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Abstract

We study the problem of parametrizing Galois extensions of fields with a fixed Galois group G.
Similar problems have recently received much attention, as they are often a useful first step to
finding the asymptotic number of such Galois extensions with bounded invariants. For example,
Davenport and Heilbronn used a parametrization due to Levi of rings of rank three to count cubic
field extensions of Q. Bhargava discovered and then used parametrizations of rings of ranks four
and five to count quartic and quintic field extensions of Q. The approach taken by Levi and
Bhargava can roughly be summarized as follows: Choose a basis of the field or ring extension R
under consideration, and then write down the coefficients in the multiplication table of R with
respect to this basis. To keep the multiplication table simple, one needs to choose a suitable basis
of R, which has previously been accomplished in special cases using ad-hoc methods. In this thesis,
we explain how the representation theory of G provides a convenient choice of basis in general.

This recovers many of the known parametrizations. We study cyclic groups G = Z/nZ in some
detail and for example obtain a new parametrization for the cyclic group of order five. We also
obtain a new parametrization for the quaternion group G = {1, i, +j, £k}. This allows us to
count quaternionic extensions of Q by conductor.
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Chapter 1

Introduction

Fix some finite group G and some field K. The goal of this thesis is to parametrize G-extensions
of K: K-algebras R together with a left action of G that makes K isomorphic to the group ring
K[G] as a left K[G]-module. The motivating and main examples of G-extensions of K are Galois
extensions L of K with Galois group G: By the Normal Basis Theorem, the field extension L|K has
a basis of the form (ga)ge with a € L. Then, the K-linear map K[G] — L sending g to ga is an
isomorphism of left K[G]-modules.

By a parametrization of G-extensions, we mean (for the purpose of this thesis) an explicit bijection
{G-extension R of K} «— G(K)\X(K),

where the right-hand side denotes the set of orbits of an appropriate algebraic group G(K) acting on
a variety X (K). The left-hand side is understood modulo isomorphism. Often, it will be convenient
to only consider nondegenerate G-extensions (extensions with nonzero discriminant). Invariants of
the G-extension R should correspond naturally to invariants of the group action. See for example
[11] for an introduction to parametrizations of field extensions.

Traditionally, this problem has been approached using Galois cohomology: First, observe that non-
degenerate G-extensions of K are in bijection with continuous group homomorphisms

Gal(K*°P|K) —> G

from the absolute Galois group of K to G, up to conjugation by elements of G. (The G-extension is
essentially the field fixed by the homomorphism’s kernel.) It then follows from a short computation
(see for example [33] section 5]) that it suffices to find an algebraic group G acting transitively (over
the separable closure K*¢P) on a variety X with a point x € X (K) satisfying the following properties:
HY(K,G) =1 and G = Stabgg=er)(z) S G(K) (the stabilizer of z € X (K) is isomorphic to G and
all its points are defined over K).

The most famous example of this approach is Kummer theory: if G is the cyclic group of order n
and K contains n distinct n-th roots of unity (in particular, char(K) { n), we can let G = G, and
X = Gy, be the multiplicative group, with the action given by g.x = g™x. Hilbert’s Theorem 90
says that H'(K,G,,) = 1. The stabilizer of any number x € X(K) = K* is the (cyclic) group of
n-th roots of unity. It is isomorphic to G, and contained in G(K) = K*. Therefore, nondegenerate
G-extensions of K are in bijection with elements of K*"™\K*.

Later, the theory and classification of prehomogeneous vector spaces have led to several other useful
examples of parametrizations: A prehomogeneous vector space is a representation V of a group G
possessing a dense orbit X. Sato and Kimura [26] completely classified irreducible prehomogeneous
vector spaces where G is a reductive complex Lie group. Wright and Yukie [33] then realized that
some of those representations (lifted to a field K of appropriate characteristic) satisfy exactly the



requirements specified above (for some finite group G): For example, nondegenerate Ss3-extensions
of K are in bijection with orbits of GLy(K) acting on X < V = Sym*(K?) (via g.f = mf o g)
Nondegenerate Sy-extensions of K are in bijection with orbits of G € GLy(K) x GL3(K) acting
on X ¢ K?® Sym?(K?). Nondegenerate Ss-extensions of K are in bijection with orbits of G <
GL4(K) x GL5(K) acting on X ¢ K*® Alt?(K®). Unfortunately, this is where we run out of
examples coming from [26]. Sporadically, other parametrizations were discovered. For example,
Bhargava and Shnidman [7] constructed a reducible prehomogeneous vector space for the cyclic
group of order three.

In his PhD thesis and subsequent work, Bhargava [3], 4] [6] managed to extend the parametrizations
of extensions of fields K given by Wright and Yukie to parametrizations of extensions of rings S (in
particular S = Z). Melanie Wood [31] further generalized his work to extensions of schemes and
also parametrized for example quartic extensions with quadratic subrings or cubic quotients.

Parametrizations of extensions of rings have proven particularly useful in solving asymptotic counting
problems: For example, how many number fields are there of degree n and discriminant between
—X and X, for large X7 How many Galois extensions of Q are there with Galois group G and
discriminant between —X and X, for large X? (The discriminant of a number field is really a
property of its ring of integers!)

Malle |23, 24] formulated precise conjectures on those asymptotics. Looking at Hilbert class fields,
these questions also turn out to be closely related to the Cohen—Lenstra heuristics concerning the
average behaviour of ideal class groups (see [21]).

This thesis proposes a framework yielding parametrizations of ring extensions. It does not rely on
any classification of prehomogeneous vector spaces, and can in fact produce more general parame-
trizations.

The work is organized as follows: In Chapter [2| we explain the theory for general groups G. In
subsequent chapters, we explore certain examples in more detail.

We start by constructing for any group G a preliminary parametrization of G-extensions of a field
K with G(K) = K[G]* and X (K) € K[G]®xK K[G]. We give two independent proofs of this para-
metrization: a cohomological proof resembling arguments of Wright and Yukie, and an elementary
proof resembling the arguments of Levi, Delone-Faddeev, and Bhargava.

The idea of the latter proof is that, after fixing a normal basis of a G-extension L of K, and hence an
isomorphism L =~ K[G] of left K[G]-modules, the multiplication map can be encoded as an element
of Homg(q(K[G] ®x K[G] — K[G]) = K[G] ®k K[G]. The normal basis (or, equivalently, the
isomorphism L =~ K[G]) is unique exactly up to an action of the group K[G]*.

This can be generalized to ring extensions: A G-extension R of a Dedekind domain S (see Defi-
nition might not have a normal integral basis; it might not be isomorphic to S[G] as a left
S[G]-module. However, we can provide a parametrization for any fized left S[G]-module structure
I (the type) of R. Under favorable circumstances, only finitely many different types can occur.

The preliminary parametrization has the unfortunate property that the dimension |G| of the group
G, and thus the orbit X, is far smaller than the dimension |G|? of the ambient space K[G]®x K[G].
In general, this makes counting points (or orbits) in X (K), and therefore counting G-extensions
of K, difficult.

Luckily, the preliminary parametrization can often be simplified, by projecting to suitable subspaces
of K[G] ®k K[G]. This recovers the spaces studied by Levi, Delone-Faddeev, Wright—Yukie, and
Bhargava. Assume that the characteristic of K does not divide the order of G. The underlying idea
is that the multiplication table of a G-extension L of K in terms of a normal basis (ga)geq possesses
a lot of symmetry: If for any g1, g2 € G, we write (g1a)(g200) = X}1cc tgrga,n (hx) with g o, 5 € K,
then ¢ig, igs,ih = tg1,g.,n fOr any i,gi, g2, h € G. This symmetry can be exploited by considering a
more convenient basis coming from the representation theory of G: Consider the Artin-Wedderburn
decomposition K[G] = [[, My, (D;). Fix a K-basis of each division ring D;. This gives rise to a

I This particular parametrization had earlier been discovered by Levi [22] using an ad-hoc method.



basis of each M,,,(D;) and therefore a basis of K[G] =~ L. Many coefficients in the multiplication
table with respect to this basis tend to be zeroE| The action of K[G]* on the remaining coefficients
is also easier to understand.

Example 1.1. Let G = {e, 7} be the cyclic group of order two. Then, the most convenient basis for
a Galois extension L of K with Galois group G is clearly a basis of the form (1, +/z) with € K. How
can we construct it from a normal basis («,7a)? The element o + 7« is G-invariant and therefore
lies in K. After rescaling, we can assume o + 7o = 1. We can then construct the convenient basis
as (1,4/x) = (@ + Ta, @ — 7o) = (triv(er), sgn(e)) where triv and sgn are the trivial and nontrivial
onedimensional representations of G, respectively. Note that for any p, o € {triv,sgn}, the product
p(a)-o(a) lies in K-((p®0c)(a)). (For example, sgn(a)? = x € K = K -triv(a) = K-((sgn®sgn)(a)).)

® | triv sgn . trivia) =1 sgn(a) =/
triv | triv sgn triv(a) =1 1 triv(a) 1-sgn(a)
sgn | sgn  triv sgn(a) = 4/x | 1-sgn(a) x - triv(a)

Remark 1.2. The trick of choosing a convenient basis has been used ad hoc in the special cases
mentioned above by Levi, Delone-Faddeev and Bhargava.

We will illustrate the strategy for obtaining parametrizations on a few small groups G.

For the cyclic group of order two, we recover the well-known parametrization:

Theorem 1.3. Let G be the cylic group of order two. Then, G-extensions of Z are in bijection
with elements v of (1 + 4Z) v 4Z. (Elements of 1 + 4Z correspond to G-extensions of one type Iy ;
elements of 47, correspond to G-extensions of another type Iy.) The discriminant of the G-extension
is v. The G-extension is nonmazimal if and only if v is divisible by the square of an odd prime or

ve (4+16Z) U 16Z.

For the cyclic group of order three, we obtain a parametrization equivalent to the one discovered by
Bhargava and Shnidman [7]:

Theorem 1.4. Let G be the cyclic group of order three. Then, G-extensions of Z are in bijection
with elements v of ({£1}+3Z[(3]) U3Z[(3], modulo multiplication by £1. (Elements of {+1}+37Z[(3]
correspond to G-extensions of type I1; elements of 3Z[(3] correspond to G-extensions of type Iy.)
The discriminant of the G-extension is NQ(<3)|@(11)2. The G-extension is nonmazimal if and only if
Noey)o(v) is divisible by ¢* for any prime q # 3 or v € 3({+1} + 3Z[¢s]) L 3(¢s — 1)Z[(s].

Remark 1.5. This corresponds to the parametrization given in [7, Theorem 14] by identifying an
element b(3 + ¢(3 of ({£1} + 3Z[¢3]) U 3Z[(3] with (in their notation) the vector (b, c)? in the lattice
L.

For the cyclic group of order five, we obtain a parametrization that in this form appears to be new.
It can easily be exploited to count G-extensions of Z by discriminant. The asymptotic number of
maximal extensions was known before. In fact, Maki [25] managed to count maximal G-extensions of
Z for any abelian group G! Wright [32] later generalized this to extensions of arbitrary number fields,
but did not compute the asymptotic constant. Cohen, Diaz y Diaz, and Olivier [12] computed the
asymptotic constant for cyclic extensions of prime degree of arbitrary number fields. The asymptotic
number of nondegenerate (not necessarily maximal) extensions seems to be new. To keep this
introduction simple, we only write down the parametrization of maximal nondegenerate extensions,
here.

2For any i, let V; = D?i be the representation of G corresponding to the i-th factor in the Artin—-Wedderburn
decomposition. Then, in particular, the product of a basis element in My, (D;) and a basis element in My (Dj)
is always a linear combination of basis elements in just those Mp, (Dj) for which the representation V; ® V; of G
contains Vj as a subrepresentation.



