ
1
IbZp,p converges to a positive real number, letting P and X go to

infinity, it follows that

# 1
6M

1
IpXq “

2π2

9
¨
ź

p

µ1IbZp,p ¨XplogXq3 ` opXplogXq3q.
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Using symmetry and Lemma 4.42, we obtain Theorem 4.37’:

#M 1
IpXq “

4π2

3
¨
ź

p

µ1IbZp,p ¨XplogXq3 ` opXplogXq3q.

4.6.3 Integration by parts

To reduce summation problems to counting problems, we will frequently make use of integration by
parts in the form of the following lemma.

Lemma 4.44. Let n : Rě1 Ñ R be a function such that for all L ą 0, there are only finitely many
x ď L with npxq ‰ 0. Furthermore, let ar ě 0 for r ě 0 with ar “ 0 for all but finitely many r. Let
k ě 1. Assume that for all L ě 1,

NpLq “
ÿ

xďL

npxq “ a0L
k `

ÿ

rą0

OparLk´rq.

Then, for all 1 ď L1 ď L2, we have

ÿ

L1ďxďL2

npxq ¨
plog xqh

xk
“

k

h` 1
¨ a0 ¨ pplogL2q

h`1 ´ plogL1q
h`1q `

ÿ

rě0

Ok,r,h
ˆ

ar ¨
plogL2q

h ` 1

Lr1

˙

.

for any integer h ě 0. The same statement holds when replacing a0 by Opa0q everywhere.

Proof. Using integration by parts, we see that

ÿ

L1ďxďL2

npxq ¨
plog xqh

xk
“ pa0L

k
2 `

ÿ

rą0

OparLk´r2 qq ¨
plogL2q

h

Lk2
´ pa0L

k
1 `

ÿ

rą0

OparLk´r1 qq ¨
plogL1q

h

Lk1

`

ż L2

L1

dtpa0t
k `

ÿ

rą0

Opartk´rqq ¨
kplog tqh ´ hplog tqh´1

tk`1
.

The first two summands are
ÿ

rě0

O
ˆ

ar
plogL2q

h

Lr1

˙

.

The main term in the integral summand is

ż L2

L1

dta0 ¨
kplog tqh ´ hplog tqh´1

t
“

k

h` 1
¨ a0 ¨ pplogL2q

h`1 ´ plogL1q
h`1q `Ohpa0plogL2q

hq.

The error term in the integral summand is

ÿ

rą0

O
ˆ
ż L2

L1

dtar ¨
kplog tqh ` hplog tqh´1

tr`1

˙

“
ÿ

rą0

Ok,r,h
ˆ

ar ¨
plogL2q

h ` 1

Lr1

˙

.

4.6.4 A few well-known estimates

We will also repeatedly use the following well-known facts:

Lemma 4.45 (Mertens’ Theorem). For all Y ě 1, we have

ÿ

pďY prime

p´1 “ log log maxpY, 10q `Op1q.
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Lemma 4.46. For all integers n ě 1, we have

ź

p|n prime

p1` p´1q “ Oplog log maxpn, 10qq.

Proof. We can assume without loss of generality that n ě 100 and that n “ p1 ¨ ¨ ¨ pk is squarefree.
Denote the sequence of prime numbers by q1 ď q2 ď ¨ ¨ ¨ . We of course have q1 ¨ ¨ ¨ qk ď n. The prime
number theorem implies that qk “ Oplog nq. Then, Mertens’ Theorem implies that

log
k
ź

i“1

p1` p´1
i q ď log

k
ź

i“1

p1` q´1
i q “ ´

k
ÿ

i“1

8
ÿ

j“1

p´1qjq´ji
j

“

k
ÿ

i“1

q´1
i `Op1q “ log log qk `Op1q

ď log log log n`Op1q.

4.6.5 Counting lattice points

We will need to count points of bounded length in certain shifted lattices of ranks two and three.
Consider a lattice Λ Ď Rn of rank r and covolume V . For large L, we expect the number of vectors
v P Λ of length |v| ď L to be roughly volpBrpLqq{V , where BrpLq is an r-dimensional ball of radius L.
The main obstacle when trying to get good error bounds is that the lattice might be very degenerate.
For example, it might contain a nonzero vector of length far smaller than V 1{r. To circumvent this
problem in rank two, we will exclude all vectors on the line through the shortest nonzero vector of
Λ. In rank three, our specific lattices happen to be sufficiently nondegenerate.

Lemma 4.47. Let Λ Ă Z3 be a rank two lattice of covolume V . Let b1 P Λ be a nonzero vector of
minimal length. Furthermore, let t P Λ and let M ě 1 be an integer and L ě 1 a real number. Then,
the number NpLq of vectors v P pMΛ` tqzb1Z of length |v| ď L satisfies

NpLq “ π ¨
L2

M2V
`OpLq

and

NpLq “ O
ˆ

L2

V

˙

.

In particular, if L ! V 1{2, then NpLq “ 0.

Proof. It is well-known that the number of nonzero vectors v PMΛ` t of length |v| ď L is π ¨ L2

M2V `

OpLq. The number of nonzero vectors v P b1Z of length |v| ď L is clearly OpLq.
By considering a reduced basis of Λ, one can easily show the second estimate: The number of vectors
v P Λ ĎMΛ` t that don’t lie on the line b1Z is OpL2{V q.

Corollary 4.48. Let Λ, V , t, M , b1 be as in the previous lemma. Then, for all 1 ď L1 ď L2,

ÿ

vPpMΛ`tqzb1Z
L1ď|v|ďL2

1

|v|2
“

#

π ¨
logpL2

2{L
2
1q

M2V `Op 1
V q, L1 " V 1{2,

0, L2 ! V 1{2.

Proof. Apply integration by parts (Lemma 4.44) to the first estimate for NpLq when L ą V and the
second estimate when L ď V .

When counting vectors in a shifted lattice of rank three, we will use a lower bound on the length of
the lattice’s shortest vector. The following lemma is also well-known.
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Lemma 4.49. Let Λ be a lattice of rank three and covolume V . Assume every nonzero vector in Λ
has length at least B. Let t P Λ and let M ě 1 be an integer and L ě 1 a real number. Then, the
number of nonzero vectors v in the shifted lattice MΛ` t of length |v| ď L is

4π

3
¨
L3

M3V
`OpL

2

B2
q.

4.6.6 Counting vectors v1

The number of nonzero vectors v P Z3 of length |v| ď L is 4π
3 ¨L

3`OpL2q. For any prime number p,
exactly p2 of the p3 vectors v in F3

p satisfy |v|2 ” 0 mod p. For a nonzero squarefree integer e, we

therefore expect roughly 4π
3 ¨

L3

|e| of the vectors v P Z3 of length |v| ď L to satisfy |v|2 ” 0 mod e.

The following theorem gives a concrete error bound and also allows for congruence conditions at
small primes.

Theorem 4.50. Let P ě 2. For any p ď P , let Λp Ď Z3
p be a shifted Zp-lattice of rank three and

covolume Vp. Let e P Z be a cubefree nonzero integer. For any p ą P , let

Sppeq “ tv P Z3
p | |v|

2 ” 0 mod eu.

Define
Speq “

č

pďP

Λp X
č

pąP

Sppeq Ď Z3.

Then, for any L ě 1, the number of nonzero vectors v P Speq of length |v| ď L is

4π

3
¨
ź

pďP

Vp
|e|p

¨
L3

|e|
¨
ź

pąP,
p2|e

p1` p´1 ´ p´2q `O
ˆ

L2 ¨
ź

pąP,
p|e,

p2-e

p1` 2p´1q ¨
ź

pąP,
p2|e

p2p´1 ` 3p´2q

˙

.

Remark 4.51. One could easily replace the error bound by OpL2` |e|2q, which is weaker for small
L, but slightly better than the one given in the lemma for large L. We won’t need this alternative

error bound. Also note that all nonzero vectors v P Speq have length at least
ś

pąP |e|
´1{2
p because

|v|2 ” 0 mod
ś

pąP |e|
´1
p .

Remark 4.52. According to Lemma 4.46, we have

ź

p|e

p1` 2p´1q ď
ź

p|e

p1` p´1q2 “ Opplog log maxp|e|, 10qq2q.

Therefore, if e is divisible by p2 for only a bounded number of primes p ą P , then the error bound
in Theorem 4.50 is at most

OpL2 ¨ plog log maxp|e|, 10qq2q.

Remark 4.53. For the number of vectors v P Z3 of length |v| ď L, the trivial estimate is 4π
3 ¨

L3`OpL2q. However, the error bound has been improved to OpL21{16`εq by Heath-Brown. See [16,
Section 2] for a survey of this problem.

The idea of the proof of Theorem 4.50 is to write the characteristic function of the set Speq Ď Z3

as a linear combination of characteristic functions of lattices. We then separately count vectors in
each of the lattices, using divisibility relations of the form |v|2 ” 0 mod l to show that all vectors
v in a lattice have length at least l1{2. First, let us decompose characteristic functions locally: We
write Sppeq as a linear combination of p` 1 lattices if e is divisible by p exactly once, and as a linear
combination of 2p` 3 lattices if e is divisible by p exactly twice:
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Lemma 4.54. Let p ‰ 2 be an odd prime and assume e P Zp is divisible by p exactly kp P t1, 2u times.
Define Sppeq as in Theorem 4.50. Then, we can write the characteristic function of Sppeq Ď Z3

p as

1Sppeq “
ÿ

sPΣp

coeffppsq ¨ 1Λp,s .

Here, we used the sets of “symbols”

Σp “

#

t1, . . . , p` 1,Xu, kp “ 1,

t1, . . . , p` 1, 1X θ, . . . , p` 1X θ, θu, kp “ 2.

The corresponding coefficients are

coeffppsq “

$

’

&

’

%

`1, s P t1, . . . , p` 1, θu,

´p, s “ X,

´1, s “ iX θ with i P t1, . . . , p` 1u.

The lattices Λp,s Ď Z3
p have covolume Vp,s (index V ´1

p,s ), where

Vp,s “

$

’

&

’

%

p´kp´1, s P t1, . . . , p` 1, θu,

p´3, s “ X,

p´4, s “ iX θ with i P t1, . . . , p` 1u.

Furthermore, for each vector v P Λp,s, we have |v|p ď lenppsq (so |v|2 ” 0 mod lenppsq
´2), where

lenppsq “

#

p´kp{2, s ‰ X,

p´1, s “ X.

Proof. The conic Vp “ tw P P2
Fp : |w|2 “ 0u Ď P2

Fp is isomorphic to P1
Fp and therefore has exactly

p`1 points rw1s, . . . , rwp`1s P P2
Fp over Fp. Using Hensel’s lemma, we can lift representatives wi P F3

p

to points wi P pZ{pkpZq3 such that |wi|
2 ” 0 mod pkp .

If kp “ 1, then the vectors ṽ P pZ{pZq3 satisfying 0 ” |ṽ|2 mod p therefore form the union of p` 1
subgroups (lines) Λp,1, ¨ ¨ ¨ ,Λp,p`1 of pZ{pZq3 of order p (and index p2). The intersection of any two
of the subgroups is the trivial subgroup Λp,X “ ppZ{pZq3 “ 0 of order 1 (and index p3). Lift these
subgroups of pZ{pZq3 to Z3. Then,

1Sppeq “

p`1
ÿ

i“1

1Λp,i ´ p ¨ 1Λp,X .

Any vector v in Λp,i has |v|2 ” 0 mod p. Any vector v in Λp,X “ pZ3 has |v|2 ” 0 mod p2.

If kp “ 2, then the vectors ṽ P pZ{p2Zq3 satisfying 0 ” |ṽ|2 mod p2 form the union of p ` 2
subgroups Λp,1, ¨ ¨ ¨ ,Λp,p`1,Λp,θ of pZ{p2Zq3: Here, the subgroups Λp,i “ wi ¨ pZ{p2Zq` p ¨ xwiyK for
i “ 1, . . . , p` 1 are of order p3 (and index p3), and the subgroup Λp,θ “ ppZ{p2Zq3 also has order p3

(and index p3). The intersection Λp,i X Λp,j of any two of the lattices (i ‰ j) is contained in Λp,θ.
The intersections Λp,iXθ “ Λp,i X Λp,θ “ p ¨ xwiy

K have order p2 (and index p4). Again, lift these
subgroups of pZ{p2Zq3 to Z3 so that

1Sppeq “

p`1
ÿ

i“1

p1Λp,i ´ 1Λp,iXθ q ` 1Λp,θ .

Any vector v in Λp,i or Λp,iXθ or Λp,θ has |v|2 ” 0 mod p2.
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Proof of Theorem 4.50. We can assume without loss of generality that e is not divisible by any prime
p ď P . (Dividing e by such a prime changes neither the set Speq nor our expression for the number
of vectors.)

For any p ą P , let e be divisible by p exactly kp P t0, 1, 2u times. For any prime p dividing e, write
the characteristic function of Sppeq Ď Z3

p as a linear combination as above. Hence, the characteristic
function of the set S Ď Z3 is

1S “
ź

pďP

1Λp ¨
ź

p|e

1Sppeq “
ź

pďP

1Λp ¨
ź

p|e

ÿ

sPΣp

coeffppsq ¨ 1Λp,s .

Expanding the product, we obtain

1S “
ÿ

f

ź

pďP

1Λp ¨
ź

p|e

coeffppfppqq ¨ 1Λp,fppq “
ÿ

f

coeffpfq ¨ 1Λpfq,

where we sum over all tuples pfppqqp|e such that fppq P Σp, and where we used the notation

coeffpfq “
ź

p|e

coeffppfppqq

and
Λf “

č

pďP

Λp X
č

p|e

Λp,fppq Ď Z3.

For each summand, we will use Lemma 4.49 to find the sum over all v P Z3 with |v| ď L. The shifted
lattice Λf Ď Z3 has rank three. By the product formula for valuations, its covolume is

V pfq “
ź

pďP

V ´1
p ¨

ź

p|e

V ´1
p,fppq.

Therefore, the main term in
ř

vPZ3, |v|ďL 1Spvq coming from Lemma 4.49 is

main term “
ÿ

f

coeffpfq ¨
4π

3
¨
L3

V pfq

“
4π

3
¨
ź

pďP

Vp ¨ L
3 ¨

ÿ

f

ź

p|e

coeffppfppqqVp,fppq.

The main term can thus be factored as

main term “
4π

3
¨
ź

pďP

Vp ¨ L
3 ¨

ź

p|e

ÿ

sPΣp

coeffppsqVp,s

“
4π

3
¨
ź

pďP

Vp ¨ L
3 ¨

ź

p: kp“1

ˆ

p` 1

p2
´

p

p3

˙

¨
ź

p: kp“2

ˆ

p` 1

p3
´
p` 1

p4
`

1

p3

˙

“
4π

3
¨
ź

pďP

Vp ¨
L3

|e|
¨

ź

p: kp“2

p1` p´1 ´ p´2q.

For the error term, note that (by the product formula for valuations) all nonzero vectors in the
lattice

Ş

p|e Λp,fppq have length at least

lenpfq “
ź

p|e

lenppfppqq
´1.
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The error term in
ř

vPZ3, |v|ďL 1Spvq coming from Lemma 4.49 is therefore

error term “ O
ˆ

ÿ

f

| coeffpfq| ¨
L2

lenpfq2

˙

“ O
ˆ

L2 ¨
ÿ

f

ź

p|e

| coeffppfppqq|lenppfppqq
2

˙

“ O
ˆ

L2 ¨
ÿ

f

ź

p|e

p´kp
˙

“ O
ˆ

L2 ¨
ź

p: kp“1

p` 2

p
¨

ź

p: kp“2

2p` 3

p2

˙

“ O
ˆ

L2 ¨
ź

p: kp“1

p1` 2p´1q ¨
ź

p: kp“2

p2p´1 ` 3p´2q

˙

.

4.6.7 Counting vectors v2

Over a field, the cross product of two vectors is zero if and only if the vectors are colinear. A similar
statement holds modulo any integer e:

Lemma 4.55. Let v P Z3 be a primitive vector, let w P Z3 be any vector, and let e be a nonzero
integer. Then, we have v ˆ w ” 0 mod e if and only if w ” λv mod e for some λ P Z{eZ.

Proof. By the Chinese Remainder Theorem, we may assume that e “ pk is a prime power. Let
v “ px, y, zq and w “ px1, y1, z1q. Since v is primitive, we can assume without loss of generality that
p - z. Then, 0 ” v ˆ w ” pyz1 ´ zy1, zx1 ´ xz1, xy1 ´ yx1q mod pk implies that x1 ” z1z´1x mod pk

and y1 ” z1z´1y mod pk, so indeed w ” z1z´1v mod pk.

Corollary 4.56. Let v, w P Z3 be primitive orthogonal vectors and let e be a nonzero integer such
that v ˆ w ” 0 mod e. Then, both |v|2 and |w|2 are divisible by e.

Proof. We must have w ” λv mod e for some integer λ. Since w is a primitive vector, λ and e
must be relatively prime. On the other hand, 0 ” v ¨w ” λ|v|2 mod e, which implies that |v|2 (and
similarly |w|2) must be divisible by e.

Lemma 4.57. Let v P pZ{eZq3 be a primitive vector and let e be a nonzero integer dividing |v|2.
Let xvyK Ď pZ{eZq3 be set of vectors perpendicular to v. Consider the linear map f : xvyK Ñ xvyK

sending w to v ˆ w. Its kernel and image are both the span xvy Ď xvyK of v.

Proof. The statement on the kernel follows directly from Lemma 4.55. Furthermore, v ˆ pv ˆ wq ”
´|v|2 ¨w ” 0 mod e, so the image is contained in the kernel. Since v is primitive, the kernel xvy has
size e and the domain xvyK has size e2. Hence, the image also has to have size e and therefore has
to coincide with the kernel.

See [27, Corollary in Section 2] for a more general form of the following lemma.

Lemma 4.58. Let v P Z3 be a primitive vector. Then, the vectors w P Z3 which are orthogonal to
v form a lattice Λ of rank two and covolume |v|.

Proof. The lattice Λ` Z ¨ v is the kernel of the linear map Z3 Ñ Z{|v|2Z sending w to v ¨ w. Since
v is primitive, the map is surjective. Hence, Λ ` Z ¨ v has index |v|2 in Z3. Since Λ and Z ¨ v are
orthogonal, the covolume |v|2 of Λ` Z ¨ v is the product of the covolume of Λ and the covolume |v|
of Z ¨ v.
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Corollary 4.59. Let v P Z3 be a primitive vector and let e be a nonzero integer dividing |v|2. Then,
the vectors w P Z3 which are orthogonal to v and such that v ˆ w is divisible by e form a lattice Λ
of rank two and covolume |v| ¨ |e|.

Proof. Since v is primitive, the lattice xvyK Ď Z3 of vectors perpendicular to v P Z3 surjects onto the
lattice xvyK Ď pZ{eZq3 of vectors perpendicular to the reduction v P pZ{eZq3 of v modulo e. The set
of vectors w P xvyK such that v ˆ w ” 0 mod e has index e in xvyK according to Lemma 4.57.

Lemma 4.60. Let p ‰ 2 be an odd prime and let Λ Ĺ Z3
p be a primitive Zp-lattice of rank two.

Then, the set
tv P Λ | |v|2 ” 0 mod pu

is the union of Op1q sublattices Γ of Λ of index at least p.

Proof. Since Λ is a primitive lattice of rank two, its image V in F3
p is a two-dimensional vector space.

Consider the variety X of points v P P2
Fp such that |v|2 “ 0. Since the variety X is smooth and of

degree two, it cannot contain the line V in P2
Fp . Therefore, the intersection X X V consists of at

most two points. Each point corresponds to a line in V Ď F3
p, which corresponds to a sublattice of

Λ of index p. If X X V is empty, then only the vectors in the sublattice ΛX pZ3
p of index p2 satisfy

|v|2 ” 0 mod p.

Lemma 4.61. Let p ‰ 2 be an odd prime and let Λ Ĺ Z3
p be a primitive Zp-lattice of rank two.

Then, the set
tv P Λ | |v|2 ” 0 mod p2u

is the union of Op1q sublattices Γ of Λ of covolume at most p´2.

Proof. We can use Hensel’s Lemma to lift the Op1q sublattices with |v|2 ” 0 mod p to Op1q sub-
lattices with |v|2 ” 0 mod p2. It only remains to show that every Zp-lattice Γ Ĺ Z3

p of rank two
such that |v|2 ” 0 mod p2 for all v P Γ has covolume at most p´2. Let pv, wq be a basis of Γ. Then,
|xv ` yw|2 ” 0 mod p2 for all x, y P Zp implies that |v|2 ” |w|2 ” v ¨ w ” 0 mod p2. Hence, the
covolume

ˇ

ˇ

ˇ

ˇ

det

ˆ

|v|2 v ¨ w
v ¨ w |w|2

˙
ˇ

ˇ

ˇ

ˇ

1{2

p

of Γ is indeed at most p´2.

Lemma 4.62. Let p ‰ 2 be an odd prime and v P Z3
p a nonzero vector such that |v|2 is squarefree.

Write |v|2 “ ee1 for some e, e1 P Zp.

Then, the set

Sppe, vq “ tw P Z3
p | v ¨ w “ 0 and v ˆ w ” 0 mod eu Ď xvyK X Z3

p Ĺ Z3
p.

is a lattice of rank two and covolume |v|p|e|p.

The subset
S1ppe, vq “ tw P Sppe, vq | |w|

2 ” 0 mod epu Ď xvyK X Z3
p Ĺ Z3

p.

is the union of Op1q lattices of rank two and covolume at most |v|p|e|pp
´1.

If p - |v|2 (and therefore p - e), the subset

S2ppe, vq “ tw P Sppe, vq | |w|
2 ” 0 mod p2u Ď xvyK X Z3

p Ĺ Z3
p.

is the union of Op1q lattices of rank two and covolume at most |v|p|e|pp
´2 “ p´2.

Proof. The first statement follows from the proof of Corollary 4.59.
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If p - e, then Sppe, vq “ Spp1, vq “ xvyK X Z3
p Ĺ Z3

p is a primitive lattice of covolume |v|p, so the
remaining statements follow from Lemmas 4.60 and 4.61.

It only remains to show the second statement if p | e. The lattice Sppe, vq contains a vector v1 ” v
mod e. Since v ¨ v1 “ 0 and ee1 is squarefree, we get

|v1|2 ” |v ´ v1|2 ´ |v|2 ” ´|v|2 ” ´ee1 ı 0 mod p2.