Theorem 1.6. Let G be the cyclic group of order five. Fori = 1,2,3,4, denote by o; the automor-
phism of Q(C5) sending (5 to ¢&. Let X be the set of elements v of Q((s5)* satisfying the following
local requirements:

a) For all primes ¢ = 2,3,4 mod 5: Ng(¢,)o(v) # 0 mod q. In other words, the g-part of v
should be the ideal (1).

b) For all primes ¢ = 1 mod 5: Let q1 be a prime ideal of Z[(5] above q. Hence, q splits as
(q) = 41929394, where q; = 0;(q1). The g-part of v should be one of the ideals (1), q1qz2, q294,
4391, 9493-

¢)

ve ({1,2,3,4} + (G — 1)?Z[¢G)) v 5Z[G),
but
v 5({1,2,3,4} + (¢ — 1)*Z[Cs]) v 5(¢s — DZ[G]-

Then, mazimal G-extensions of Z are in bijection with elements of X, modulo multiplication by
elements of the group (—1,(s + (). (Elements of {1,2,3,4} + ({5 — 1)?Z[(5] correspond to G-
extensions of type I; elements of 5Z[(s] correspond to G-extensions of type I.) The discriminant
of the G-extension is Noc,)o(v)?.

The Dirichlet series
DM () = Z disc(R)™*

R maximal G-ext. of Z

of mazimal extensions is

D™(s) = (1+4-57%) [ (1+4¢*),

g=1 mod 5

The Dirichlet series
D“‘mdeg(s) = Z disc(R)™*
R nondeg. G-ext. of Z

of nondegenerate extensions is

5—85 s
prs(s) = (145 )Lz,

_ Ek—2s
1 g q#5

where for any prime q # 5, we put

1+ 22* 4 220 + 228 + 212 -1 a5
Ao (1-a0? 00 T
nondeg _ ].—(E4+{E8 N
fq (I) (1 _Jj4) (1 _x12), q:4 mod 5,
1
W’ q52,3 m0d5
L1 —

In particular,
#{R maximal G-extension of Z with disc(R) < X} ~ Cax X /4

and
#{R nondegenerate G-extension of Z with disc(R) < X} ~ ChrondegX 1/4

for constants Cax, Cnondeg > 0.

Using the same methods, very similar parametrizations can be obtained for the cyclic groups of
orders 4, 6, and 7.



For the quaternion group, we obtain another new parametrization:

Theorem 1.7. Let G = {£1, +i,+j, £k} be the quaternion group of order eight. Consider the set
X of tuples (d,v1,ve,v3) in Q x Q3 x Q3 x Q3 such that d # 0 and vi,v2,v3 # 0 are pairwise
orthogonal vectors. Let H(Q) be the ring of Hamilton quaternions with rational coordinates. Let
Q" xQ* x Q" x H(Q)* act on X as follows:

()\1, )\2, Ag, h)(d, U1, V2, Ug) = (N(h)d, AlT(h)’Ul, AQT(h)'UQ, )\37‘(}1)1)3)

where N(h) = a? + b% + ¢ + d? denotes the norm of a Hamilton quaternion h = a + bi + cj + dk and
r(h) denotes the orthogonal matrix

1 a?+b>—c2—d? 2bc — 2ad 2bd + 2ac
r(h) = N 2bc + 2ad a? = b+ c* — d? 2¢d — 2ab
(h) 2bd — 2ac 2cd + 2ab a? - -2 +d?

Then, nondegenerate G-extensions of Q are in bijection with Q* x Q* x Q* x H(Q)* -orbits in X.
The multiplication table for the G-extension corresponding to (d,v1,ve,vs) can be found on page .

We are then able to use the corresponding parametrization of ring extensions to count maximal

quaternionic extensions of Z by conductor. (See Section for a more detailed introduction to
counting quaternionic extensions.)

Theorem 1.8. Let G = {£1,+i,+7j, £k} be the quaternion group of order eight. For any G-
extension R of Z, define the conductor
disc(R)

COHd(R) = diSC(R{il})

as the quotient of the discriminant of R and the discriminant of the subring fizved by {1} < G.
Then,

#{max. G-extension R of Z with | cond(R)|** < X} = Ceona - X (log X)? + o(X (log X)?).

where

1 _ _
Ccond:ﬁ'l_‘[(l"'_zlp 1)(1_]7 1)4
p#2

~ 0.00085271440732599.



Chapter 2

General theory

Fix a finite group G. We write e € G for the identity element.

2.1 Parametrizing field extensions via Galois cohomology

For motivational purposes, we start with a short cohomological proof of a parametrization of field
extensions. We will later meet the same parametrization space again, when we show that it can also
be used to parametrize ring extensions.

Let K be any field. Consider the group ring K[G]. The tensor product K[G] ®x K[G] naturally
becomes a K-algebra.

Let A : K[G] — K[G] ®k K[G] be the diagonal embedding of K-algebras given by g — g ® g for
ge@q.

Warning 2.1. Note that in general A(A) # A ® \: For example, if A\ = ae with a € K, then
A\) =ale®e), but A\® X\ = a’(e®e).

Define an action of K[G]* on K[G|®x K[G] as follows: an element A € K[G]* sends T € K[G]®k
K[G] to (A®A)-T-A(N)7L.

Let K5 be the separable closure of K and let X © K*P[G] ®gser K*P[G] be the KP[G]*-
orbit containing e ® e. We will later specify polynomial equalities (unit, symmetric, associativity
conditions) and inequalities (nonzero discriminant) cutting out the orbit X.

Lemma 2.2. In K5P[G]*, the stabilizer of e® e € K[G] @k K[G] is the finite group G < K[G]*.

Proof. Clearly, (9®g¢) - (e®e)-A(g)™! = e®e for any g € G. We therefore only have to show that
any element A\ € K*°P[G]* satisfying (A®@ ) - (e®e) - A(\)™! = e®e lies in G. This equation is
equivalent to

AR = A(N).
If welet A =3 5 Ag9, we obtain

Z AgiAgs 91 ® g2 = Z Ag 9®g.

91,92 geG

This means that Ay, Ay, = 0 if g1 # g2 and that A> = A, for all g. In other words, there can be at
most one nonzero Ay, which has to be 1. Since A # 0, we conclude that exactly one A4 is 1, so A
indeed lies in G. O



Using that H'(K, K*°[G]*) = 1, a cohomological argument (see [33, section 5]) then implies the
following theorem.

Theorem 2.3. There is a bijection between the set of G-conjugacy classes of continuous group
homomorphisms Gal(K*P|K) — G and the set of K[G]*-orbits of points in X n K[G] @k K[G].

Remark 2.4. Clearly, the action of K[G]* on K[G]®x K[G] restricts to an action on the “slightly
simplified” space Sym® K[G] € K[G] ®x K[G]. We could therefore alternatively have stated the
above theorem with K[G] ® K|[G] replaced by Sym? K[G]. We will later see how to restrict to
even smaller subrepresentations.

2.2 Parametrizing ring extensions

Let S be a Dedekind domain (an integrally closed Noetherian domain in which every nonzero prime
ideal is maximal, for example a field or the ring of integers of a number field) with field of fractions
K.

Definition 2.5. We call a (commutative) S-algebra R together with a left action of G on the
S-algebra R a G-extension of S if

i) the ring R is a finitely generated torsion-free S-module, and

ii) there is an isomorphism R ®g K = K[G] of left K [G]—modulesﬂ

By an isomorphism of G-extensions of S, we mean a G-invariant isomorphism of S-algebras between
them.

Lemma 2.6. Let L|K be a Galois extension with Galois group G. Then, L is a G-extension of K
and the integral closure R of S in L is a G-extension of S. The automorphism groups of both of
these G-extensions is the center Z(G) of G.

Proof. Let us first show property i). L is a finite-dimensional vector space over K, and therefore a
finitely generated torsion-free K-module, showing property i) for L|K. This also implies that R < L
is a torsion-free S-module.

To show that is R a finitely generated S-module, first note that R is contained in a finitely generated
S-module (see [2 Chapter 5, Prop. 5.17]). Since S is Noetherian, R must also be finitely generated.

For the G-extension L of K, property ii) follows from the Normal Basis Theorem for Galois exten-
sions. This implies property ii) for the G-extension R of S, since R®s K =~ L.

The automorphisms of the field extension L|K correspond to elements of the group. Each of them
restricts to an automorphism of R. The automorphism corresponding to g € G is G-invariant if and
only if g commutes with every element h of G. O

Remark 2.7. The automorphisms of the left K[G]-module K[G] are exactly the functions of the
form z — a with A € K[G]*. Thus, the isomorphism R®g K =~ K[G] is unique up to multiplication
by elements of K[G]* on the right.

Definition 2.8. We call a left S[G]-submodule I of K[G] a full ideal of S[G] if I is a finitely
generated S-module and I ®¢ K = K[G] (meaning ky - S[G] € I < ko - S[G] for some ky, ke € K*).
Two full ideals I, I’ are called equivalent if I' = I\ for some A € K[G]*. Write Aut(]) for the group
of all A e K[G]* such that I = I\

We further call a full ideal I unitary if {s€ K | s3] .59 € I} = S. (In other words, I¢ = S[G]¢ =
S.) Write K[G]{ for the group of elements }; A\gg of K[G]* such that 3 Ay = 1. They correspond

IThe left G-action on R of course gives R the structure of a left S [G]-module, and hence R®g K the structure of
a left K[G]-module.



exactly to the automorphisms of K[G] that fix 3] g. Furthermore, let S[G]; = S[G]* n K[G]{
and Auty(I) = Aut(I) n K[G].

Note that two full ideals I, I’ are equivalent if and only if they are isomorphic left S[G]-modules.

Example 2.9. The module S[G] is a unitary full ideal, with Aut(S[G]) = S[G]*. If S is a field
(S = K), then S[G] is the only full ideal up to equivalence.

Lemma 2.10. Let R be a G-extension of S. Then, there is an isomorphism ¢ : R — I of left
S[G]-modules such that I is a unitary full ideal and 1 € R is sent to 3, g€ 1.

Proof. Since R is a torsion-free S-module, the map R — R®g K = KJ[G] is injective. We thus
obtain an S[G]-module isomorphism between R and some full ideal I of S[G]. Since 1 € R is fixed
by the action of any element of G, the image u € K[G] of 1 € R must satisfy gu = u for all g € G.
This means that u =1- 3}, ;g for some [ € K*. After dividing the isomorphism R ®g K = K|[G]
by I, we can assume that [ = 1. We hence have S - Zgg c I. Now, take any x = ¢ € K (with
a,b € S) such that x - Zg g e I. Let r € R be its preimage. By definition, we have br = a in R, so in
fact r = § =z in K. Since R is a finitely generated S-module, r = z must be a root of some monic
polynomial with coefficients in S. We assumed that S is an integrally closed domain, so x € S.
Therefore, I is a unitary full ideal. O

Definition 2.11. The type of a G-extension R of S is the equivalence class of this full ideal I.

Remark 2.12. One says that a G-extension R has a normal integral basis if it is of type S[G].

We are now ready to construct a preliminary parametrization for G-extensions of R of type I. The
idea is that, fixing the type I and the isomorphism R = I of left S[G]-modules, to determine the
G-extension R, it only remains to specify the multiplication map R x R — R. The multiplication
map translates toamap m:I x I — 1.

Clearly, K-bilinear (left) G—invariamﬂ maps m : K[G] x K[G] — K|[G] are in bijection with K-linear
(left) G-invariant maps K[G]®k K[G] — K[G]. Write H = H(K) = Homg(K[G]|®K[G] — K[G])
for this space of K-linear (left) G-invariant maps. Let A € K[G]* act on m € H as follows:

Am)(z®y) = mzA @y )AL

Theorem 2.13. Let I be a unitary full ideal. Let P;(S) be the set of elements m of H =
Homg(K[G] ® K[G] — K|[G)) satisfying the following four conditions:
The unit condition

m<29®x>=x for all x € K[G], (Cu)
geG
the symmetry condition
mz®y) =m(y®z) for all x,y € K[G], (Cs)
the associativity condition
mmz®y)®z) =mzm(y® z)) for all z,y, 2z € K[G], (Ca)
and the closedness condition
m(z®y) el for all z,y € I. (Cce)

Then, the G-extensions R of S of type I are in bijection with the elements m of P;(S) modulo the
action of Auty(I) € K[G]Y.
The stabilizer Stabay, (1) (m) is isomorphic to the automorphism group of the corresponding G-
extension of S.