Therefore, Sppe, vq isn’t contained in any of the Op1q sublattices Γ of Spp1, vq of vectors w with
|w|2 ” 0 mod p2. The Op1q intersections Sppe, vq X Γ Ĺ Sppe, vq must then all have index at least
p in Sppe, vq.

4.6.8 Conclusion of the proof

As before, let I be a unitary full ideal of ZrGs.
By replacing I by Iλ for some appropriate λ P QrGsˆ1 , we can assume without loss of generality that

for all primes p and all pe3, v1, v2, dq P Pmax
IbZppZpq, we have e3, d P Zp and v1, v2 P Z3

p and |v1|
2
|v2|

2

e3
| d

and e3 | v1 ˆ v2.

Let P ě 2 so that I b Zp “ ZprGs for all primes p ą P .

The preparations in the previous sections now reduce the proof of Lemma 4.43 (and therefore
Theorem 4.35) to a straightforward but lengthy computation, which we will sketch in this section.
Recall the definition of 1

6M
1
IpXq:

1
6M

1
IpXq “ tm “ pe3, v1, v2, dq P Pmax

I pZq | |d| ď X and |v2| ě |v1| ě |e3|u.

For primes p ď P , we use the local “volumes” µ1I,p to count points in Pmax
IbZppZpq. For primes p ą P ,

we use the criterion given in Corollary 4.26 to describe points in Pmax
IbZppZpq.

Lemma 4.63. Let e3 P Z be nonzero and let v1, v2 P Z3 be nonzero orthogonal vectors such that
e3 | |v1|

2 and e3 | v1 ˆ v2 and the following local conditions hold:

• For all p ą P , we have p2 - |v1|
2 and p2 - |v1|

2
|v2|

2

e3
.

• We have |e3| ď |v1| ď |v2| and |v1|
2
|v2|

2

|e3|
ď X.

Then, the number of d such that pe3, v1, v2, dq P
1
6M

1
IpXq is

ÿ

d

1 “
ź

pďP

µ1I,ppe3, v1, v2q ¨ 2 ¨
X|e3|

|v1|
2|v2|

2
`OP p1q

`
X|e3|

|v1|
2|v2|

2
¨

ˆ

OpP´1q `O
`

ÿ

pąP,

p|
|v1|

2|v2|
2

e3

p´1
˘

˙

where

µ1I,ppe3, v1, v2q “

ż

d:pe3,v1,v2,dqPPmax
IbZp pZpq

dd

|v1|
2
p|v2|

2
p{|e3|p

.

If one of the local conditions doesn’t hold, there is no such number d.

Proof. For each p ď P , we can write the set of possible d P Zp (such that pe3, v1, v2, dq P Pmax
IbZppZpq)

as the disjoint union of OP p1q shifted lattices of rank one in Zp.
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For p ą P , the set of possible d P Zp (such that |v1|
2
|v2|

2

e3
| d and p2 - d) is

ˆ

|v1|
2|v2|

2

e3
¨ Zp

˙

zp2Zp Ď Zp.

The set of possible d P R (such that | cond |1{4 “ |d| ď X) is

r´X,Xs Ď R.

Hence,

ÿ

d

1 “ 2X ¨
ź

pďP

|v1|
2
p|v2|

2
p

|e3|p
µ1I,ppe3, v1, v2q ¨

ź

pąP

|v1|
2
p|v2|

2
p

|e3|p
`OP p1q

`O
ˆ

X ¨
|e3|

|v1|
2|v2|

2

ÿ

pąP

gcdp|v1|
2|v2|

2{e3, pq

p2

˙

“
ź

pďP

µ1I,ppe3, v1, v2q ¨ 2 ¨
X|e3|

|v1|
2|v2|

2
`OP p1q

`
X|e3|

|v1|
2|v2|

2
¨

ˆ

OpP´1q `O
`

ÿ

pąP,

p|
|v1|

2|v2|
2

e3

p´1
˘

˙

.

Lemma 4.64. Let e3 P Z be nonzero and let v1 P Z3 be a nonzero vector such that e3 | |v1|
2 and

the following local conditions hold:

• For all p ą P , we have p2 - |v1|
2.

• We have |e3| ď |v1| and |v1|
4

|e3|
ď X.

Then, the number of pv2, dq such that pe3, v1, v2, dq P
1
6M

1
IpXq is

ÿ

v2,d

1 “
ź

pďP

µ1I,ppe3, v1q ¨ 2π ¨
XplogX ` log |e3| ´ 4 log |v1|q

|v1|
3

`
X logX

|v1|
3
¨ poP p1q `OpP´1q `Op

ÿ

pąP,
p||v1|

2

p´1qq,

where

µ1I,ppe3, v1q “

ż

pv2,dq:pe3,v1,v2,dqPPmax
IbZp pZpq

dv2

|v1|p|e3|p
¨

dd

|v1|
2
p|v2|

2
p{|e3|p

“

ż

xv1yKĎQ3
p

dv2

|v1|p|e3|p
¨ µ1I,ppe3, v1, v2q.

If one of the local conditions doesn’t hold, there are no such pv2, dq.

Proof. For each p ď P , write the set of possible v2 P xv1y
K Ĺ Z3

p (such that pe3, v1, v2, dq P Pmax
IbZppZpq

for some d) as the disjoint union of OP p1q shifted lattices in which µ1I,ppe3, v1, v2q is constant.

For p ą P , the set of possible v2 P xv1y
K Ĺ Z3

p (satisfying the local conditions e3 | v1 ˆ v2 and
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p2 - |v1|
2
|v2|

2

e3
) is (using the notation of Lemma 4.62)

Np “ Sppe3, v1qz

#

S1ppe3, v1q, p | |v1|
2,

S2ppe3, v1q, p - |v1|
2.

The set of possible v2 P xv1y
K Ĺ R3 (satisfying the local conditions |v1| ď |v2| and |v1|

2
|v2|

2

|e3|
ď X) is

tv2 P xv1y
K Ĺ R3 | |v1| ď |v2| ď X1{2|e3|

1{2|v1|
´1u.

You can apply Corollary 4.48 to find the sum of 1
|v2|2

over all possible vectors v2 outside some line

b1Z. Lemma 4.41 tells us that there are only Op1q possible vectors v2 on this line b1Z.

Lemma 4.65. Let e3 P Z be nonzero and assume that the following local conditions hold:

• For all p ą P , we have p2 - e3.

• We have |e3|
3 ď X.

Then, the number of pv1, v2, dq such that pe3, v1, v2, dq P
1
6M

1
IpXq is

ÿ

v1,v2,d

1 “
ź

pďP

µ1I,ppe3q ¨ π
2 ¨
XplogX ´ 3 log |e3|q

2

|e3|

`
XplogXq2

|e3|
¨ poP p1q `OpP´1q `Op

ÿ

pąP,
p|e3

p´1qq,

where

µ1I,ppe3q “

ż

pv1,v2,dq:pe3,v1,v2,dqPPmax
IbZp pZpq

dv1

|e3|p
¨

dv2

|v1|p|e3|p
¨

dd

|v1|
2
p|v2|

2
p{|e3|p

“

ż

Q3
p

dv1

|e3|p
¨ µ1I,ppe3, v1q.

If one of the local conditions doesn’t hold, there are no such pv1, v2, dq.

Proof. For each p ď P , we can write the set of possible v1 P Z3
p (such that pe3, v1, v2, dq P Pmax

IbZppZpq
for some v2, d) as the disjoint union of OP p1q shifted lattices in which µ1I,ppe3, v1q is constant.

For p ą P , the set of possible v1 P Z3
p (satisfying the local conditions e3 | |v1|

2 and p2 - e3) is (using
the notation of Theorem 4.50)

Sppe3qz

#

Sppe3pq, p | e3,

Sppe3p
2q, p - e3.

The set of possible v1 P R3 (satisfying the local conditions |e3| ď |v1| and |v1|
4

|e3|
ď X) is

tv1 P R3 | |e3| ď |v1| ď X1{4|e3|
1{4u.

Then, Theorem 4.50 and integration by parts (Lemma 4.44) show the claim.

Lemma 4.66 (Lemma 4.43). The number of pe3, v1, v2, dq P
1
6M

1
IpXq is

# 1
6M

1
IpXq “

ź

pďP

µ1I,p ¨
2π2

9
¨XplogXq3

`XplogXq3poP p1q `OpP´1qq,
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where

µ1I,p “

ż

Pmax
IbZp pZpq

d1m “

ż

Pmax
IbZp pZpq

de3 ¨
dv1

|e3|p
¨

dv2

|v1|p|e3|p
¨

dd

|v1|
2
p|v2|

2
p{|e3|p

“

ż

Qp
de3 ¨ µ

1
I,ppe3q.

Proof. For each p ď P , we can write the set of possible e3 P Zp (such that pe3, v1, v2, dq P Pmax
IbZppZpq

for some v1, v2, d) as the disjoint union of OP p1q shifted lattices in which µ1I,ppe3q is constant.

For p ą P , the set of possible e3 P Zp (satisfying the local condition p2 - e3) is Zpzp2Zp.
The set of possible e3 P R (satisfying the local condition |e3|

3 ď X) is r´X1{3, X1{3s.

Then, integration by parts (Lemma 4.44) shows the claim.

This concludes the proof of Theorem 4.35 (and Theorem 1.8).
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Chapter 5

Symmetric groups

5.1 Degree 3

Let G “ S3 by the symmetric group of degree three and let K be any field with charpKq ‰ 2, 3. We
then have an isomorphism KrGs – KˆKˆM2pKq, corresponding to the irreducible representations
triv, sgn, std. We define these representations as follows:

id p1 2q p2 3q p1 3q p1 3 2q p1 2 3q

triv 1 1 1 1 1 1

sgn 1 ´1 ´1 ´1 1 1

std p 1 0
0 1 q p 0 1

1 0 q
`

1 0
´1 ´1

˘ `

´1 ´1
0 1

˘ `

0 1
´1 ´1

˘ `

´1 ´1
1 0

˘

The decomposition of tensor products of irreducible representations of G is then:

b triv sgn std

triv triv sgn std

sgn sgn triv std

std std std triv ‘ sgn‘ std
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Accordingly, fix the following projection and inclusion maps V1 b V2 Õ W :

sgnb sgn triv

1b 1 1

sgnb std std

1b

ˆ

a
b

˙

1

3

ˆ

´a´ 2b
2a` b

˙

1b

ˆ

a` 2b
´2a´ b

˙ ˆ

a
b

˙

stdb std triv
ˆ

a
b

˙

b

ˆ

c
d

˙

1

3
p2ac` 2bd` ad` bcq

e1 b e1 ´
1

2
pe1 b e2 ` e2 b e1q ` e2 b e2 1

stdb std sgn
ˆ

a
b

˙

b

ˆ

c
d

˙

1

2
pad´ bcq

e1 b e2 ´ e2 b e1 1

stdb std std
ˆ

a
b

˙

b

ˆ

c
d

˙

1

3

ˆ

ac´ 2bd´ ad´ bc
bd´ 2ac´ ad´ bc

˙

ae1 b e1 ´ pa` bqpe1 b e2 ` e2 b e1q ` be2 b e2

ˆ

a
b

˙

Some of the representations HomKpW Ñ V1 b V2q of KrGsˆ1 decompose further:

HomKptriv Ñ sgnb sgnq – sgnb sgn

HomKpstd Ñ sgnb stdq – sgnbM2pstdq

– psgnb slpstdqq ‘ sgn

HomKptriv Ñ stdb stdq – Sym2
pstdq ‘Alt2

pstdq

– Sym2
pstdq ‘ detpstdq

HomKpsgn Ñ stdb stdq –
1

sgn

`

Sym2
pstdq ‘Alt2

pstdq
˘

–
1

sgn
Sym2

pstdq ‘
1

sgn
detpstdq

HomKpstd Ñ stdb stdq –
1

detpstdq
Sym3

pstdq ‘ std‘ std

When considering nondegenerate extensions, only the following summands remain. (The trivial

80



extension projects to 0 on all other summands.)

triv sgnb sgn

1 1b d pd P sgnb sgnq

std sgnb std

x 1bMx pM P sgnb slpstdqq

triv stdb std

1 s ps P Sym2
pstdqq

sgn stdb std

1 epe1 b e2 ´ e2 b e1q pe P detpstdq
sgn q

std stdb std

x vpxq pv P 1
detpstdq Sym3

pstdqq

where

vpp ab qq “ p3v1b´ v2aqe1 b e1 ` pv2b´ v3aqpe1 b e2 ` e2 b e1q ` pv3b´ 3v4aqe2 b e2

for v “ v1e
3
1 ` v2e

2
1e2 ` v3e1e

2
2 ` v4e

3
2 P

1
detpstdq Sym3

pstdq.

We can thus identify any element m P PnondegpKq with a tuple

pd,M, s, e, vq P K ‘ sl2pKq ‘ Sym2
pK2q ‘K ‘ Sym3

pK2q.

The corresponding values for the trivial extension are:

d “ 1, M “

ˆ

1 2
´2 ´1

˙

, s “ e2
1 ´ e1e2 ` e

2
2,

e “ 1, v “ ´e2
1e2 ` e1e

2
2.

For v “ v1e
3
1 ` v2e

2
1e2 ` v3e1e

2
2 ` v4e

3
2, define

Hessianpvq “ det

ˆ

6v1e1 ` 2v2e2 2v2e1 ` 2v3e2

2v2e1 ` 2v3e2 2v3e1 ` 6v4e2

˙

“ 4rp3v1e1 ` v2e2qpv3e1 ` 3v4e2q ´ pv2e1 ` v3e2q
2s

“ 4rp3v1v3 ´ v
2
2qe

2
1 ` p9v1v4 ´ v2v3qe1e2 ` p3v2v4 ´ v

2
3qe

2
2s.

The associativity condition is then equivalent to:

´4s “ Hessianpvq

´3dI2 “M2

eM “

ˆ

´s2 2s1

´2s3 s2

˙

for s “ s1e
2
1 ` s2e1e2 ` s3e

2
2

81



Note that M2 is a multiple of the identity matrix I2 for any trace-free 2ˆ 2-matrix M .

The discriminants are

discpmq “ 1
9 ¨ d ¨ discpsq2 “

discpvq3

e2
,

discxp1 2qy
pmq “ ´ 1

3 ¨ discpsq “ discpvq,

discxp1 2 3qy
pmq “ d “

discpvq

e2
.

5.2 Higher degrees

Let n ě 1 be an integer and let K be a field with charpKq “ 0 or charpKq ą n. To an extension of
K of degree n, we can then canonically associate an Sn-extension of K.

The representations that were previously used to parametrize extension of degree n “ 3, 4, 5 are
irreducible KrGsˆ1 -subrepresentations P of H (see the appendix for notation and the decomposition
of H): Levi [22] (and later Delone and Faddeev [14]) used the representation 1

detpstdq Sym3
pstdq “

Xpstdq for n “ 3. Wright and Yukie [33] used the representation Sym2
pstdq b 2a˚ “ Sym2

pstdq
2a for

n “ 4 and the representation Alt2
p5a1q b std1˚ “ Alt2p5a1q

std1 for n “ 5.

For any projection map p : P Ñ P , denote by kerpP q the kernel of the KrGsˆ1 -representation P .
We therefore obtain a representation P of the group KrGsˆ1 { kerpP q. For this representation to
parametrize Sn-extensions of K, we want the stabilizer of ppπq P P to be G ãÑ KrGsˆ1 { kerpP q. In
other words, we want G X kerpP q “ 1 and the KrGsˆ1 -stabilizer of ppπq should be G ¨ kerpP q Ď
KrGsˆ1 . On the other hand, to facilitate counting, we want the KseprGsˆ1 -orbit of ppπq to have small
codimension in P . (In the above parametrizations for n “ 3, 4, 5, the orbit was in fact dense, so we
obtained a prehomogeneous vector space.)

Carefully studing the tables in the appendix, you can show that for n “ 6, there is no such projection
p : P � P such that the orbit ppPnondegpKsepqq “ ppKseprGsˆ1 .πq has codimension less than 15.

Remark 5.1. There is no projection p : P Ñ P such that the stabilizer of ppπq P P in the group
KrGsˆ1 { kerpP q is finite and the orbit ppPnondegq Ď P has codimension less than 15.
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Chapter 6

Appendix: Decompositions

Let K “ C be the field of complex numbers. In the following tables, we analyze the space H for
certain small groups G. First, we write down the character table of G. Then, we decompose the sub-
space of H spanned by the nondegenerate orbit PnondegpKq into irreducible KrGsˆ1 -representations.

We write a summand L “ HomGpVu Ñ Vi b Vjq as
Vi¨Vj
Vu

. For each irreducible summand occur-

ing in H, we give its multiplicity. Furthermore, we denote by kerpLq Ď KrGsˆ1 the kernel of the
KrGsˆ1 -representation L. We write XpViq for the irreducible representation of GLpViq with highest
weight p2, 0, . . . , 0,´1q and Y pViq for the irreducible representation of GLpViq with highest weight
p1, 1, 0, . . . , 0,´1q. The summands of the form triv¨Vi

Vi
(which are fixed by the unit condition (Cu))

are omitted.

Remark 6.1. Let n ě 1 be an integer and G “ Sn. Let K be a field of characteristic zero. To an
extension of K of degree n, we can then canonically associate an Sn-extension of K.

The representations that were previously used to parametrize extension of degree n “ 3, 4, 5 are
irreducible KrGsˆ1 -subrepresentations P ofH: Levi [22] (and later Delone and Faddeev [14]) used the
representation 1

detpstdq Sym3
pstdq “ Xpstdq for n “ 3. Wright and Yukie [33] used the representation

Sym2
pstdqb 2a˚ “ Sym2

pstdq
2a for n “ 4 and the representation Alt2

p5a1qb std1˚ “ Alt2p5a1q
std1 for n “ 5.

For any projection map p : H � P , denote by kerpP q the kernel of the KrGsˆ1 -representation P .
We therefore obtain a representation P of the group KrGsˆ1 { kerpP q. For this representation to
parametrize G-extensions of K, we need the stabilizer of ppπq P P to be G ãÑ KrGsˆ1 { kerpP q. In
other words, we want GXkerpP q “ 1 and the KrGsˆ1 -stabilizer of ppπq should be G¨kerpP q Ď KrGsˆ1 .
On the other hand, to facilitate counting, it is desirable that the KseprGsˆ1 -orbit of ppπq has small
codimension in P .

In the above parametrizations for n “ 3, 4, 5, the orbit was in fact dense, so we obtained a preho-
mogeneous vector space. Unfortunately, we are not so lucky for n “ 6:

Remark 6.2. For G “ S6, there is no projection p : H � P such that the stabilizer of ppπq P P
in the group KrGsˆ1 { kerpP q is G ãÑ KrGsˆ1 { kerpP q and the orbit ppPnondegq Ď P has codimension
less than 15.
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6.1 Symmetric Group S2

Order: 2

Conjugacy classes: 1 “ r1, 1s, 2 “ r2s

Table 6.1.1: Irreducible characters for the Symmetric Group S2

1 2

Size 1 1

triv 1 1

sign 1 ´1

Table 6.1.2: Nontrivial summands for the Symmetric Group S2

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 Sym2
psignq 1 1 0
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6.2 Symmetric Group S3

Order: 6

Conjugacy classes: 1 “ r1, 1, 1s, 2 “ r1, 2s, 3 “ r3s

Table 6.2.1: Irreducible characters for the Symmetric Group S3

1 2 3

Size 1 3 2

triv 1 1 1

sign 1 ´1 1

std 2 0 ´1

Table 6.2.2: Nontrivial summands for the Symmetric Group S3

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pstdq

sign
1 4 ´3

1 Sym2
pstdq 3 4 ´1

1 slpstdq ¨ sign 3 4 ´1

1 Sym2
psignq 1 1 0

1 Xpstdq 4 4 0
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6.3 Symmetric Group S4

Order: 24

Conjugacy classes: 1 “ r1, 1, 1, 1s, 2 “ r1, 1, 2s, 3 “ r1, 3s, 4 “ r2, 2s, 5 “ r4s

Table 6.3.1: Irreducible characters for the Symmetric Group S4

1 2 3 4 5

Size 1 6 8 3 6

triv 1 1 1 1 1

sign 1 ´1 1 1 ´1

2a 2 0 ´1 2 0

std 3 1 0 ´1 ´1

std1 3 ´1 0 ´1 1

Table 6.3.2: Nontrivial summands for the Symmetric Group S4

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pstdq

std1
9 17 ´8

1
sign ¨ std

std1
9 17 ´8

1
sign ¨ std1

std
9 17 ´8

1
std ¨ std1

sign
9 17 ´8

1
Alt2

p2aq

sign
1 4 ´3

1 Sym2
pstd1q 6 9 ´3

1 Sym2
pstdq 6 9 ´3

1 Ypstd1q 6 9 ´3

1
2a ¨ std

std1
18 20 ´2

1
2a ¨ std1

std
18 20 ´2

1
std ¨ std1

2a
18 20 ´2

1 Sym2
p2aq 3 4 ´1

86



Table 6.3.2: Nontrivial summands for the Symmetric Group S4

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 slp2aq ¨ sign 3 4 ´1

1 Sym2
psignq 1 1 0

1 Xp2aq 4 4 0

1
Sym2

pstd1q

2a
12 12 0

1
Sym2

pstdq

2a
12 12 0

1
Sym2

pstd1q

std
18 17 1

1 slpstd1q ¨ 2a 16 12 4

1 slpstdq ¨ 2a 16 12 4

1 Xpstdq 15 9 6

1 slpstd1q ¨ std 24 17 7

1 slpstdq ¨ std1 24 17 7
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6.4 Symmetric Group S5

Order: 120

Conjugacy classes: 1 “ r1, 1, 1, 1, 1s, 2 “ r1, 1, 1, 2s, 3 “ r1, 1, 3s, 4 “ r1, 2, 2s, 5 “ r1, 4s, 6 “ r2, 3s,
7 “ r5s

Table 6.4.1: Irreducible characters for the Symmetric Group S5

1 2 3 4 5 6 7

Size 1 10 20 15 30 20 24

triv 1 1 1 1 1 1 1

sign 1 ´1 1 1 ´1 ´1 1

std 4 2 1 0 0 ´1 ´1

std1 4 ´2 1 0 0 1 ´1

5a 5 ´1 ´1 1 1 ´1 0

5a1 5 1 ´1 1 ´1 1 0

6a 6 0 0 ´2 0 0 1

Table 6.4.2: Nontrivial summands for the Symmetric Group S5

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
5a ¨ 5a1

sign
25 49 ´24

1
sign ¨ 5a

5a1
25 49 ´24

1
sign ¨ 5a1

5a
25 49 ´24

1
sign ¨ std

std1
16 31 ´15

1
sign ¨ std1

std
16 31 ´15

1
std ¨ std1

sign
16 31 ´15

1 Sym2
p6aq 21 36 ´15

1
Sym2

p6aq

sign
21 36 ´15

1
Alt2

pstd1q

6a
36 51 ´15

1
Alt2

pstdq

6a
36 51 ´15

1 Sym2
p5a1q 15 25 ´10
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Table 6.4.2: Nontrivial summands for the Symmetric Group S5