2A map m : K[G] x K[G] — K[G] is (left) G-invariant if m(gz, gy) = gm(z,y) for all z,y € K[G].




Proof. A G-extension R of S of type I with a fixed isomorphism ¢ : R — [ sending 1 € R to
u = deG g € I is determined by the multiplication operation on R. (The S-module structure and
the action of G are determined by the isomorphism!) The multiplication operation on R translates to
a bilinear G-invariant map I x I — I, which we can extend to a bilinear map K[G] x K[G] — K[G],
i.e. a K-linear G-invariant map m : K[G] ® K[G] — K[G].

When we compose ¢ with an automorphism x — xA~! of I, the map m becomes m’ with m’(z®y) =
m(zA @ yA)A~L, so m’ = A\.om. The unit u = Ygec 9 € 1 is fixed by A if and only if A lies in K[G];".

Clearly, an automorphism of the G-extension R corresponds exactly to a (left) S[G]-module auto-
morphism of I fixing the unit and preserving the multiplication map m, i.e., an element of Auty(I)
that stabilizes m.

Now let us list the additional properties the map m : K[G] ® K[G] — K[G] needs to satisfy to
produce an S-algebra:

(Cu) Theelement u =] ;g€ I < K[G]needs to be a (left) unit. In other words, m(} o 9®z) =
x for all x € I and hence for all x € K[G].

(Cs) Multiplication must be symmetric/commutative, i.e. m(x ® y) = m(y ® x) for all z,y € I and
hence for all z,y € K[G].

(Ca) Multiplication must be associative, i.e. m(m(z ®y) ® z) = m(z @ m(y ® z)) for all x,y,z € I
and hence for all z,y, z € K[G].

(Cc) The set I must be closed under multiplication, i.e. m(z ® y) € I for all z,y € I. O

Remark 2.14. Condition (Ca) says that the left and right associative compositions K[G]® K[G]®
K[G] —» K[G]of m : K[G]®K[G] — K[G] coincide, where we define the left associative composition
by t®y®z — m(m(z®y)®z) and the right associative composition by tQy®z — m(z@m(y®z)).

Definition 2.15. Let 7 : K[G]® K[G] — K|[G] be the K-linear map sending ¢®g to g and g1 ® g2
to 0 for g, # go. It is easy to verify that m € Pgig1(S). We call the corresponding G-extension R of
type S[G] the trivial G-extension of S. As an S-algebra, it is isomorphic to ngG S. The action of
G simply permutes the factors as ¢'.(z4)geq = (T4-14)gec. The automorphism group of the trivial
G-extension R is G: The automorphism corresponding to ¢’ € G sends (z4)4 to (zgg)g-

Question 2.16. Is P;(S) # & for every unitary full ideal I? ILe., does every unitary full ideal occur
as the type of some G-extension of S7

Remark 2.17. Clearly, conditions (Cu), (Cs), and (Ca) only need to be checked for z,y,z in a
K-basis of K[G], for example z,y, z € G. Condition (Cc) only needs to be checked for z,y in a set
of generators of the S-module 1.

Remark 2.18. Notice the different characters of those four conditions:

e (Cu) and (Cs) cut out affine linear subspaces of H.
e (Ca) cuts out a subvariety of H defined by a set of homogeneous equations of degree two.
e (Cc) describes a lattice inside H. If ky - S[G] € I € ko - S[G], then

k1

= -H(S) € {m e H(K) satistying (Cc)} < ks -H(S),

W
where H(S) = Homg(S[G] ® S[G] — S[G]) < H(K).

If S is a field, then all full ideals are equivalent and condition (Cc) is automatically satisfied, so we
will just write P instead of Pr. An element of P(K) lies in Py(S) if and only if it satisfies condition
(Cc).



Remark 2.19. If ] is a unitary full ideal and I\ is an equivalent unitary ideal with A € K[G]{,
then PD\(S) = )\71.771(5).

Remark 2.20. Note that the representation K[G] ® K[G] of K[G]* defined in Section is
isomorphic to the representation H of K[G]* defined in this section: There is an isomorphism

K[G]® K[G] «— Homg(K[G] ® K[G] — K[G])

sending T € K[G] ® K[G] to the map m defined by m(z ® y) = 7((x ® y) - T'). In particular, note
that H is a |G|>-dimensional vector space over K. The element e ® e corresponds to . Hence, the
stabilizer of m in K[G]* is G € K[G];.

Remark 2.21. The parametrization is functorial in the base ring S under injective maps: if S < S’
are Dedekind domains and m € Py(S) corresponds to the G-extension R of S, then m € Prgqs/(S’)
corresponds to the G-extension R ®g S’ of S’.

Lemma 2.22. If I = S[G], then Py is represented by an affine scheme, which we will denote by P:
2
There is a closed subscheme P of AlzG‘ such that Psi)(S) = P(S) for all rings S.

Proof. As in Remark G-invariant S-linear maps m : S[G] ®s S[G] — S[G] can be described
by |G|? elements of S. According to Remark conditions (Cu), (Cs), and (Ca) are all equivalent
to some (fixed) polynomial conditions in these elements. O

Warning 2.23. In general, if I is a unitary full ideal of Z[G], then I ®z S need not be a unitary
ideal of S[G]. For example, if G = {e, 7} is the cyclic group of order two, then

e —T

I=(e+7)Z@® Y/

is a unitary full ideal of Z[G], but the left Fy[G]-module I ®z Fy cannot even be embedded into
Fy[G]. (All four elements of I ®z Fy are left G-invariant.) In particular, if R is a G-extension of
Z, then R ®z F), might not always be a G-extension of F,. To solve this issue, one could broaden
the definition of G-extensions to allow S[G]-modules not contained in K[G]. In addition to the
S[G]-isomorphism class of I, one should then remember to fix the element u € I corresponding to
the unit in R. As we have seen, there may be many elements fixed by G.

2.3 Nondegenerate extensions

Definition 2.24. An extension R of K is a finite-dimensional K-algebra. As usual, if we denote
a basis of R by (aq,...,a,), we define the discriminant of R to be disc(R) = det(M) where M
is the trace matrix (Tr(c;c;)); ;. Modulo multiplication by elements of K*? the discriminant is
independent of the choice of basis. We call R a nondegenerate extension if disc(R) # 0.

Remark 2.25. Nondegenerate extensions are also called étale algebras.

Definition 2.26. Let P"°"d8(K) be the set of points in P(K) that correspond to nondegenerate
G-extensions of K. For any unitary full ideal I, let P}°"%(S) = P;(S) n Prondes (),

Example 2.27. Any finite-dimensional field extension L|K is nondegenerate.

Let us now prove some well-known facts about extensions of a field K.

Lemma 2.28. For any two extensions Ry, Ry of K,

disc(Ry x Rg) = disc(Ry) - disc(Rg).
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Proof. The trace in Ry x Ry of any a € R; equals its trace in R;. Choosing bases for R; and Rs,
we obtain a basis for R; x Ry whose trace matrix is a block diagonal matrix consisting of the trace
matrices for Ry and Rs. O]

Lemma 2.29. If R is a nondegenerate extension of K, it contains no nonzero nilpotent elements:
if 8 = 0 for some x € R and k > 1, then x = 0.

Proof. Let us first show that Tr(z) = 0 for any = € R with ¥ = 0: multiplication by z sends each
element of R to z'*'R. Since

R=12Roz'Ro---22FR =0,

it follows that Tr(z) = 0. (With respect to a particular basis, the multiplication by = map is
represented by a strictly upper triangular matrix.)

Now, assume there exists some = € R such that ¥ = 0 but = # 0. Find a basis a1, ..., a, of R with
a1 = z. The first row (Tr(ze;)), of the trace matrix consists of traces of nilpotent elements, which
we have shown to be zero. Hence, disc(R) = 0. O

Lemma 2.30. Let K be a field and R a nondegenerate extension of K. Then, R~ L x --- X L,
for some field extensions L;|K.

Proof. Assume R is a nondegenerate extension. We will show the claim using induction over the
dimension of R as a K-vector space. The claim is clear for R = 0. Assume dim(R) > 1.

For any = € R, the multiplication by x map %, : R — R is a linear endomorphism of the finite-
dimensional K-vector space R. Thus, the map is either surjective (so x is invertible in R) or not
injective (so z is a zero divisor). If all  # 0 are invertible, then R is a field extension of K.
Otherwise, choose = # 0 so that the image R’ = xR has minimal dimension. Correspondingly, the
kernel R” = {y € R | zy = 0} has maximal dimension. Clearly, R' and R" are extensions of K with
dim(R') + dim(R") = dim(R) and 0 € R' < Rand R'- R” = 0.

Assume R’ n R” # 0, say 0 # xz € R”. This means that 22z = 0. Then, {z' € R| 22’ =0} < {¢' €
R | 2%2 = 0}, so dim(zR) > dim(2?R). Since we chose z # 0 so that xR has minimal dimension,
this can only happen if 22 = 0, contradicting Lemma

We therefore have R' nR” = 0. It follows that R = R’ x R”. Finally, 0 # disc(R) = disc(R')-disc(R")
and dim(R’),dim(R") < dim(R), so we can apply the induction hypothesis to R’ and R". O

Lemma 2.31. Let Ly,..., L, be field extensions of K. Let f be any K-linear ring automorphism
of R =Ly x --+ x L,.. Then, there exists a unique permutation o : {1,...,r} — {1,...,r} so that
for any i, the function f sends elements of L; = R to elements of Ly;) S R via an isomorphism

L; = Ly of field extensions of K.

Proof. Write 7; for the i-th projection map R — L;. Forany 1 <i<r,let P, ={1<j<r|3ze
L;:mj(f(x)) # 0}. Clearly, P; # & because f is injective. For any ¢ # ¢’ with x; € L; and xy € Ly
and any j, we have

i (f (@) (f (@) = m;(f (izsr)) = 7;(f(0)) = 0,
which means that 7;(f(x;)) = 0 or 7;(f(z#)) = 0. In other words, P; n Py = ¢ whenever i # 7',
The disjoint nonempty sets Py, ..., P, < {1,...,r} must then each have exactly one distinct element:
P; = {o(i)} for some permutation o of {1,...,7}. Therefore, f(z;) € L,(; for each z; € L;. O

Lemma 2.32. Let G be a finite group. Then, any nondegenerate G-extension R of K is of the form

R = {(:cg)g e[[LIVgeG heH:ay = h_lxg} ~ [IC:H]
geG
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where LIK is a Galois extension with Galois group H € G and the action of G on R is given by
9 (2g)g = (Tg-14)g-

This is unique up to conjugation of H © G and simulateneously of the action of H on L|K by
elements of G.

Proof. According to Lemma we can write R = Ly x - - - x L, for some field extensions L;| K. We
will use two properties following from the fact that R is isomorphic to K[G] as a left K[G]-module:

(a) The dimension of R as a K-vector space is |G]|.

(b) The vector space of elements of R fixed by G is onedimensional.

Apply Lemma to the action of elements g € G on R. It follows that there is an action of G on
the set {1,...,7}, so that the action of g € G on R sends elements of L; = R to elements of Ly < R:

@g.i+ Li = Lg;

These maps are all isomorphisms of field extensions of K.

By property (b), the action of G on {1,...,r} must be transitive: if X < {1,...,r} is any set
invariant under G, then the element (L;cx); of R = Ly X - -+ x L, is fixed by G.

It follows that the field extensions L;|K are all isomorphic. We can furthermore identify {1,... 7}
with G/H where H € G denotes the stabilizer of 1. In particular, r = [G : H]. Choose representa-
tives t1,...,t of G/H so that ¢;1 = i. Note that H acts on L;.

Let z € Ly be an element fixed by all h € H. For each 1 < i < r, let y; = t;x € L;. For any g € G
and any 1 < ¢ < r, write gt; = t;h with 1 < j <r and h € H. The action of g on y; is then given by

gyi; = tjhtflyi = tjhl’ = tjw = yj.