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 Sym2
p5aq 15 25 ´10

1 Sym2
pstd1q 10 16 ´6

1 Sym2
pstdq 10 16 ´6

1 slp6aq ¨ sign 35 36 ´1

1 Sym2
psignq 1 1 0

1
Alt2

p5a1q

std1
40 40 0

1
Alt2

p5aq

std1
40 40 0

1
Alt2

p5a1q

6a
60 60 0

1
Alt2

p5aq

6a
60 60 0

1
Sym2

pstd1q

std
40 31 9

1
Alt2

p6aq

std1
60 51 9

1
Sym2

pstd1q

5a1
50 40 10

1
Sym2

pstdq

5a1
50 40 10

1
Alt2

p6aq

5a
75 60 15

1 Xpstdq 36 16 20

1
Sym2

p5a1q

std
60 40 20

1
Sym2

p5aq

std
60 40 20

1
std ¨ 5a

std1
80 55 25

1
std ¨ std1

5a
80 55 25
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Table 6.4.2: Nontrivial summands for the Symmetric Group S5

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
std1 ¨ 5a

std
80 55 25

1
Sym2

p5a1q

5a
75 49 26

1
Sym2

p5aq

5a1
75 49 26

1 slpstd1q ¨ std 60 31 29

1
std ¨ 6a

std1
96 66 30

1
std ¨ std1

6a
96 66 30

1
std1 ¨ 6a

std
96 66 30

1
Sym2

p6aq

std
84 51 33

1 slpstd1q ¨ 5a1 75 40 35

1 slpstdq ¨ 5a1 75 40 35

1
5a ¨ 5a1

std1
100 64 36

1
5a ¨ 5a1

std
100 64 36

1
std ¨ 5a

5a1
100 64 36

1
std ¨ 5a1

5a
100 64 36

1
std1 ¨ 5a

5a1
100 64 36

1
std1 ¨ 5a1

5a
100 64 36

1 slpstd1q ¨ 6a 90 51 39

1 slpstdq ¨ 6a 90 51 39

1 Xp5a1q 70 25 45
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Table 6.4.2: Nontrivial summands for the Symmetric Group S5

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 Xp5aq 70 25 45

2
Sym2

p6aq

5a1
105 60 45

1
Sym2

p6aq

5a
105 60 45

1
5a ¨ 6a

std1
120 75 45

1
5a ¨ 6a

std
120 75 45

1
5a1 ¨ 6a

std1
120 75 45

1
5a1 ¨ 6a

std
120 75 45

1
std ¨ 5a

6a
120 75 45

1
std ¨ 5a1

6a
120 75 45

1
std ¨ 6a

5a1
120 75 45

1
std ¨ 6a

5a
120 75 45

1
std1 ¨ 5a

6a
120 75 45

1
std1 ¨ 5a1

6a
120 75 45

1
std1 ¨ 6a

5a1
120 75 45

1
std1 ¨ 6a

5a
120 75 45

1 Yp6aq 84 36 48

1 slp5a1q ¨ std 96 40 56

1 slp5a1q ¨ std1 96 40 56

1 slp5aq ¨ std 96 40 56
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Table 6.4.2: Nontrivial summands for the Symmetric Group S5

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 slp5aq ¨ std1 96 40 56

1
5a ¨ 5a1

6a
150 84 66

1
5a ¨ 6a

5a1
150 84 66

1
5a1 ¨ 6a

5a
150 84 66

1 slp5a1q ¨ 5a 120 49 71

1 slp5aq ¨ 5a1 120 49 71

1 slp5a1q ¨ 6a 144 60 84

1 slp5aq ¨ 6a 144 60 84

1 slp6aq ¨ std 140 51 89

1 slp6aq ¨ std1 140 51 89

2 slp6aq ¨ 5a 175 60 115

2 slp6aq ¨ 5a1 175 60 115
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6.5 Symmetric Group S6

Order: 720

Conjugacy classes: 1 “ r1, 1, 1, 1, 1, 1s, 2 “ r1, 1, 1, 1, 2s, 3 “ r1, 1, 1, 3s, 4 “ r1, 1, 2, 2s, 5 “

r1, 1, 4s, 6 “ r1, 2, 3s, 7 “ r1, 5s, 8 “ r2, 2, 2s, 9 “ r2, 4s, 10 “ r3, 3s, 11 “ r6s

Table 6.5.1: Irreducible characters for the Symmetric Group S6

1 2 3 4 5 6 7 8 9 10 11

Size 1 15 40 45 90 120 144 15 90 40 120

triv 1 1 1 1 1 1 1 1 1 1 1

sign 1 ´1 1 1 ´1 ´1 1 ´1 1 1 ´1

std 5 3 2 1 1 0 0 ´1 ´1 ´1 ´1

std1 5 ´3 2 1 ´1 0 0 1 ´1 ´1 1

5a 5 ´1 ´1 1 1 ´1 0 3 ´1 2 0

5a1 5 1 ´1 1 ´1 1 0 ´3 ´1 2 0

9a 9 ´3 0 1 1 0 ´1 ´3 1 0 0

9a1 9 3 0 1 ´1 0 ´1 3 1 0 0

10a 10 ´2 1 ´2 0 1 0 2 0 1 ´1

10a1 10 2 1 ´2 0 ´1 0 ´2 0 1 1

16a 16 0 ´2 0 0 0 1 0 0 ´2 0

Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 Sym2
p16aq 136 256 ´120

1
Sym2

p16aq

sign
136 256 ´120

1
10a ¨ 10a1

sign
100 199 ´99

1
sign ¨ 10a

10a1
100 199 ´99

1
sign ¨ 10a1

10a
100 199 ´99

1
9a ¨ 9a1

sign
81 161 ´80

1
sign ¨ 9a

9a1
81 161 ´80

1
sign ¨ 9a1

9a
81 161 ´80

1 Sym2
p10a1q 55 100 ´45

93



Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 Sym2
p10aq 55 100 ´45

1 Sym2
p9a1q 45 81 ´36

1 Sym2
p9aq 45 81 ´36

1
5a ¨ 5a1

sign
25 49 ´24

1
sign ¨ 5a

5a1
25 49 ´24

1
sign ¨ 5a1

5a
25 49 ´24

1
sign ¨ std

std1
25 49 ´24

1
sign ¨ std1

std
25 49 ´24

1
std ¨ std1

sign
25 49 ´24

1
Alt2

p5a1q

10a
100 124 ´24

1
Alt2

p5aq

10a
100 124 ´24

1
Alt2

pstd1q

10a1
100 124 ´24

1
Alt2

pstdq

10a1
100 124 ´24

1 Sym2
p5a1q 15 25 ´10

1 Sym2
p5aq 15 25 ´10

1 Sym2
pstd1q 15 25 ´10

1 Sym2
pstdq 15 25 ´10

1 slp16aq ¨ sign 255 256 ´1

1 Sym2
psignq 1 1 0
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Sym2

p5a1q

5a
75 49 26

1
Sym2

pstd1q

std
75 49 26

1
Sym2

p5a1q

9a1
135 105 30

1
Sym2

p5aq

9a1
135 105 30

1
Sym2

pstd1q

9a1
135 105 30

1
Sym2

pstdq

9a1
135 105 30

1 Xp5aq 70 25 45

1 Xpstdq 70 25 45

1 slp5a1q ¨ 5a 120 49 71

1 slpstd1q ¨ std 120 49 71

1
5a ¨ 5a1

9a
225 129 96

1
5a ¨ 9a

5a1
225 129 96

1
5a ¨ 9a

std
225 129 96

1
5a ¨ 9a1

std1
225 129 96

1
5a1 ¨ 9a

5a
225 129 96

1
5a1 ¨ 9a

std1
225 129 96

1
5a1 ¨ 9a1

std
225 129 96

1
std ¨ 5a

9a
225 129 96

1
std ¨ 5a1

9a1
225 129 96
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
std ¨ 9a

5a
225 129 96

1
std ¨ 9a

std1
225 129 96

1
std ¨ 9a1

5a1
225 129 96

1
std ¨ std1

9a
225 129 96

1
std1 ¨ 5a

9a1
225 129 96

1
std1 ¨ 5a1

9a
225 129 96

1
std1 ¨ 9a

5a1
225 129 96

1
std1 ¨ 9a

std
225 129 96

1
std1 ¨ 9a1

5a
225 129 96

1
5a ¨ 16a

std1
400 304 96

1
5a ¨ 16a

std
400 304 96

1
5a1 ¨ 16a

std1
400 304 96

1
5a1 ¨ 16a

std
400 304 96

1
std ¨ 16a

5a1
400 304 96

1
std ¨ 16a

5a
400 304 96

1
std ¨ 5a

16a
400 304 96

1
std ¨ 5a1

16a
400 304 96

1
std1 ¨ 16a

5a1
400 304 96

1
std1 ¨ 16a

5a
400 304 96
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
std1 ¨ 5a

16a
400 304 96

1
std1 ¨ 5a1

16a
400 304 96

1
5a ¨ 10a1

5a1
250 148 102

1
5a ¨ 5a1

10a1
250 148 102

1
5a1 ¨ 10a1

5a
250 148 102

1
std ¨ 10a

std1
250 148 102

1
std ¨ std1

10a
250 148 102

1
std1 ¨ 10a

std
250 148 102

1 slp5a1q ¨ 9a1 216 105 111

1 slp5aq ¨ 9a1 216 105 111

1 slpstd1q ¨ 9a1 216 105 111

1 slpstdq ¨ 9a1 216 105 111

1 slp5a1q ¨ 10a 240 124 116

1 slp5aq ¨ 10a 240 124 116

1 slpstd1q ¨ 10a1 240 124 116

1 slpstdq ¨ 10a1 240 124 116

1
Sym2

p9a1q

5a
225 105 120

1
Sym2

p9a1q

std
225 105 120

1
Sym2

p9aq

5a
225 105 120
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Sym2

p9aq

std
225 105 120

1
Sym2

p10a1q

5a1
275 124 151

1
Sym2

p10a1q

5a
275 124 151

1
Sym2

p10a1q

std1
275 124 151

1
Sym2

p10a1q

std
275 124 151

1
Sym2

p10aq

5a1
275 124 151

1
Sym2

p10aq

5a
275 124 151

1
Sym2

p10aq

std1
275 124 151

1
Sym2

p10aq

std
275 124 151

1
Alt2

p9a1q

10a1
360 180 180

1
Alt2

p9a1q

10a
360 180 180

1
Alt2

p9aq

10a1
360 180 180

1
Alt2

p9aq

10a
360 180 180

1
5a1 ¨ 9a

9a1
405 185 220

1
5a1 ¨ 9a1

9a
405 185 220

1
9a ¨ 9a1

5a1
405 185 220

1
9a ¨ 9a1

std1
405 185 220

1
std1 ¨ 9a

9a1
405 185 220

1
std1 ¨ 9a1

9a
405 185 220
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

p10a1q

9a
405 180 225

1
Alt2

p10aq

9a
405 180 225

1
Alt2

p9a1q

16a
576 336 240

1
Alt2

p9aq

16a
576 336 240

2
Sym2

p9aq

9a1
405 161 244

1
5a ¨ 10a

9a1
450 204 246

1
5a ¨ 10a1

9a
450 204 246

1
5a ¨ 9a

10a1
450 204 246

1
5a ¨ 9a1

10a
450 204 246

1
5a1 ¨ 10a

9a
450 204 246

1
5a1 ¨ 10a1

9a1
450 204 246

1
5a1 ¨ 9a

10a
450 204 246

1
5a1 ¨ 9a1

10a1
450 204 246

1
9a ¨ 10a

5a1
450 204 246

1
9a ¨ 10a

std
450 204 246

1
9a ¨ 10a1

5a
450 204 246

1
9a ¨ 10a1

std1
450 204 246

1
9a1 ¨ 10a

5a
450 204 246

1
9a1 ¨ 10a

std1
450 204 246
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
9a1 ¨ 10a1