For the element y = (y;); of R = Ly x -+ x L,, it follows that gy = y. By property (b), all y
constructed in this manner from elements x of LI (for example, z = 1) are proportional. This
means that y must be of the form (k,...,k) € Ly x --- x L,. for some k € K. But then k = y; = t;x,

so since L —%» L; is an isomorphism fixing K, it follows that z € K.
Thus, the subfield of L; fixed by all elements of H is exactly K. In particular, L;|K must be a
Galois extension, with a surjection H — Gal(L;|K). Since
‘G| = dlmK(R) = dlmK(Ll) + -+ lelK(LT) = TdimK(Ll)
=[G : H]dimg(Ly),

so dimg (Ly) = |H|, we can in fact conclude that L,|K is a Galois extension with Galois group H.

Let L = Ly. Construct an isomorphism

R—»{(xg)geHL|VgeG,heH:xgh—h_1a:g}

geG

by sending an element (y;); to the tuple (z4), defined by z,;, = h*1¢;}1 (y;) for all 1 <4 < r and
h e H. It can easily be verified that the actions of G on the two sides coincide.

Uniqueness is also easy to show. O

Example 2.33. If H = G, we have R =~ L for some Galois extension L|K with Galois group G.
Example 2.34. If H = 1, we have the trivial G-extension R = [[ .o K.

As a very important consequence, we conclude that all nondegenerate G-extensions lie in the same
orbit over the separable closure of K:

12



Corollary 2.35. If K is separably closed, the trivial G-extension is the only nondegenerate G-
extension of K. It follows that K[G]} acts transitively on P48 (K) if K is separably closed:

prondeg(K) = K[G]; ..
For general fields K, we therefore obtain
Prondes(K) = K*P[G]fm n H(K),
so we can write any m € P (K) as m = a.w for some a € K*°P[G]}.

The corollary has the following useful application: If W is a representation of K[G]; and f : H — W
is any K[G]; -invariant linear map, then for any m € P"°"d¢(K), we have f(m) = 0 if and only if
f(m) = 0. This way, after decomposing H into irreducible representations of K[G];, we can often
eliminate some summands (on which 7 projects to 0)!

Warning 2.36. As we will see in Remark we might nevertheless have f(m) # 0 and f(r) =0
for some degenerate extensions!

Remark 2.37. Lemma[2.32|also implies that nondegenerate G-extensions of a field K are in bijection
with continuous homomorphisms

£ Gal(K*P|K) — G

modulo conjugation by elements of G. The automorphisms of such a G-extension are in bijection
with elements of the centralizer Z(im(f)) € G of the image of f.

Corollary 2.38. If K =F, is a finite field, the number of nondegenerate F -points on P is
[Prondes(E, )| = [Fy[G]y]-

Proof. Nondegenerate G-extensions of F, are in bijection with F,[G]{-orbits in Prordee(F,). By
Burnside’s Lemma, and because continuous maps Gal(F4|F;) — G are exactly determined by the
image of the Frobenius automorphism of F,|F,, we have

nonde F G L
|prondes ()| — 3 1E[G]7 |

f:Gal(F,|F,)—G Z(im(f))

modulo conjugation
F,[GT5 ]
G|
= |]Fq [G]lx | 0

= #{f : Gal(F,[F,) — G} -

Using Artin-Wedderburn’s Theorem, the number |F,[G]{'| can easily be deduced from the represen-
tation theory of G over F,.

We have thus constructed a (potentially complicated) quasi-projective variety P"°"e8 with a known
number of F,-points for all g.

2.4 Localizations

The closedness condition (Cc) can of course be verified locally:

Lemma 2.39. Condition (Cc) holds for m € H with type I over the ring S if and only if for all
mazimal ideals p of S, condition (Cc) holds for m with type I ®g S, over the ring Sy.

Proof. The claim follows from the fact that

I={zeK[G]|Yp:zel®gsSp}.

13



O

Definition 2.40. We call a nondegenerate G-extension of S mazimal if it doesn’t properly contain
another G-extension of S. Let P*(S) be the set of points in P}*"!°8(S) corresponding to maximal
extensions.

Example 2.41. The integral closure constructed in Lemma [2.6] is a maximal G-extension. More
generally, the integral closure of S in a nondegenerate extension of K as in Lemma [2.32]is a maximal
G-extension.

Lemma 2.42. A G-extension corresponding to m € Pr(S) is mazimal if and only if there exists no
larger unitary ideal J 2 I such that m € Py (S).

In particular, if all full ideals of S[G] are equivalent, then the G-extension corresponding to m €
ch[)g]ieg(S) is mazimal if and only if there exists no A € S[G] n K[G]{\S[G]y such that \™1.m €
Psic)(S).

Proof. The first claim follows directly from the construction of m. For the second claim, notice that
for any A € K[G]y, we have S[G]A™! 2 S[G] if and only if X lies in S[G], but not in Aut; (S[G]) =
S[G]y. Also, recall that Pgigr-1(S) = A\.Psia)(S)- O

It is a well-known fact that maximality is a local condition:

Lemma 2.43. A G-extension R of S is mazimal if and only if the G-extension R ®g Sy, of Sy is
mazximal for every mazimal ideal p of S.

Proof. = If R 2 R is a larger G-extension, then R’ ®s S, 2 R®g S, for some maximal ideal p.

< Assume that for some p, there is a larger G-extension R}, 2 R®s Sp. Interpret R ®s Sq and
Ry, as subsets of R®s K. Let R’ = R, n ﬂq# R®s Sq. It follows that R’ ®s Sy = R, (Take
any x € R}, and again consider the ideal 0 # J, = {z€ S| zz€ S} = S. Let J, = p*J’ where
J' < S is an ideal coprime to p. Pick be J'\p and let a = xb. Then, J, 2 p*, so J,\q # & for
any maximal ideal q # p. Therefore, a € R}, n(,., R®s 53 = R'. Since b € S\p, it follows
that r = § € R ®g5 Sp.) and R' ®s Sq = R®g Sq for all ¢ # p. Then, you can show that
R’ 2 R is again a G-extension. O

You can furthermore show that closedness and maximality hold over a local ring Z,) if and only if
they hold over its completion Z,.

2.5 Decomposition of H

To simplify the parametrization in Theorem for nondegenerate extensions, we will use the

following simple idea: Find a projection f : H — W to a lower-dimensional K[G]; -representation

so that its restriction to the orbit Prendee(KseP) is injective. Checking injectivity is (in principle)
X

easy: It is equivalent to the assumption that the stabilizer in K5P[G]y of f(w) € W equals the
stabilizer G of m € H.

We will now facilitate finding a good projection W by decomposing H into smaller K[G]y -repre-
sentations.

Throughout this section, we assume that the characteristic of K does not divide the order of G, so
that every representation of G defined over K is semisimple.

In the appendix, you can find the list of irreducible summands of the K[G]; -subrepresentation of
H generated by P7°"des(K), for certain finite groups G.

Let C = C(K) be the set of irreducible representations of G over K (up to isomorphism). We denote
the trivial onedimensional representation by triv € C.

14



For any irreducible representation V € C, let D(V) be the division ring such that V = D(V)des(V)
and let End(V) = Mgevy(D(V)) be the ring of right D(V)-linear maps V' — V. The Artin-
Wedderburn Theorem states that K[G] is the product of these matrix algebras:

K[G] = [ [ End(V)
VeC

The action of the finite group G on V factors through the canonical left action of the matrix group
Aut(V) = End(V)* = GLgeg(vy(D(V)):

G K[G]* — Aut(V) C V

We will often consider V' a representation of not only the finite group G, but also of the group
K[G]*.

Warning 2.44. Let K = Q and G = {e, 7} = Z/27Z. We then have an isomorphism K[G] = K x K
where the first factor corresponds to the trivial representation triv and the second factor corresponds
to the nontrivial representation sgn. The action of (a,b) € K* x K* = K[G]* on triv is given by
(a,b).x = ax and the action on sgn is given by (a,b).x = bx. Note that sgn ® sgn % triv as
representations of K[G]*: the action on sgn ® sgn is given by (a,b).x = b3x.

The subgroup K|[G];* consists of those elements of K[G]* that project to 1 € K* =~ Aut(triv).
Now, clearly

H = Home(K[G] ® K[G] — K[G])

@ Homg(End(V1) ® End(Vz) — End(W)).
Vi,Vo,WeC

lle

For any three irreducible representations Vi, Vo, W of G, write
m(Vi@Ve, S W)
for the projection of m € H to

Homg (End(Vh) ® End(Va) — End(W)).

We will now describe how to further decompose each of these summands.

2.5.1 Over sufficiently large base fields

Let us first assume that the division rings are D(V) = K for all V' € C, so End(V) = Myeg(v)(K)

and V = Kdes(V), (In other words, all irreducible representations of G over K stay irreducible over
i)

Now, the space Homg(End(V7) ® End(V3) — End(W)) can be interpreted as the tensor product of
the space of G-invariant K-linear maps V; ® Vo — W and the space of (not necessarily G-invariant)
K-linear maps W — V; ® V5. The idea is that the space of K-linear maps is

Hompg (End(V;) ® End(V3) — End(W))
End(V4)* ® End(V3)* ® End(W)

VeV )@ (1eVs) @ (W@ W)
VeV W)e (W@ Vi ®Vs)

Hompg (Vi ® Vo — W) @ Homg (W — V1 ® Va).

lle 1l 1R

lle
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Now, recall that we are interested in left G-invariant maps End(V;) ® End(V2) — End(W). They
correspond to tensors in which the first tensor factor V3 ® Vo — W is G-invariant.

On the other hand, we considered the right action of K[G]* on K[G] (and hence End(V7), End(Va),
and End(W)). This means that it translates to an action on the second tensor factor W — V4 ® Va.

When explicitly writing down a convenient isomorphism, we will make use of the following small
lemma.

Lemma 2.45. If the characteristic of K doesn’t divide the order of G, then the characteristic of K
doesn’t divide the degree of any irreducible representation V' of G over K.

Remark 2.46. The lemma immediately follows from the fact that the degree of V' divides the order
of G: This is true in characteristic zero according to |29 Section 6.5, Corollary 2] and then translates
to any characteristic not dividing |G| by [29, Section 15.5].

However, we don’t need these strong statements. Here is an easier proof:

Proof. Assume that char(K) | deg(V), so the image of deg(V) in K is zero.

Now, let us recall the following well-known application of Schur’s Lemma: If f : G — K is any class
function, then the G-invariant map V' — V given by v — dec f(g)gv must be some multiple of
the identity, say A -idy for A € K. Computing the trace, we conclude that

D F@xv(g) = A-deg(V) =0 in K,
geG

where xy : G — K is the character of the representation V. On the other hand, we have

Dixvigxvlg) =G| # 0 in K,
geG

since V is irreducible. O

Theorem 2.47. For any Vy,Vo, W € C, the map

Homg (Vi ® Vo > W) @ Homg (W — V1 ® Va)
G
Homg(End(V1) ® End(Vz) — End(W))

given by
P&

!

A1 @Ay — %'Po(z‘h@fb%ﬁ

is an isomorphism of K -vector spaces. (Here, we wrote % -po (A1 ® Ag) ot for the map
in End(W) that sends we W to % -p((A1 ® Ag)t(w)) e W)

K[G]-linear map p
Vieh, W

K-linear map t

The action of K[G]* is given by
AMp®Rt) =p@(A®A) oto ™),

where we interpret X € K[G]* as an element of Aut(V1), Aut(V3), and Aut(W).
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Remark 2.48. The dimension h of the K-vector space Homg (V) ® Vo — W) is the multiplicity
with which the irreducible representation W of G occurs in V; ® Vo. Fix a basis p,...,p, of
Homg (Vi ® Vo — W). The lemma then means that elements of Homg(End(V;) ® End(Vz) —
End(W)) are in bijection with tuples (¢1,...,t,) of elements of Hom (W — V; ® V3):

Homg(End(V;) ® End(Vz) — End(W)) = Homg (W — Vi @ Vo)®"
The group K[G]* acts on each summand Homg (W — V4 ® V2) in the canonical way:

M= (A®N) ot;o "t

If h = 1 and we have fixed the projection map p = p;, we will often identify Homg(End(V1) ®
End(V2) — End(W)) with Homg (W — V3 ® V). If Vi = triv and Vo = W, we will use the
canonical isomorphism p : Vi ® Vo — W. (Similarly, if V2 = triv and V; = W)

Remark 2.49. The representation Homg (W — Vi ® V2) of K[G]* is in general not irreducible:
For example, if Vi = V3 = V and dim(V) > 2, we can decompose it as Homg (W — Sym?(V)) @
Homg (W — Alt?(V)). However, since each factor Aut(V) = GLgeg(v)(K) of K[G]* is a matrix
group over K, the theory of irreducible representations of Lie algebras presents an easy way of
completely decomposing into irreducible representations of K[G]*.