5a1
450 204 246

1
9a1 ¨ 10a1

std
450 204 246

1
std ¨ 10a

9a
450 204 246

1
std ¨ 10a1

9a1
450 204 246

1
std ¨ 9a

10a
450 204 246

1
std ¨ 9a1

10a1
450 204 246

1
std1 ¨ 10a

9a1
450 204 246

1
std1 ¨ 10a1

9a
450 204 246

1
std1 ¨ 9a

10a1
450 204 246

1
std1 ¨ 9a1

10a
450 204 246

1
Alt2

p10a1q

10a
450 199 251

1
Alt2

p10aq

10a1
450 199 251

1
10a ¨ 10a1

5a1
500 223 277

1
10a ¨ 10a1

5a
500 223 277

1
10a ¨ 10a1

std1
500 223 277

1
10a ¨ 10a1

std
500 223 277

1
5a ¨ 10a

10a1
500 223 277

1
5a ¨ 10a1

10a
500 223 277

1
5a1 ¨ 10a

10a1
500 223 277
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
5a1 ¨ 10a1

10a
500 223 277

1
std ¨ 10a

10a1
500 223 277

1
std ¨ 10a1

10a
500 223 277

1
std1 ¨ 10a

10a1
500 223 277

1
std1 ¨ 10a1

10a
500 223 277

1 slp9a1q ¨ 5a 400 105 295

1 slp9a1q ¨ std 400 105 295

1 slp9aq ¨ 5a 400 105 295

1 slp9aq ¨ std 400 105 295

2 Xp9a1q 396 81 315

2
Sym2

p10a1q

9a1
495 180 315

2
Sym2

p10aq

9a1
495 180 315

1
Alt2

p16aq

5a1
600 280 320

1
Alt2

p16aq

std1
600 280 320

1 Yp10a1q 440 100 340

1 Yp10aq 440 100 340

1
5a ¨ 16a

9a1
720 360 360

1
5a ¨ 16a

9a
720 360 360

1
5a ¨ 9a

16a
720 360 360
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
5a ¨ 9a1

16a
720 360 360

1
5a1 ¨ 16a

9a1
720 360 360

1
5a1 ¨ 16a

9a
720 360 360

1
5a1 ¨ 9a

16a
720 360 360

1
5a1 ¨ 9a1

16a
720 360 360

1
9a ¨ 16a

5a1
720 360 360

1
9a ¨ 16a

5a
720 360 360

1
9a ¨ 16a

std1
720 360 360

1
9a ¨ 16a

std
720 360 360

1
9a1 ¨ 16a

5a1
720 360 360

1
9a1 ¨ 16a

5a
720 360 360

1
9a1 ¨ 16a

std1
720 360 360

1
9a1 ¨ 16a

std
720 360 360

1
std ¨ 16a

9a1
720 360 360

1
std ¨ 16a

9a
720 360 360

1
std ¨ 9a

16a
720 360 360

1
std ¨ 9a1

16a
720 360 360

1
std1 ¨ 16a

9a1
720 360 360

1
std1 ¨ 16a

9a
720 360 360
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
std1 ¨ 9a

16a
720 360 360

1
std1 ¨ 9a1

16a
720 360 360

1
Alt2

p10a1q

16a
720 355 365

1
Alt2

p10aq

16a
720 355 365

1 slp10a1q ¨ 5a 495 124 371

1 slp10a1q ¨ 5a1 495 124 371

1 slp10a1q ¨ std 495 124 371

1 slp10a1q ¨ std1 495 124 371

1 slp10aq ¨ 5a 495 124 371

1 slp10aq ¨ 5a1 495 124 371

1 slp10aq ¨ std 495 124 371

1 slp10aq ¨ std1 495 124 371

1
Sym2

p9a1q

16a
720 336 384

1
Sym2

p9aq

16a
720 336 384

1
Sym2

p16aq

5a1
680 280 400

2
Sym2

p16aq

5a
680 280 400

1
Sym2

p16aq

std1
680 280 400

2
Sym2

p16aq

std
680 280 400

1
10a ¨ 16a

5a1
800 379 421
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
10a ¨ 16a

5a
800 379 421

1
10a ¨ 16a

std1
800 379 421

1
10a ¨ 16a

std
800 379 421

1
10a1 ¨ 16a

5a1
800 379 421

1
10a1 ¨ 16a

5a
800 379 421

1
10a1 ¨ 16a

std1
800 379 421

1
10a1 ¨ 16a

std
800 379 421

1
5a ¨ 10a

16a
800 379 421

1
5a ¨ 10a1

16a
800 379 421

1
5a ¨ 16a

10a1
800 379 421

1
5a ¨ 16a

10a
800 379 421

1
5a1 ¨ 10a

16a
800 379 421

1
5a1 ¨ 10a1

16a
800 379 421

1
5a1 ¨ 16a

10a1
800 379 421

1
5a1 ¨ 16a

10a
800 379 421

1
std ¨ 10a

16a
800 379 421

1
std ¨ 10a1

16a
800 379 421

1
std ¨ 16a

10a1
800 379 421

1
std ¨ 16a

10a
800 379 421
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
std1 ¨ 10a

16a
800 379 421

1
std1 ¨ 10a1

16a
800 379 421

1
std1 ¨ 16a

10a1
800 379 421

1
std1 ¨ 16a

10a
800 379 421

1
Sym2

p10a1q

16a
880 355 525

1
Sym2

p10aq

16a
880 355 525

1
9a ¨ 10a

9a1
810 260 550

1
9a ¨ 10a1

9a1
810 260 550

1
9a ¨ 9a1

10a1
810 260 550

1
9a ¨ 9a1

10a
810 260 550

1
9a1 ¨ 10a

9a
810 260 550

1
9a1 ¨ 10a1

9a
810 260 550

2 slp9aq ¨ 9a1 720 161 559

1 slp9a1q ¨ 10a 800 180 620

1 slp9a1q ¨ 10a1 800 180 620

1 slp9aq ¨ 10a 800 180 620

1 slp9aq ¨ 10a1 800 180 620

1
10a ¨ 10a1

9a1
900 279 621

2
10a ¨ 10a1

9a
900 279 621
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

2
9a ¨ 10a

10a1
900 279 621

2
9a ¨ 10a1

10a
900 279 621

1
9a1 ¨ 10a

10a1
900 279 621

1
9a1 ¨ 10a1

10a
900 279 621

1 slp10a1q ¨ 9a 891 180 711

2 slp10a1q ¨ 9a1 891 180 711

1 slp10aq ¨ 9a 891 180 711

2 slp10aq ¨ 9a1 891 180 711

2
Alt2

p16aq

9a
1080 336 744

1 slp10a1q ¨ 10a 990 199 791

1 slp10aq ¨ 10a1 990 199 791

3
Alt2

p16aq

10a1
1200 355 845

3
Alt2

p16aq

10a
1200 355 845

2
9a ¨ 16a

9a1
1296 416 880

2
9a ¨ 9a1

16a
1296 416 880

2
9a1 ¨ 16a

9a
1296 416 880

3
Sym2

p16aq

9a1
1224 336 888

1
Sym2

p16aq

9a
1224 336 888

2 slp9a1q ¨ 16a 1280 336 944
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

2 slp9aq ¨ 16a 1280 336 944

2 slp16aq ¨ 5a 1275 280 995

2 slp16aq ¨ 5a1 1275 280 995

2 slp16aq ¨ std 1275 280 995

2 slp16aq ¨ std1 1275 280 995

1
Sym2

p16aq

10a1
1360 355 1005

1
Sym2

p16aq

10a
1360 355 1005

2
10a ¨ 16a

9a1
1440 435 1005

2
10a ¨ 16a

9a
1440 435 1005

2
10a1 ¨ 16a

9a1
1440 435 1005

2
10a1 ¨ 16a

9a
1440 435 1005

2
9a ¨ 10a

16a
1440 435 1005

2
9a ¨ 10a1

16a
1440 435 1005

2
9a ¨ 16a

10a1
1440 435 1005

2
9a ¨ 16a

10a
1440 435 1005

2
9a1 ¨ 10a

16a
1440 435 1005

2
9a1 ¨ 10a1

16a
1440 435 1005

2
9a1 ¨ 16a

10a1
1440 435 1005

2
9a1 ¨ 16a

10a
1440 435 1005
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Table 6.5.2: Nontrivial summands for the Symmetric Group S6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

2
10a ¨ 10a1

16a
1600 454 1146

2
10a ¨ 16a

10a1
1600 454 1146

2
10a1 ¨ 16a

10a
1600 454 1146

2 slp10a1q ¨ 16a 1584 355 1229

2 slp10aq ¨ 16a 1584 355 1229

2 Yp16aq 1904 256 1648

3 Xp16aq 2160 256 1904

3 slp16aq ¨ 9a 2295 336 1959

3 slp16aq ¨ 9a1 2295 336 1959

4 slp16aq ¨ 10a 2550 355 2195

4 slp16aq ¨ 10a1 2550 355 2195

108



6.6 Quaternion Group Q8

Order: 8

Conjugacy classes: 1 “ t1u, 2 “ t´1u, 3 “ t˘iu, 4 “ t˘ju, 5 “ t˘ku

Table 6.6.1: Irreducible characters for the Quaternion Group Q8

1 2 3 4 5

Size 1 1 2 2 2

triv 1 1 1 1 1

sgni 1 1 1 ´1 ´1

sgnj 1 1 ´1 1 ´1

sgnk 1 1 ´1 ´1 1

std 2 ´2 0 0 0

Table 6.6.2: Nontrivial summands for the Quaternion Group Q8

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 Alt2
pstdq 1 4 ´3

1
Sym2

pstdq

sgni
3 4 ´1

1
Sym2

pstdq

sgnj
3 4 ´1

1
Sym2

pstdq

sgnk
3 4 ´1

1 slpstdq ¨ sgni 3 4 ´1

1 slpstdq ¨ sgnj 3 4 ´1

1 slpstdq ¨ sgnk 3 4 ´1

1 Sym2
psgniq 1 1 0

1 Sym2
psgnjq 1 1 0

1 Sym2
psgnkq 1 1 0

1
sgni ¨ sgnj

sgnk
1 1 0

1
sgni ¨ sgnk

sgnj
1 1 0
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Table 6.6.2: Nontrivial summands for the Quaternion Group Q8

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
sgnj ¨ sgnk

sgni
1 1 0
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6.7 Quaternion Group Q12

Order: 12

Conjugacy classes: 1 “ teu, 2 “ ta, a´1u, 3 “ ta2, a4u, 4 “ ta3u, 5 “ tx, a2x, a4xu, 6 “

tax, a3x, a5xu

Table 6.7.1: Irreducible characters for the Quaternion Group Q12

1 2 3 4 5 6

Size 1 2 2 1 3 3

triv 1 1 1 1 1 1

sgn1 1 1 1 1 ´1 ´1

rho1 1 ´1 1 ´1 ζ4 ´ζ4

rho2 1 ´1 1 ´1 ´ζ4 ζ4

std1 2 1 ´1 ´2 0 0

std2 2 ´1 ´1 2 0 0

Table 6.7.2: Nontrivial summands for the Quaternion Group Q12

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 Alt2
pstd1q 1 4 ´3

1
Alt2

pstd2q

sgn1
1 4 ´3

1
rho1 ¨ std1

std2
4 7 ´3

1
rho1 ¨ std2

std1
4 7 ´3

1
rho2 ¨ std1

std2
4 7 ´3

1
rho2 ¨ std2

std1
4 7 ´3

1
std1 ¨ std2

rho1
4 7 ´3

1
std1 ¨ std2

rho2
4 7 ´3

1
Sym2

pstd1q

sgn1
3 4 ´1

1 Sym2
pstd2q 3 4 ´1

1 slpstd1q ¨ sgn1 3 4 ´1
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Table 6.7.2: Nontrivial summands for the Quaternion Group Q12

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 slpstd2q ¨ sgn1 3 4 ´1

1
Sym2

pstd1q

std2
6 7 ´1

1 slpstd1q ¨ std2 6 7 ´1

1
Sym2

prho1q

sgn1
1 1 0

1
Sym2

prho2q

sgn1
1 1 0

1 Sym2
psgn1q 1 1 0

1 rho1 ¨ rho2 1 1 0

1
sgn1 ¨ rho1

rho2
1 1 0

1
sgn1 ¨ rho2

rho1
1 1 0

1 Xpstd2q 4 4 0
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6.8 Alternating Group A4

Order: 12

Conjugacy classes: 1 “ pr1, 1, 1, 1s, 0q, 2 “ pr1, 3s, 1q, 3 “ pr1, 3s,´1q, 4 “ pr2, 2s, 0q

Table 6.8.1: Irreducible characters for the Alternating Group A4

1 2 3 4

Size 1 4 4 3

triv 1 1 1 1

rho1 1 ζ3 ´1´ ζ3 1

rho2 1 ´1´ ζ3 ζ3 1

std 3 0 0 ´1

Table 6.8.2: Nontrivial summands for the Alternating Group A4

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 Sym2
pstdq 6 9 ´3

1
Sym2

pstdq

rho1
6 9 ´3

1
Sym2

pstdq

rho2
6 9 ´3

1 Ypstdq 6 9 ´3

1 slpstdq ¨ rho1 8 9 ´1

1 slpstdq ¨ rho2 8 9 ´1

1
Sym2

prho1q

rho2
1 1 0

1
Sym2

prho2q

rho1
1 1 0

1 rho1 ¨ rho2 1 1 0

1 Xpstdq 15 9 6
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6.9 Alternating Group A5

Order: 60

Conjugacy classes: 1 “ pr1, 1, 1, 1, 1s, 0q, 2 “ pr1, 1, 3s, 0q, 3 “ pr1, 2, 2s, 0q, 4 “ pr5s, 1q, 5 “
pr5s,´1q

Table 6.9.1: Irreducible characters for the Alternating Group A5

1 2 3 4 5

Size 1 20 15 12 12

triv 1 1 1 1 1

e1 3 0 ´1 ´ζ2
5 ´ ζ

3
5 1` ζ2

5 ` ζ
3
5

e2 3 0 ´1 1` ζ2
5 ` ζ

3
5 ´ζ2

5 ´ ζ
3
5

std 4 1 0 ´1 ´1

f 5 ´1 1 0 0

Table 6.9.2: Nontrivial summands for the Alternating Group A5

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 Sym2
pfq 15 25 ´10

1 Sym2
pstdq 10 16 ´6

1
Alt2

pstdq

e1
18 24 ´6

1
Alt2

pstdq

e2
18 24 ´6

1 Sym2
pe1q 6 9 ´3

1 Sym2
pe2q 6 9 ´3

1 Ype1q 6 9 ´3

1 Ype2q 6 9 ´3

1
Alt2

pfq

e1
30 33 ´3

1
Alt2

pfq

e2
30 33 ´3

1
Sym2

pe1q

f
30 33 ´3

1
Sym2

pe2q

f
30 33 ´3
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Table 6.9.2: Nontrivial summands for the Alternating Group A5

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pfq

std
40 40 0

1
e1 ¨ e2

std
36 32 4

1
e1 ¨ std

e2
36 32 4

1
e2 ¨ std

e1
36 32 4

1
e1 ¨ e2

f
45 41 4

1
e1 ¨ f

e2
45 41 4

1
e2 ¨ f

e1
45 41 4

1 slpe1q ¨ f 40 33 7

1 slpe2q ¨ f 40 33 7

1
Sym2

pstdq

f
50 40 10

1
e1 ¨ f

std
60 48 12

1
e1 ¨ std

f
60 48 12

1
e2 ¨ f

std
60 48 12

1
e2 ¨ std

f
60 48 12

1
std ¨ f

e1
60 48 12

1
std ¨ f

e2
60 48 12

1 Xpstdq 36 16 20

1
Sym2

pfq

std
60 40 20

1 slpstdq ¨ e1 45 24 21
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Table 6.9.2: Nontrivial summands for the Alternating Group A5

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 slpstdq ¨ e2 45 24 21

1 slpstdq ¨ f 75 40 35

1 slpfq ¨ e1 72 33 39

1 slpfq ¨ e2 72 33 39

2 Xpfq 70 25 45

2 slpfq ¨ std 96 40 56
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6.10 Dihedral Group D4

Order: 8

Conjugacy classes: 1 “ teu, 2 “ tτ1, τ´1u, 3 “ tτ2u, 4 “ tστ evenu, 5 “ tστoddu

Table 6.10.1: Irreducible characters for the Dihedral Group D4

1 2 3 4 5

Size 1 2 1 2 2

triv 1 1 1 1 1

sign 1 1 1 ´1 ´1

e1 1 ´1 1 1 ´1

e2 1 ´1 1 ´1 1

std1 2 0 ´2 0 0

Table 6.10.2: Nontrivial summands for the Dihedral Group D4

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pstd1q

sign
1 4 ´3

1 Sym2
pstd1q 3 4 ´1

1
Sym2

pstd1q

e1
3 4 ´1

1
Sym2

pstd1q

e2
3 4 ´1

1 slpstd1q ¨ e1 3 4 ´1

1 slpstd1q ¨ e2 3 4 ´1

1 slpstd1q ¨ sign 3 4 ´1

1 Sym2
pe1q 1 1 0

1 Sym2
pe2q 1 1 0

1 Sym2
psignq 1 1 0

1
e1 ¨ e2

sign
1 1 0

1
sign ¨ e1

e2
1 1 0
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Table 6.10.2: Nontrivial summands for the Dihedral Group D4

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
sign ¨ e2

e1
1 1 0
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6.11 Dihedral Group D5

Order: 10

Conjugacy classes: 1 “ teu, 2 “ tτ1, τ´1u, 3 “ tτ2, τ´2u, 4 “ tστ iu

Table 6.11.1: Irreducible characters for the Dihedral Group D5

1 2 3 4

Size 1 2 2 5

triv 1 1 1 1

sign 1 1 1 ´1

std1 2 ´1´ ζ2
5 ´ ζ

3
5 ζ2

5 ` ζ
3
5 0

std2 2 ζ2
5 ` ζ

3
5 ´1´ ζ2

5 ´ ζ
3
5 0

Table 6.11.2: Nontrivial summands for the Dihedral Group D5

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pstd1q

sign
1 4 ´3

1
Alt2

pstd2q

sign
1 4 ´3

1 Sym2
pstd1q 3 4 ´1

1 Sym2
pstd2q 3 4 ´1

1 slpstd1q ¨ sign 3 4 ´1

1 slpstd2q ¨ sign 3 4 ´1

1
Sym2

pstd1q

std2
6 7 ´1

1
Sym2

pstd2q

std1
6 7 ´1

1 slpstd1q ¨ std2 6 7 ´1

1 slpstd2q ¨ std1 6 7 ´1

1 Sym2
psignq 1 1 0

119



6.12 Dihedral Group D6

Order: 12

Conjugacy classes: 1 “ teu, 2 “ tτ1, τ´1u, 3 “ tτ2, τ´2u, 4 “ tτ3u, 5 “ tστ evenu, 6 “ tστoddu

Table 6.12.1: Irreducible characters for the Dihedral Group D6

1 2 3 4 5 6

Size 1 2 2 1 3 3

triv 1 1 1 1 1 1

sign 1 1 1 1 ´1 ´1

e1 1 ´1 1 ´1 1 ´1

e2 1 ´1 1 ´1 ´1 1

std1 2 1 ´1 ´2 0 0

std2 2 ´1 ´1 2 0 0

Table 6.12.2: Nontrivial summands for the Dihedral Group D6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pstd1q

sign
1 4 ´3

1
Alt2

pstd2q

sign
1 4 ´3

1
e1 ¨ std1

std2
4 7 ´3

1
e1 ¨ std2

std1
4 7 ´3

1
e2 ¨ std1

std2
4 7 ´3

1
e2 ¨ std2

std1
4 7 ´3

1
std1 ¨ std2

e1
4 7 ´3

1
std1 ¨ std2

e2
4 7 ´3

1 Sym2
pstd1q 3 4 ´1

1 Sym2
pstd2q 3 4 ´1

1 slpstd1q ¨ sign 3 4 ´1

1 slpstd2q ¨ sign 3 4 ´1
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Table 6.12.2: Nontrivial summands for the Dihedral Group D6

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Sym2

pstd1q

std2
6 7 ´1

1 slpstd1q ¨ std2 6 7 ´1

1 Sym2
pe1q 1 1 0

1 Sym2
pe2q 1 1 0

1 Sym2
psignq 1 1 0

1
e1 ¨ e2

sign
1 1 0

1
sign ¨ e1

e2
1 1 0

1
sign ¨ e2

e1
1 1 0

1 Xpstd2q 4 4 0
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6.13 Dihedral Group D7

Order: 14

Conjugacy classes: 1 “ teu, 2 “ tτ1, τ´1u, 3 “ tτ2, τ´2u, 4 “ tτ3, τ´3u, 5 “ tστ iu