Proof of the lemma. Tt is clear that the map is well-defined: the composition p o (43 ® Ag) ot is
K-linear and the map ¢(p ®t) is G-invariant:

po(gA1 ®gAz)ot =po(9®g)o (A1 ®Az)ot
=gopo(A1®Ay)ot

because p is G-invariant.

Next, let us construct the inverse map. Pick a basis (e1 ,)r, of Vi, a basis (e2,)r, of V2, and a
basis (fs)s of W. Let (ef,, )r, (€3 ,,)r,, (fF)s be the respective dual bases of V¥, V¥, W*.

S

Now, let T : End(V7) ® End(V3) — End(W) be a K-linear G-invariant map.

For any ri, 7o, s, let ty rys = (€1, ®e€2.r,) fF € Homg (W — V1 ®V2) and define p,,,,s € Home (V1 ®
Vo — W) by
deg(W)|G|
s =——— .7 * A s
Prirs (1)1 @’Uz) deg(Vl)deg(Vg) (Ulel,m ®v262,r2)f
for v1 ® v2 € Vi1 ® Va. Then, py,r,s is K-linear and G-invariant because T is.

You can then show that $(T') = 3, Prirys @tr rys defines the inverse @ of . O

The isomorphisms given above combine to an isomorphism

H = @ Homg(Vi ® V2 » W) @ Homg (W — Vi ® Va).
Vl,VQ,WGC

The following lemma explains what element of Homg(V; ® Vo — W) ® Homg (W — V3 ® V2) the
trivial map 7 € H projects to.

Lemma 2.50. For any V1,Vs5 € C, fix a decomposition V1 @ Vo = ®seS(V1,V2) W, into irreducible G-
representations Wy € C with projection maps ps : ViQVa — Wy and inclusion maps ts : Wy — ViQV5.

Then, the element ZVI,VQGC ZSES(Vl,Vg)pS ® s corresponds to the trivial element m of H.

Proof. The decomposition of V; ® V5 gives rise to a decomposition of

End(Vl) ® End(‘fg) ~ Vldeg(vl) ® szdeg(Vz) ~ (Vl ® V2)deg(V1) deS(Vz).

17



(Separately decompose each pair of column spaces of the matrix rings End(V;) and End(V2).) Each
pair of projection and inclusion maps pg, ts : V1®V2 & Wy corresponds to deg(V7) deg(V3) projection
and inclusion maps End(V;)®End(V2) & Ws. The element of H can be computed from the resulting
maps K[G] ® K[G] 2 W, and the following lemma then shows the claim. O

Lemma 2.51. Fiz a decomposition of G-representations K|G] ® K[G]| = @, g W, with projection
maps ps : K[G] ® K[G] - Wy and inclusion maps vs : Wy — K[G] ® K[G].

For any s € S, consider the element

fs=[z®yH (x@y)obs]

1
—_— . s O
deg(W)lG] "
of Homg(K[G] ® K[G] — End(Wy)). Then, the sum

F =) f.e @ Home(K[G]® K[G] — End(W)) = H
seS WweC

is the trivial map w™ € H.

Proof. The crucial idea is to note that the sum is independent of the choice of decomposition
K[G)l® K[G] = @, g Ws. We can therefore assume that each of the irreducible summands ¢4 (W)
is contained in one of the |G| summands in K[G]® K[G] = @ AK[G])(e ® h).

Since the element F' of Homg(K[G] ® K[G] — K[G]) is G-invariant, it suffices to check that it
sends e®e to e and e® g to 0 for g # e.

Firstly, putting = y = e, the composition psots is always the identity, so fs(e®e) = W -id e
End(Ws). Any irreducible representation W occurs as a summand in K[G] exactly deg(W) times
and therefore deg(WW)|G| times in K[G]® K[G] = @), A(K[G])(e ® h). Thus, F(e®e) maps to
id € End(W) and hence F(e®e) = e € K[G].

On the other hand, putting = e and y = g # e, observe that the intersection
A(K[G])(e®h) n (e® g)A(K[G])(e® h)

is trivial for any h € G. Thus, for each summand U = ¢5(W;) in our decomposition of K[G]® K[G],
the intersection U n ((e®g) - U) is trivial. This means that the composition p; o (e® g) o 15 must be
zero for each of the projection/inclusion pairs (ps,ts). Therefore, we indeed have F(e®g) =0. O

The unit, symmetry, and associativity conditions have convenient descriptions in terms of our de-
composition.

As representations of G, we clearly have a canonical isomorphism triv®@ V = V. The unit condition
(Cu) fixes the corresponding K-linear map V — triv@ V = V:

Lemma 2.52. For m € H, the unit condition (Cu) is equivalent to
mtriveV 2 V) =id®id for all V eC. (Cu)

Proof. The image of } g in End(V) is |G| -id if V = triv and 0 otherwise. Therefore, the only
summands contributing to m(3}, g ® x) are those with V4 = triv and V2 = W. As Homg(triv ®
V — V) is generated by the identity map, we can write m(triv®@ V 2 V) = id ® t for some
t € Homg (V — triv® V) = Homg (V' — V). This corresponds to the map

1
A1 ®A2 — @(Al ® Ag) ote End(V),
which sends >} g ®x to z ot. Hence, (Cu) is equivalent to ¢ = id. O
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Lemma 2.53. For m € H, the symmetry condition (Cs) is equivalent to
m(Vi®@Ve 2 W) =swap(m(Vo@ Vi 2 W))  for all Vi, Vo, W € C, (Cs)
where swap interchanges the two tensor factors corresponding to Vi and V3.

To describe the associativity condition, we refer to Remark which says that left and right
associative compositions

K[G]® K[G] ® K[G] — K[G]

should coincide. We first decompose the space

Homg(K[G]QK[GIQK[G] — K[G]) = @  Homg(End(V1)QEnd(V2)®End(Vs) — End(W))
Vi, Ve, Ve, W

as before, and use the analogue of Theorem [2:47}

Lemma 2.54. The map

Homg (Vi @ V2 ®@ V3 — W) @ Homg (W — V1 @ Vo ® V3)

|

Homg (End(V3) ® End(V3) ® End(Vs) — End(WW))

given by
P&t

|

AT @A @ Az — deg(vld)eg?%[(/‘)/f();‘dzeg(%) ‘po (A1 ®As® Az) ot

is an isomorphism of K-vector spaces.

K[G]-linear map p
Vidl®Vs w

K-linear map t

The action of K[G]™* is defined by
APt =p@(A@A®N) otor™t).

Then, the left associative composition can be computed as follows:

Lemma 2.55. The left associative composition
left-ass(m) € Homg (K |[G] ® K[G] ® K[G] — K[G])
of any m € H is defined by

left-ass(m)(Vi @ Va @ V3 S W) = Z left-ass(m(V1 @ Vo S U),m(U ® V3 5 W)),
UeC

where the left associative composition of
p@t € Hom(;(Vl ®V2 — U) ®HOHIK(U e V1 ®‘/2)

and
P ®t' e Homg(U® Vs — W) ®@Homg (W — U ® V3)
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18
left-ass(p @ t,p' @t') = p”" @t € Homg (V1 @ Vo ® V3 — W) @ Homgx (W — V1 @ Vo ® V3)

with
P’ =p' o(p®idy,)

and
t" = (t®idy,) ot'.

POIdyy '

p
NOVOV e URVs 7 W
idyy t

The right associative composition is defined similarly.

2.5.2 (Galois descent

In the previous section, we have described how to decompose H if K is sufficiently large for all
irreducible representations of G' over K to stay irreducible over K. To decompose H = H(K) for
arbitrary base fields K (with char(K) 1 |G]), you can for example use the method of Galois descent.
It is often not difficult to guess and then prove the correct decomposition without explicitly referring
to Galois descent, though. In fact that is the path we will be taking in the later examples. This
section is mostly included as a general reference.

The elements of H(K) are exactly the elements of H(K) fixed by Gal(K|K).

If V e C(K) are the irreducible representations of G over K, let us first describe the action of
Gal(K|K) on K[G] and on H(K). The canonical action on K[G] often does not correspond to the
canonical (factor-wise) action on [ [i,c¢ ) End(V) and Dv, va,wee ) Home (End (V1) @ End(V2) —
End(W)):

In general, the Galois group Gal(K|K) permutes rows of the character table of . Consider the
corresponding action of Gal(K|K) on C(K). For any o € Gal(K|K), we can then find a corresponding
isomorphism P,y : oV — V of vector spaces over K such that PUTVgP;‘l, = ogo~! for each g€ G.
This isomorphism is unique up to scaling.

Then, o sends an element A € End(V) € K[G] to 0.4 = P;‘l/U(A)PU’V € End(oV) € K[G].
Similarly, o sends an element ¢ € Homg(End(Vi) ® End(V2) — End(W)) = H(K) to ot €
Homg (End(cV}) ® End(cVs2) — End(cW)) € H(K) given by

(0.)(A1 ® A3) = Py o [t [(PmVlg*l(Al)Pg_"l/l) ® (vazgfl(AQ)p;@)]] Py
Under the isomorphism in Theorem this means that
o.(pt)=p @t

where

p/ Pajll/VOU(po(PU,Vl ®PU7V2))?
' =o((Py, ® P,y,)ot)o Prw.
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%@%éw

Pa,V1®P<7,V2 g
oVi ® Vs w
o Py w
’

Vi ®doV, p<:> oW
t/

Example 2.56. Let G = C,, be the cyclic group of order n, generated by 7. Then, theﬁ(one—
dimensional) irreducible representations of G over K are the spaces Vp,...,V,,—1 with V; = K and
the action of G given by 7.v = (}v for v € V;.

The action of Gal(K|K) on V,...,V,_1 is given by oV; = V;; when o((,) = ¢, For P, v, we can
without loss of generality pick the identity map K — K. Then, o sends an element \; € End(V;) = K
to 0.\, = o(\;) € End(cV}) = K.

An element ()\;); of K[G] =~ [], K therefore turns out to be fixed by Gal(K|K) if and only if
A0s -y An—1 € K(¢p) and Ay = o(\;) for each o € Gal(K((,)|K) with o({,) = (/.. For example, if
K = Q, this corresponds to the natural decomposition Q[G] = Hd‘n Q(¢a)-

For any i, j, we have V,;® V; = Vi ; (the obvious identity map K ® K ~ K is an isomorphism). Let
Vi,j = Homy(Viy; — V; ®V;) = K. We therefore have
4,3

Any o € Gal(K|K) sends v e V; ; = K to 0.0 = 0(v) € Vyi,j = K where o(¢,,) = ¢, as above.

An element (v; ;);; of H(K) = @, ; Vi, is therefore fixed by Gal(K|K) if and only if v; ; € K((y)
and vy r; = o(v; ;) for all 4,5 and all o € Gal(K (¢,)|K) with 0(¢,) = (..
An element (X;); € K[G]* acts on (v;)i; € H(K) as (X;)i.(vij)i,; = (222 .y )i -

Nivj b

2.6 Discriminants

Our goal in this section is to compute the discriminant of a G-extension R of S in terms of the
corresponding element m of P;(S). Let triv : K[G] — K be the map }; agg9 — X, a,. We will
show that this corresponds to the trace map R®gs K — K.