Table 6.13.1: Irreducible characters for the Dihedral Group D7

1 2 3 4 5

Size 1 2 2 2 7

triv 1 1 1 1 1

sign 1 1 1 1 ´1

std1 2 ´1´ ζ2
7 ´ ζ

3
7 ´ ζ

4
7 ´ ζ

5
7 ζ2

7 ` ζ
5
7 ζ3

7 ` ζ
4
7 0

std2 2 ζ2
7 ` ζ

5
7 ζ3

7 ` ζ
4
7 ´1´ ζ2

7 ´ ζ
3
7 ´ ζ

4
7 ´ ζ

5
7 0

std3 2 ζ3
7 ` ζ

4
7 ´1´ ζ2

7 ´ ζ
3
7 ´ ζ

4
7 ´ ζ

5
7 ζ2

7 ` ζ
5
7 0

Table 6.13.2: Nontrivial summands for the Dihedral Group D7

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pstd1q

sign
1 4 ´3

1
Alt2

pstd2q

sign
1 4 ´3

1
Alt2

pstd3q

sign
1 4 ´3

1
std1 ¨ std2

std3
8 10 ´2

1
std1 ¨ std3

std2
8 10 ´2

1
std2 ¨ std3

std1
8 10 ´2

1 Sym2
pstd1q 3 4 ´1

1 Sym2
pstd2q 3 4 ´1

1 Sym2
pstd3q 3 4 ´1

1 slpstd1q ¨ sign 3 4 ´1

1 slpstd2q ¨ sign 3 4 ´1

1 slpstd3q ¨ sign 3 4 ´1
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Table 6.13.2: Nontrivial summands for the Dihedral Group D7

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Sym2

pstd1q

std2
6 7 ´1

1
Sym2

pstd2q

std3
6 7 ´1

1
Sym2

pstd3q

std1
6 7 ´1

1 slpstd1q ¨ std2 6 7 ´1

1 slpstd2q ¨ std3 6 7 ´1

1 slpstd3q ¨ std1 6 7 ´1

1 Sym2
psignq 1 1 0
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6.14 Dihedral Group D8

Order: 16

Conjugacy classes: 1 “ teu, 2 “ tτ1, τ´1u, 3 “ tτ2, τ´2u, 4 “ tτ3, τ´3u, 5 “ tτ4u, 6 “ tστ evenu,
7 “ tστoddu

Table 6.14.1: Irreducible characters for the Dihedral Group D8

1 2 3 4 5 6 7

Size 1 2 2 2 1 4 4

triv 1 1 1 1 1 1 1

sign 1 1 1 1 1 ´1 ´1

e1 1 ´1 1 ´1 1 1 ´1

e2 1 ´1 1 ´1 1 ´1 1

std1 2 ζ8 ´ ζ
3
8 0 ´ζ8 ` ζ

3
8 ´2 0 0

std2 2 0 ´2 0 2 0 0

std3 2 ´ζ8 ` ζ
3
8 0 ζ8 ´ ζ

3
8 ´2 0 0

Table 6.14.2: Nontrivial summands for the Dihedral Group D8

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pstd1q

sign
1 4 ´3

1
Alt2

pstd2q

sign
1 4 ´3

1
Alt2

pstd3q

sign
1 4 ´3

1
e1 ¨ std1

std3
4 7 ´3

1
e1 ¨ std3

std1
4 7 ´3

1
e2 ¨ std1

std3
4 7 ´3

1
e2 ¨ std3

std1
4 7 ´3

1
std1 ¨ std3

e1
4 7 ´3

1
std1 ¨ std3

e2
4 7 ´3

1
std1 ¨ std2

std3
8 10 ´2

1
std1 ¨ std3

std2
8 10 ´2

124



Table 6.14.2: Nontrivial summands for the Dihedral Group D8

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
std2 ¨ std3

std1
8 10 ´2

1 Sym2
pstd1q 3 4 ´1

1 Sym2
pstd2q 3 4 ´1

1
Sym2

pstd2q

e1
3 4 ´1

1
Sym2

pstd2q

e2
3 4 ´1

1 Sym2
pstd3q 3 4 ´1

1 slpstd1q ¨ sign 3 4 ´1

1 slpstd2q ¨ e1 3 4 ´1

1 slpstd2q ¨ e2 3 4 ´1

1 slpstd2q ¨ sign 3 4 ´1

1 slpstd3q ¨ sign 3 4 ´1

1
Sym2

pstd1q

std2
6 7 ´1

1
Sym2

pstd3q

std2
6 7 ´1

1 slpstd1q ¨ std2 6 7 ´1

1 slpstd3q ¨ std2 6 7 ´1

1 Sym2
pe1q 1 1 0

1 Sym2
pe2q 1 1 0

1 Sym2
psignq 1 1 0

1
e1 ¨ e2

sign
1 1 0
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Table 6.14.2: Nontrivial summands for the Dihedral Group D8

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
sign ¨ e1

e2
1 1 0

1
sign ¨ e2

e1
1 1 0
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6.15 Dihedral Group D9

Order: 18

Conjugacy classes: 1 “ teu, 2 “ tτ1, τ´1u, 3 “ tτ2, τ´2u, 4 “ tτ3, τ´3u, 5 “ tτ4, τ´4u, 6 “ tστ iu

Table 6.15.1: Irreducible characters for the Dihedral Group D9

1 2 3 4 5 6

Size 1 2 2 2 2 9

triv 1 1 1 1 1 1

sign 1 1 1 1 1 ´1

std1 2 ζ9 ´ ζ
2
9 ´ ζ

5
9 ´ζ9 ` ζ

2
9 ´ ζ

4
9 ´1 ζ4

9 ` ζ
5
9 0

std2 2 ´ζ9 ` ζ
2
9 ´ ζ

4
9 ζ4

9 ` ζ
5
9 ´1 ζ9 ´ ζ

2
9 ´ ζ

5
9 0

std3 2 ´1 ´1 2 ´1 0

std4 2 ζ4
9 ` ζ

5
9 ζ9 ´ ζ

2
9 ´ ζ

5
9 ´1 ´ζ9 ` ζ

2
9 ´ ζ

4
9 0

Table 6.15.2: Nontrivial summands for the Dihedral Group D9

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pstd1q

sign
1 4 ´3

1
Alt2

pstd2q

sign
1 4 ´3

1
Alt2

pstd3q

sign
1 4 ´3

1
Alt2

pstd4q

sign
1 4 ´3

1
std1 ¨ std2

std3
8 10 ´2

1
std1 ¨ std3

std2
8 10 ´2

1
std1 ¨ std3

std4
8 10 ´2

1
std1 ¨ std4

std3
8 10 ´2

1
std2 ¨ std3

std1
8 10 ´2

1
std2 ¨ std3

std4
8 10 ´2

1
std2 ¨ std4

std3
8 10 ´2

1
std3 ¨ std4

std1
8 10 ´2
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Table 6.15.2: Nontrivial summands for the Dihedral Group D9

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
std3 ¨ std4

std2
8 10 ´2

1 Sym2
pstd1q 3 4 ´1

1 Sym2
pstd2q 3 4 ´1

1 Sym2
pstd3q 3 4 ´1

1 Sym2
pstd4q 3 4 ´1

1 slpstd1q ¨ sign 3 4 ´1

1 slpstd2q ¨ sign 3 4 ´1

1 slpstd3q ¨ sign 3 4 ´1

1 slpstd4q ¨ sign 3 4 ´1

1
Sym2

pstd1q

std2
6 7 ´1

1
Sym2

pstd2q

std4
6 7 ´1

1
Sym2

pstd4q

std1
6 7 ´1

1 slpstd1q ¨ std2 6 7 ´1

1 slpstd2q ¨ std4 6 7 ´1

1 slpstd4q ¨ std1 6 7 ´1

1 Sym2
psignq 1 1 0

1 Xpstd3q 4 4 0
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6.16 Dihedral Group D10

Order: 20

Conjugacy classes: 1 “ teu, 2 “ tτ1, τ´1u, 3 “ tτ2, τ´2u, 4 “ tτ3, τ´3u, 5 “ tτ4, τ´4u, 6 “ tτ5u,
7 “ tστ evenu, 8 “ tστoddu

Table 6.16.1: Irreducible characters for the Dihedral Group D10

1 2 3 4 5 6 7 8

Size 1 2 2 2 2 1 5 5

triv 1 1 1 1 1 1 1 1

sign 1 1 1 1 1 1 ´1 ´1

e1 1 ´1 1 ´1 1 ´1 1 ´1

e2 1 ´1 1 ´1 1 ´1 ´1 1

std1 2 1` ζ2
10 ´ ζ

3
10 ζ2

10 ´ ζ
3
10 ´ζ2

10 ` ζ
3
10 ´1´ ζ2

10 ` ζ
3
10 ´2 0 0

std2 2 ζ2
10 ´ ζ

3
10 ´1´ ζ2

10 ` ζ
3
10 ´1´ ζ2

10 ` ζ
3
10 ζ2

10 ´ ζ
3
10 2 0 0

std3 2 ´ζ2
10 ` ζ

3
10 ´1´ ζ2

10 ` ζ
3
10 1` ζ2

10 ´ ζ
3
10 ζ2

10 ´ ζ
3
10 ´2 0 0

std4 2 ´1´ ζ2
10 ` ζ

3
10 ζ2

10 ´ ζ
3
10 ζ2

10 ´ ζ
3
10 ´1´ ζ2

10 ` ζ
3
10 2 0 0

Table 6.16.2: Nontrivial summands for the Dihedral Group D10

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
Alt2

pstd1q

sign
1 4 ´3

1
Alt2

pstd2q

sign
1 4 ´3

1
Alt2

pstd3q

sign
1 4 ´3

1
Alt2

pstd4q

sign
1 4 ´3

1
e1 ¨ std1

std4
4 7 ´3

1
e1 ¨ std2

std3
4 7 ´3

1
e1 ¨ std3

std2
4 7 ´3

1
e1 ¨ std4

std1
4 7 ´3

1
e2 ¨ std1

std4
4 7 ´3

1
e2 ¨ std2

std3
4 7 ´3
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Table 6.16.2: Nontrivial summands for the Dihedral Group D10

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1
e2 ¨ std3

std2
4 7 ´3

1
e2 ¨ std4

std1
4 7 ´3

1
std1 ¨ std4

e1
4 7 ´3

1
std1 ¨ std4

e2
4 7 ´3

1
std2 ¨ std3

e1
4 7 ´3

1
std2 ¨ std3

e2
4 7 ´3

1
std1 ¨ std2

std3
8 10 ´2

1
std1 ¨ std3

std2
8 10 ´2

1
std1 ¨ std3

std4
8 10 ´2

1
std1 ¨ std4

std3
8 10 ´2

1
std2 ¨ std3

std1
8 10 ´2

1
std3 ¨ std4

std1
8 10 ´2

1 Sym2
pstd1q 3 4 ´1

1 Sym2
pstd2q 3 4 ´1

1 Sym2
pstd3q 3 4 ´1

1 Sym2
pstd4q 3 4 ´1

1 slpstd1q ¨ sign 3 4 ´1

1 slpstd2q ¨ sign 3 4 ´1

1 slpstd3q ¨ sign 3 4 ´1
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Table 6.16.2: Nontrivial summands for the Dihedral Group D10

Mult. Summand L dimpLq dimpKrGsˆ1 { kerpLqq dimpLq ´ dimpKrGsˆ1 { kerpLqq

1 slpstd4q ¨ sign 3 4 ´1

1
Sym2

pstd1q

std2
6 7 ´1

1
Sym2

pstd2q

std4
6 7 ´1

1
Sym2

pstd3q

std4
6 7 ´1

1
Sym2

pstd4q

std2
6 7 ´1

1 slpstd1q ¨ std2 6 7 ´1

1 slpstd2q ¨ std4 6 7 ´1

1 slpstd3q ¨ std4 6 7 ´1

1 slpstd4q ¨ std2 6 7 ´1

1 Sym2
pe1q 1 1 0

1 Sym2
pe2q 1 1 0

1 Sym2
psignq 1 1 0

1
e1 ¨ e2

sign
1 1 0

1
sign ¨ e1

e2
1 1 0

1
sign ¨ e2

e1
1 1 0
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