Definition 2.57. For any m € P(K), we call
disc(m) = det((trivo m(a ® b))apec)

the discriminant of m.

We define discriminants and indices as usual:

Let R be a G-extension of S. If S is a principal ideal domain, then R is a free S-module. Let
Qq,...,a, be a basis. The discriminant of R is then

disc(R) = det((Tr(cvicvj))1<i j<n)-

This is well-defined up to multiplication by elements of S*2. If S is an arbitrary Dedekind domain,
the discriminant of R is the ideal of S generated by the determinants of matrices det((Tr(c;a;))i ;)
where aq,...,a, € R.

Let I be a full ideal of S[G]. If S is a principal ideal domain, we define the index [S[G] : I] as the
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determinant of any matrix sending a basis of S[G] to a basis of I. (This index is well-defined up
to multiplication by elements of S*.) If S is an arbitrary Dedekind domain, we define the index
[S[G] : I] to be the fractional ideal of S generated by determinants of matrices sending a basis of
S[G] to elements of I.

For any unitary full ideal I and any m € P(K), we call
discr(m) = [S[G] : I)? - disc(m)
the discriminant of m with respect to I.

Of course, disc(m) = discgjay(m).

Lemma 2.58. Let R be the G-extension of S corresponding to m € P;(S). Then, the discriminant
of R is
disc(R) = discy(m).

Proof. The trace map Tr = Trr : R®s K — K corresponds to a map Trgq) : K[G] — K.

For any a,b e G, write m(a®b) = >} . tapcc. The G-invariance of m means that tyq g ge = ta,b,c
for all g,a,b,ce G. Now, the unit condition (Cu) implies that >, .~ ts.ce = 1. Then,

Triqay(h Zthgg Et—lheezl for all h e G.
9eG geG

Hence, Trg(q)(a) = triv(a) for all a € K[G]. The claim then follows by performing a change of basis
from K[G] to I, since by definition

disc(R) = [S[G] : I1? - det((Tr ey (m(a ® b)))apec) = diser(m). O

Assuming that char(K) { |G|, we can also express the discriminant in terms of the decomposition
of H given in section For any irreducible representation V of G over K, identify elements of
V ® V* with endomorphisms of V. Denote by tr: V® V* — K = triv and det : V® V* — K the
trace and determinant maps. Up to scaling, tr is the only G-invariant linear map V®V™* — triv. We
can therefore write any element f of Homg(End( ) ® End(V*) — End(triv)) =~ Homg(V Q V* —
triv) ® Homp(triv - V@ V*) as f = dlm(v) ®t for some t € Homz(triv - V@ V*) 2 V@ V*.
Then, let det(f) = det(t).

Theorem 2.59. If the characteristic of K does not divide the order of G, then

disc(m H det(m(V ® V¥ < triv))dm(V)
VeC(K)

for any m e P(K).
Proof. First, note that the function trivom : K[G] ® K[G] — K can be interpreted as

trivom = Z m(V1 ® Vo 2 triv).
Vl,VQEC(f)

Now, a summand
Homg (End(V1) ® End(V2) — End(triv)) = Homg (Vi ® Vo — triv) ® Homp(triv — Vi ® Va)

of H(K) is nonzero if and only if triv occurs as a summand in V3 ®Va. This means the representations
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V1 and V3 of G are dual: V; = V5. Hence,

trivom = Z m(V @ V* 2 triv).
VeC(K)

For each V € C(K), fix a basis of V and the corresponding dual basis of V*. This induces the basis
(Exs)lgmgdim(v) of End(V) of elementary matrices and a dual basis (EV ) s of End(V*). Note

that
@ End(V)= P End(V*).
vec(K) VeC(K)

Write m(VQV* 2 triv) = dlm % ®tY with tV € V@ V* ~ End(V). According to the construction

of our decomposition of H(K), we get

dim(V) LtV R
tr(EXstVE;{,r’) = {0 El o - ,r,/7

dim(V)
|G|

triv o m(E,YS ® Ext,) =

Therefore, the |G| x |G|-matrix (triv o m(EY, ® Ex:,))v7,«,s7,«/7s/ is a block diagonal matrix in which

the block HmV)4V occurs dim(V) times for each V € C(K). Its determinant is therefore

e
dim(V) V)‘“mW)
det < t .
[ le]

VeC(K)

We have performed changes of basis of K[G] (independent of m) that transformed the matrix
(triv o m(a ®b))a,pec into the matrix (triv o m(EXS ® EX:))V7,«,S7,»/7S/. This shows that the identity

disc(m H det(m(V ® V* < triv))dm(V)
VeC(K)

is true up to some multiplicative constant. It therefore suffices to show that both sides agree for
m = 7. We then have disc(m) = 1 and ¢tV = idy for all V, since T tEV) and idy are corresponding

projection and inclusion maps V ® V* 2 triv. O

More generally, consider a subgroup H = G. A basis of the S-module S[G]" is (3, h9)[gler G-

Definition 2.60. For any m € P(K), we call

discf (m) = det ( Z trivom(a ® hb))
heH

[b]eH\G)

the H-discriminant of m.

For any unitary full ideal I and any m € P(K), we call
disc? (m) = [S[G]" : IH]2 -disct (m)
the H-discriminant of m with respect to I.

Computations similar to the above then show the following two results.

Lemma 2.61. Let R be the G-extension of S corresponding to m € P;(S). Then, the discriminant
of the subring fized by a subgroup H < G is

disc(R) = disc¥ (m).
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Proof. Let Trp : R®s K — K be the trace map in R and Trps : R¥ ®g K — K be the trace map

in R¥. For any r € R, we have
Trpa ( Z hr) = Trg(r).
heH

Let Tr[q) : K[G] — K and Trggia : K[G]? — K be the corresponding trace maps in K[G] and
K[G]H". We conclude that

Trg(am (m( Z hea ® Z hbb)) :TI'K[G]H( Z ham(a® Z hbb))

hqoeH hyeH hq.€H hyeH
= Trgie) (m(a® ) hb))
heH
= trivo m(a@ Z hb).
heH
The result again follows by performing a change of basis from K[G]* to IH. O

Theorem 2.62. If the characteristic of K does not divide the order of G, then
disc? (m) = n det(m(V@V* 5 triv))dim(VH)
VeC(K)
for any m € P(K).

Proof. This follows from a computation similar to the proof of Theorem [2.59 O

We can also describe the effect of the action of K[G]} on discriminants. Denote by IS = Ind triv
the result of lifting the trivial representation of H to G via induction. This is the permutation
representation for right cosets of H in G. For example, I is the regular representation reg of G.
Then, (I, V) = dim(V#) is the multiplicity with which V occurs in 1.

Lemma 2.63. For any m € P(K) and any A € K[G]}, we have
disc(\.m) = det(reg(\))? - disc(m)
and for all subgroups H € G, we have

disc? (A.m) = det(I§(\))? - disc” (m).

Proof. These facts are immediate consequences of the definition of disc(m) and disc (m). O

2.7 Ideal classes

Fix a Dedekind domain S with field of fractions K.
Let A be some (not necessarily commutative) S-algebra. Assume that A is a finitely generated

torsion-free S-module. Write Ax = A ®g K.

Definition 2.64. We call a left A-submodule I of Ax a full ideal of A (over S) if I is a finitely
generated S-module and I ®s K = Ax (meaning k1 - A € I € ko - A for some kq, ke € K*). Two
full ideals I, I’ are called equivalent if I’ = I\ for some X\ € Aj.. For any full ideal I, we denote the
set of X € Aj such that I = IX by Aut(I).

Let Cl(A) = Cls(A) be the set of equivalence classes of full ideals of A.

We call A a principal ideal ring (over S) if all full ideals of A are equivalent.
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Example 2.65. If A a Dedekind domain, then the full ideals of A are exactly the nonzero fractional
ideals of A. Hence, CI(A) is the class group of A.

For any finite group G, the Jordan—Zassenhaus Theorem (see [34]) implies that Clz(Z[G]) is finite.

For computing Cl(Z[G]) in specific examples, we roughly follow the proof in [34]. The following
simple lemmas are sufficient for the groups studied in this thesis.

Lemma 2.66. Let Ay,..., A, be S-algebras as above. Then, the map

Cl(A4;) x --- x Cl(A,) — Cl(A1 x -+ x A,)
(Il’...7ln);_>ll><...><1n

is a bijection.

Lemma 2.67 (Similar to [34, pages 282f.]). If A is a principal ideal ring, then the matriz ring
M, (A) is also a principal ideal ring.

Proof. Let I be a full ideal of M,,(A). Consider the set V < A% of rows of elements of I. The fact
that I is a left M, (A)-module shows that V' is a left A-module, and that I is the set of matrices

whose elements lie in V. Our goal is now to construct some A € GL,,(Ax) such that VA = A", so
I\ = M, (A).

For 1 <i < n, let ¢; : Ax — A% be the i-th inclusion map and let p; : A% — Ag be the i-th
projection map. We will now inductively construct upper triangular matrices Ay € GL,(Ak) for
0 < k < n such that p;(VAg) = A and ;(A) € VA, for all 1 <4 < k. For k = 0, we can of course
take the identity matrix A\g = I,,. Assume we have constructed Ag_71 for some 1 < k < n. The
assumption that I € M, (Ak) is a full ideal of M,,(A) implies that px(VAx_1) € Ak is a full ideal
of A. Since A is a principal ideal ring, there exists some zj € Ay with pp(V A1) = Azg. Now,
let @1,...,Tk—1,Tk+1,---,Tn € Ag such that (z1,...,2,) € VAg_1. By the induction hypothesis,
we have (z1,...,25-1,0,...,0) € VAr_1. Hence, (0,...,0,2k,...,2,) € VAg_1. We can then
put Ay = Ag_1pr where pr € GL,(Ak) is the identity matrix with the k-th row replaced by

0,...,0, i7 —%7 e —2—:), finishing the induction.
For k = n, we obtain V\,, = A™ and therefore I\, = M, (A). O

Assume we have computed Cl(B) for some ring B and want to compute Cl(A) for a subring of finite
index. The following lemma explains how this can be achieved.

Lemma 2.68. Let A < B be S-algebras as above such that kB < A for some non-zero-divisor k € S.
Define the set W of pairs (J,T) where J is a full ideal of B and T is a left A-submodule of J/kJ with
BT = J/kJ. Call two such pairs (J,T) and (J',T") equivalent if there is an element A € Aj = Bj;
such that I\ =J" and TA =T'.

Then, we obtain a bijection between Cl(A) and the set of equivalence classes of elements (J,T) € W.
A full ideal I of A corresponds to the pair (BI,1/kBI). Conversely, a pair (J,T) corresponds to
the preimage of T under the projection map J — J/kJ. The automorphism groups satisfy Aut(l) <
Aut(J).

Proof. This is a direct consequence of the fact that kBI < AI = I for any I € C1(4). O

Remark 2.69. Fixing representatives (J;);cz of the equivalence classes of full ideals of B, we see
that any element of W is equivalent to one of the form (J;, T'), and that two pairs (J;, T) and (J;:, T")
are equivalent if and only if ¢ = i’ and TA = T” for some A € Aut(J;).

Corollary 2.70. Assume Cl(B) is finite and the ideal kS has finite index in S. Then, CI(A) is
finite and Aut(I) is a subgroup of finite index of Aut(J) for all I € C1(A) as above with BI = J.
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Proof. For any J € C1(B), the finite set J/kJ =~ J®g(S/kS) has only finitely many left A-submodules
T. The group Aut(J) acts on this finite set of submodules T of J/kJ. For any I € Cl(A) with BI = J,
the automorphism group Aut(I) is exactly the stabilizer of I. O

Example 2.71. Let G = Cy = {e, 7} be the cyclic group of order two and let S = Z. Then, the image
of the canonical embedding Z[G] S Z x Z is the set of pairs (a, b) such that a = b mod 2. The ring Z
and hence the ring Z x Z is a principal ideal ring. We have 2(Z x Z) < Z[G], so each full ideal of Z[G]
corresponds to a left Z[G]-submodule T of Z/27 x Z,/27 such that (ZxZ)-T = 7Z/27Z x Z,/27Z (in other
words, T projects surjectively onto both factors), modulo the action of Aut(Z x Z) = {£1} x {£1}.
There are exactly two (equivalence classes of) such modules:

e The module {(0,0),(1,0),(0,1),(1,1)} = Z/2Z x Z/27Z corresponding to the full ideal Z x Z of
Z|G].

e The module {(0,0),(1,1)} & Z/27Z x Z/27Z corresponding to the full ideal Z|G] = {(a,b) |a=1b
mod 2} € Z x Z of Z[G].

Remark 2.72. In Dirichlet domains, class groups are a purely global phenomenon: the localizations
are always principal ideal domains. This is not the case in our more general situation: for example,
the ring Zo[Cs] still has two equivalence classes of full ideals.

2.8 Toy example: the cyclic group of order two

As a toy example, let us look at the cyclic group G = Cy = {e, 7} of order two over the ring S =7
of integers. It is recommended to compare this example with the more general treatment of cyclic
groups in Chapter

Artin—Wedderburn decomposition of Q[G]. We have an isomorphism Q[G] =~ Q x Q sending
e to (1,1) and 7 to (1,—1). Identify any element of Q[G] with the corresponding element of Q x Q.
The first factor corresponds to the trivial representation, the second factor corresponds to the sign
representation.

The image of the embedding Z[G] € Z x Z is the set of pairs (a,b) € Z x Z with a = b mod 2.
There are two equivalence classes of unitary full ideals of Z[G]: one represented by the ideal

I =7Z[C5) =eZ®7Z =~ {(a,b) e Z xZ | a=b mod 2}

and another represented by the ideal
I = (e+T)Z@€_TTZ;QZxZ.

Both ideals I = I, I have index [Z[G] : I] = 1.
Decomposition of . The tensor products of the irreducible representations of G are as follows:

® triv sgn

triv | triv = sgn

sgn | sgn  triv

As we saw in Section ‘H is isomorphic to the direct sum of the following representations of

Qla]:
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e Homg(triv — triv ® triv)
e Homg(sgn — triv ® sgn)

e Homg(sgn — sgn ® triv)

(
(
(
e Homg(triv — sgn ® sgn)

Of course, each of those representations is one-dimensional and comes with a canonical identification
with Q. For an element m € H, let us denote the corresponding elements of Q by vgg, vo1, v10, V11,
respectively.

The map m : Q[G] ® Q[G] — Q[G] is defined as follows:

/ / / /
vgoaa’ + v11bb" vg1ab’ + v19a’b
m((a,b) ® (a, b)) = ,—
2 2
The trivial extension corresponds to vgg = v91 = v19 = v11 = 1.

Conditions (Cu) and (Cs) are equivalent to vgy = vg1 = v1p = 1. Condition (Ca) is automatically
satisfied. Therefore,

P(Q) = {(1, ]., ].,’Ull) | V11 € Q} = Q

The action of Q[G]; =1 x Q* =~ Q* on P(Q) is given by A.v;; = A?v1;. Thus, G-extensions of Q
are in bijection with elements of Q, modulo multiplication by elements of Q*2.

The discriminant of a G-extension of Z corresponding to vy is v11.
The closedness condition (Cc) is equivalent to v € 1 + 4Z for type I; and equivalent to v € 47 for
type Is. Therefore,

Pr, (Z) ~1+47Z, Pr, (Z) ~ 47.

Furthermore, Auty(I1) = Auty(Iz) =1 x Z* = {£1} acts trivially on vq;.

The extension corresponding to m € Py, (Z) or m € Pr,(Z) is nonmaximal if and only if there exists
some nonzero A € Z\Z* such that A\™'.v = 3% € Pr, (Z) v Pr,(Z).

We have thus recovered the well-known Theorem [L.3]
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Chapter 3
Cyclic groups

Assume G = C), is a cyclic group of order n generated by 7. Let S be a Dedekind domain whose
field of fractions K has characteristic not dividing n.

3.1 Decomposition

For any positive integer d and any ring T, let T[(q] = Z[(4] ®z T. (Note that this is often not an
integral domain! For example, if T = Z, is a local ring, it might be a product of local rings.) If T'
is a field, we alternatively write T'((y).

Artin-Wedderburn decomposition of K[G]. We have an isomorphism K[G] = [],,, K(C4)
sending 7 to the tuple (Ca)djn-

For i € Z/nZ, denote by p; the homomorphism K[G] — K((,) sending 7 to (.
For r € (Z/nZ)*, denote by o, the automorphism of K({,) sending (, to (.
The maps p; : K[G] — K({,) combine to an isomorphism

K[G)= ] K

i€Z/NZ

where the right-hand side is the set of tuples (z;); € [ [, K((n) such that for all r € (Z/nZ)* and all
i € Z/nZ, we have z,; = o.(x;). Note that this implies that x; € K({;) where we denote by d the
size of the subgroup of Z/nZ generated by 4.

The inverse map is

(24); — 7112 (;xjgif>7i. (3.1)

Decomposition of H. For i,j € Z/nZ, let A € K[G]* act on the space V; ; := K((,) by multipli-
pi(N)p;(N)

pitj (JA) ’
Let C—D/i,j Vi,; be the set of tuples (v; ;); ; in @” Vi,; such that vy ,; = o, (v; ;) for all r € (Z/nZ)*
and all 4, j € Z/nZ. Note that this condition implies that v; ; € K({4) where we denote by d the size
of the subgroup of Z/nZ generated by i and j.

cation by
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We can now construct a K[G]*-invariant isomorphism

@' Vi; > H = Homg(K[G] ® K[G] — K[G])

.9

as follows: send (v; ;)i ; to the G-invariant homomorphism m defined by

1
pu(m(z®y)) = - Z pi(x)p;(y)vi; € K(Cn) for all uw and all z,y € K[G]. (3.2)
N
i+j=u

The inverse map H — @/i Vi sends m to (v; j);; with
Vij = ZC szrj T ®6))
= *ZC_”C Ppivs (m(TF @) (3.3)
==Y py (m(TF@7!)).
-3 ; (m (7* &)

We will in the following identify elements m € H with tuples v = (v; ;); ; € @ Vl G-

Remark 3.1. The trivial map 7 € H corresponds to the tuple (1), ; € (—B Vi Letv=(v;,)i, €
prondeg () According to Corollary [2.35] there exists some a € K*P[G]} such that v = a.m, so

_ rila)pi(@)

i = for all 4, j.
N pi+j(a)

The numbers v; j € K((,) are therefore all invertible for nondegenerate extensions.

H pz '0] nvz,] € K Cn) )

pz+j

For any ¢,

which means that 8 := a™ lies in K[G]} and is independent of the choice of . Note that

o pilB)ps(5)
“ T s (B)

3.2 Equations

The unit, symmetry, and associativity conditions for v = (v;;);; € H (see Theorem are as
follows:

v, =1 for all 1, (Cu)
Vji = Vi for all 4, j, (Cs)
Vi Vit k = Vj kVij+k for all 7, 7, k. (Ca)

Remark 3.2. Assuming (Cu) and (Cs), it suffices to check (Ca) only for 1 <i <k <n—1 and
j # 0. Due to the condition that o, (v; ;) = vy rj, you in fact only need to check it for one such
tuple (i, 7, k) € (Z/nZ)? in each orbit of the group (Z/nZ)*.
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Remark 3.3. For any tuple (v; ;) ; € (—B/ij Vi,; satistying (Cu) and (Cs), we have

{1}, ifiorj=0,
vij €3 K(Ca+ ¢, ifi=—j,
K(Cq), always.

where d is the size of the subgroup of Z/nZ generated by i and j.

Proof. We have already seen that v; ; € K((4). If ¢ = 0 or j = 0, then v; ; = 1 clearly follows from
(Cu) and (Cs). If i = —j, then o_(v; ;) = v;; = v;; implies that v; ; € K(Cq + ¢;"). O

The discriminant of m = (v; ;);; € P(K) is (use Theorem over the separable closure of K or
directly compute the discriminant by hand)

disc(m) = Hvi’,i. (3.4)
More generally, if H = {(t") G, the H-discriminant of m = (v; ;);; € P(K) is
disc? (m) = H Vi -
ih=0 i;mod n

The simple (purely multiplicative) structure of the variety P"°"4¢8 allows us to understand its points.
Let us first show some examples where P"°"4¢ can be described in particularly simple form.

Example 3.4 (n = 2). The only variable v; ; not fixed by (Cu) and (Cs) is vi; € K(¢2) = K. The
associativity equation (Ca) is then automatically satisfied.

We hence have a bijection P(K) =~ K sending v to v1;. It restricts to a bijection Prordes(K) ~ K *.

The discriminant is
disc(m) = v11.

Example 3.5 (n = 3). The variables v; ; can be computed from v;; € K((3) as follows:

Vi, 5 0 1 2
0 1 1 1
1 V11 v1102(v11)
2 |1 wpoz(vn) oa(v11)

We have a bijection P(K) =~ K ((3) sending v to v1;. It restricts to a bijection Prendes(K) ~ K ((3)*.
The discriminant is
disc(m) = V12V21 = NK(§3)|K(U11>2-

Example 3.6 (n = 4). If v € P(K) is nondegenerate, the variables can be computed from vy3 € K*
and vi2 € K(i)* as follows:

viy | 0 1 2 3
0 |1 1 1 1
1 1 1)13/0'3(1)12) V12 V13
2 1 V12 v1203(v12)  03(v12)
3 |1 V13 o3(vi2) v13/V12
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We have a bijection PP°"des(K) ~ K* x K(i)* sending v to (v13,v12).
The discriminant is
disc(m) = v13v92vs1 = UngK(mK(vlg).

The H-discriminant for H = {(72) is

discH(m) = va2 = Nk )|k (v12)-

Example 3.7 (n = 5). If v € P(K) is nondegenerate, the variables can be computed from vi2 €
K((5)* as followsﬂ

Vi, j 0 1 2 3 4
0 1 1 1 1 1
111 wfgtoem Ut Gt vyt
2 11 Gt ViR st Gt
3 11 s Vi3t gt VT3
4 1 71 +o4 V3 Uif2 Uif21+04 o3

We have a bijection Pmondes(K) ~ K ({5)* sending v to v12.

The discriminant is
disc(m) = v14v23032041 = Np¢(co)x (V12)%

Example 3.8 (n = 6). If v € P(K) is nondegenerate, the variables can be computed from v1; €
K((3)*, via € K(¢3)™, and v15 € K*.

We have a bijection P?°Pde8(K) =~ K((3)* x K((3)* x K* sending v to (v11,v12,v15)-

Example 3.9 (n = 7). If v € P(K) is nondegenerate, the variables can be computed from v;3 €
K(¢r)™.

We have a bijection Pmondes(K) ~ K ({;)* sending v to v13.

3.3 Integral structure, full ideals

To compute CI(S[G]), we first need to understand the ring S[G] < n/i S[¢n]:

Lemma 3.10. The image of S[G] in 1—[/‘ S[¢n] is the set of tuples (z;); such that Y, x;(; " =

mod n for all j. The image in Hd\n S[Ca] is the set of tuples (ya)a such that de TI"K(Cd)\K(ydCd ) =
0 mod n for all j.

Proof. According to , an element (z;); of H [¢n] lies in the image if and only if

le{;” =0 modn for all j.

An element (z;); of H'i 5[¢n] corresponds to (ya)a € [ [y, S[Cal given by ya = @/a. As zri = or (i)
for r € (Z/nZ)*, the left-hand side is

Z%C 9= Z Z Trnyaly” Z Z o (T/aCy”) = ZTTK(gd)|K(ydCd_j)~ [

d|n re(Z/dZ)* din re(Z/dZ)* dln

U4+Ul e}

1We use exponential notation: for example, v is oa(vi2)o1(vi2)/o2(vi2).
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Example 3.11. If n = p is prime, the image in S x S[(,] is

(

{(a,b) € S x S[¢p] | a+ Trx(c,)x(b) =0 mod p}
={(

a,b
a,b)e S x S[p] |a=b mod ({ —1)}.

The image in n/i S[¢p] is the set of tuples (z;); such that >, x; =0 mod ¢, — 1.

Example 3.12. If n = 4, the image is the set of (a,b,c +1id) € S x S x S[i] such that

a+b+2c=0 mod4 and b+c+d=0 mod?2.

We will now study the case S = Z.

Lemma 3.13. Let n = p be prime and let ay,...,a, be representatives of the h ideal classes in
Z[Cp). For each i, let f; be a Z-linear isomorphism a;/((C, — 1)a;) = Z/pZ of Z-modules. (Such an
isomorphism exists because (G, — 1) is an ideal of norm p.) The 2h equivalence classes of full ideals
of Z|G] are as follows: for each 1 < i < h, there are the two full ideal classes represented by the
unitary full ideals

Li={(y)eZxa | 2= fi(y) mod p)

and
I; = pZ x a;.

The indices of I ; and I, in Z[G] are both equal to the index [Z[(p] : a;].

Proof. First of all CI(Z) = {Z} and Cl(Z[(,]) = {a1,...,a}. Therefore, Lemma implies that
CUZx Z[(p]) = {Z x a1, ..., Zxap}. Since p(Zx Z[(p]) = Z[G], Lemma [2.68 implies that elements of
Cl(Z[@]) are in bijection with equivalence classes of pairs (Zxa;,T) where 1 <i < hand T is a Z|G]-
submodule of Z/pZ x a;/pa; that projects surjectively onto both factors. Two such pairs (Z x a;,T)
and (Zxay,T') are equivalent if and only if ¢ = ¢’ and there exists some A € Aut(Zxa;) = Z* xZ[(,]*
such that TA = T". It is not hard to see that we either have T = Z x a;, corresponding to the ideal
Zxa; = Ig,i(z%, 1) = I;, or we have T' = {(z,y) € Z x a; | * = ¢g(y) mod p} for some surjective
Z-linear map g : a;/pa; — Z/pZ. As T is closed under multiplication by (1,(,) € Z[G], we must
have g((py) = g(y) for all y € a;. The kernel of g must therefore be a Z[(,]-ideal of index p in
a;. Since ({, — 1) is the only ideal of index p, the kernel has to be ({, — 1)a;. Then, g = pf; for
Cp—1

some p € (Z/pZ)*. Multiplying T' by the unit A = (1, ﬁ) € Z* x Z[Gp]* satisfying ?j: =4
mod (¢, — 1), we see that this case only produces one additional ideal class: Iy ;. O

Corollary 3.14. Assume Z[(p] is a principal ideal domain. (This is the case if and only if p < 19.)
We then have h = 1 and can choose a1 = Z[(,]. The two types are then

I ={(z,y) € ZxZ[{] |z =y mod (¢, — 1)} = Z|G]

and
I, = pZ x Z[Gp).

The indices of Iy and I in Z[G] are both 1.

Example 3.15. If n = 4, the seven equivalence classes of full ideals are represented by the following
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unitary full ideals:

(0,0,1),(0,0,))

(0,0,1),(0,0,4))

2,0,1),(0,2,0),(0,0,1 + i), (0,0, 2i)>
), (

(4,0,0),(0,2,0),

(2,2,0), (

2,

(4,0,0), (0,1,4), (0,0,1 + 1), (0,0, 23))
(2,

(2,

(

2,2,0),(0,4,0),

?

2,0,4), (0,2,1), (0,0, 1 + 1), (0,0, 2i))
2,1,4), (0,2,0), (0,0,1 +14), (0,0, 2i))
= ((1,1,4),(0,2,1 + ), (0,0,2), (0,0, 2i))

I =<
I =<
I3 =<
Iy =<
I5 =<
I =<
I

9

Again, let H = (7%) be the index 2 subgroup of G. For convenience, we have chosen these full ideals
so that [Z[G] : I;] = [Z[G]H : I/] = 1 for each of our full ideals I;.

3.4 Good primes

Let us study G-extensions of S = Z, for any prime ¢ not dividing n.

Lemma 3.16. If g is a prime not dividing n, then Z4|G] = H,i Z4Cn] = Hd|n Zg[Ca]-

Proof. This follows immediately from Lemma |3.10 O

In particular, as each Z4[(q] and therefore Z,[G] is a product of principal ideal domains, all full
ideals of Z4[G] are equivalent to Z4[G]. Assume I = Z4[G] throughout this section.

Lemma 3.17. Let m = (v; j);; € P"8(Q,). If q is a prime not dividing n, then (v; ;) ; satisfies
the closedness condition (Cc), i.e. (vij)ij € Pr°"8(Z,), if and only if vi j € Zq[Cn] for all i, .

Proof. The closedness condition (Cc) is equivalent to m(Z4[G] ® Z4[G]) € Z4[G] = H,‘ Z4[Cn],s sO
pu(M(Zq|G] ® Zy4[G])) S Z4[Cy] for all u. By (3.2)), this is equivalent to

1
— Z pi(T")p; (%) i j € Zg[Cn) for all u,r, s,

which simply means that

Z Cirtisy, ;€ Zy[¢,]  for all u,r, s.

4,5
i+j=u

Note that n € Z,, so this condition holds whenever all v; ; lie in Z,[(,].

Conversely, if p, (m(Z[G] ® Z4[G])) S Z4[¢n] for all u, then (3.3]) implies that

Vij = ZC pitj(m (T"®e)) e Zq[Cn)- 0
Let us now recall that ¢ is unramified in Z[{,]. The decomposition group is generated by the g-th
power map, corresponding to the element o, of Gal(Q({,)|Q). If we denote any prime factor of ¢

in Z[¢,] by q1, then the prime factors of g are exactly the ideals q; = o0;(q1) for i € (Z/nZ)*. Two
such ideals q; and q; are identical if and only if j = ¢'i for some integer ¢.
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Let (Z/nZ)[q — 1] = qmg=r74/nZ be the set of f € Z/nZ such that f(q —1) =0 mod n. Let B,
be the set of tuples (b;);ez/mz of integers such that by = 0 and such that by; = b; for all i and such
that there exists some (unique) f € (Z/nZ)[q — 1] with b; = fi mod n for all i.

Remark 3.18. The set B,  Z" is a lattice of rank 3}, ;, % where ¢(d) = #(Z/dZ)* is
the Euler phi function and ordg(q) is the multiplicative order of ¢ modulo d.

We will now construct a map
d
Pnon eg(@p) — Bq

using the following lemma.

Lemma 3.19. Let (v;;)i; = .7 € Pndes(Q,) with a € Q,[G] and B = o™ € Q,[G]] as in
Remark . For each i € Z/nZ, let b; be the q1-valuation of p;(B). Then, the tuple (b;); lies in By.

pi(B)p;(B)

s, (B) 0 e must have

Proof. Since v;!; =
bi +b; —biy; =0 modn for all ¢, j.

This implies that there exists some f € Z/nZ such that b; = fi mod n for all 4. Since o4(q1) = g1,
we have by; = b; for all 4. In particular, it follows that f(¢ —1) =0 mod n. O

Remark 3.20. The map P°2des(Q,) — B, is clearly Z,[G]; -invariant.

We can compute the g-valuation of the discriminant of (v; ;); ; € P*°"4°8(Q,) in terms of its image

(bi)i in By: Since v _; = W = pi(B)p—i(B), it is vdisc(b) = 2 3. (b; + b_;) = 23, b;.

The closedness condition from Lemma can also be rephrased in terms of the image (b;); in By:
It holds if and only if

b; + bj — bi+j =0 for all 4, 5. (35)
Taking b; to be the smallest among the numbers by, ...,b,_1, we see that in particular b; > b; +
bj - b7;+j > 0 for all 1.
Given that the closedness condition and the discriminant only depend on the tuple b = (b;);, it
makes sense to define the following series (the local factor at q):

f;londeg (1,) _ 2 xvdisc(b).

be B, satisfying (3.5))

Note that the closedness condition cuts out a polyhedron in the lattice B, < Z". The series
frondes(z) can therefore be interpreted as an Ehrhart series (see [I5] for the definition and a proof
that the series is a rational function). For n = 2,3, the series can easily be computed by hand. We
used the Normaliz software [9} [10] for n = 4, 5:

Example 3.21 (n = 2). The local factor at ¢ # 2 is

1
nond _
fpentes(z) = 1
Example 3.22 (n = 3). The local factor at ¢ # 3 is
1
m, q = 1 mOd 3,
nond — T
fponis@) = 4 (-

1_7334, q= 2 mod 3.
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Example 3.23 (n = 4). The local factor at ¢ # 2 is

1—x+ 22
=1 4
nonde (1—x)(1—a3) (1 —2%)’ q mod 4,
q &(z) = 1
(1—22) (1 —z%)’ ¢g=3 mod 4.
Example 3.24 (n = 5). The local factor at ¢ # 5 is
(1+ 22 + 226 8 4 12
+ 2% +22° + 22° + @ 4=1 mods,
(1— a2 (1—a0)
nondeg _ 1— £E4 + £E8 -
fq (.27) (1 — 1‘4) (1 _ 3712)7 q= 4 mod 57
1
1— a8 ¢=2,3 mod 5.

The maximality condition can be expressed in terms of the image (b;); € B, as follows:
Lemma 3.25. We have (v; ;)i ; € P***(Zq) if and only if holds and

0<bi<n foralli. (3.6)

Proof. Since Z4[G] is the only full ideal up to equivalence, the G-extension of Z, is nonmaximal if
and only if there exists some A € Zy[G] N Qy[G]7\Zq[G] such that A~1.v = (A~ a).7 still satisfies
the closedness condition. The gq-valuation I; = 0 of p; () then has to be positive for some 7. On the
other hand, the gj-valuation b; — nl; of p;(A™"8) = p;((A~"1a)™) must still be nonnegative, which
means that b; > n.

Conversely, assume L := max; b; = n. To show that the G-extension of Z, is nonmaximal, construct
A € Z4[G] n Qy[G] so that the gi-valuation of p;(A) is [; = 1 when b; = M and is ; = 0 when
b; < M. It then follows that

(bi —nli) + (bj — nlj) — (bi+; — nlitj) =0,

so A~L.v still satisfies the closedness condition: since the left-hand side is divisible by n, it suffices to
show that it is greater than —n. If (I;,1;,l;4;) = (1,0, 0), then the left-hand side is b; +b; —b;j; —n >
M+b;—M—-—nz>=—n If (,l;,l;y;) = (1,1,0), then the left-hand side is b; + b; — b;y; — 2n >
M+ M—M—-2n>—n. If (I;1;,;+;) = (1,1,1), then the left-hand side is b; + b; — biy; —n =

M+ M — M —n > 0. The remaining cases are all similarly easy. O
For maximal rings, we therefore obtain one potential tuple (by, ...,b,—1) € B, for each
n
Z/nZ)|q—1| = ———Z/nZ.
fe@mia—1) = etz
The numbers 0 < b; < n are determined by b; = f¢ mod n.
The g-valuation of the discriminant is then
n/g(f)—1 2

2 2 29(f)-(n/g(f) — 1) (n/g(f

2= 2oy Y tg(p) = 2 e) Z DU )

n < n = n-2

with g(f) = ged(f,n).
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As before, we define the local factor

fénax(m) _ Z xvdisc(b).
be B satisfying and

We have shown that

f;nax(x) _ Z x”*ng(ﬁ")

fe gcd(nn,q—l) Z/nZ

SO

gcd(ﬂth—l) lgln

= Y et
d|ged(n,q—1)

where ¢ denotes the Euler phi function.

Example 3.26. If n = p is prime, the local factor at ¢ # p is

1, qg# 1 mod p,
1+(p—12P"', g=1 mod p.

fre(z) = {
Example 3.27. More generally, if n = p* is a prime power with ged(p*,¢—1) = p®, the local factor
at g # p is

t

e
fR(@) =14 Y (p— Dptta? P
t=1

Example 3.28. For n = 4, the local factor at ¢ # 2 is

Hlaxx —
Ja (@) 1+22422% ¢g=1 mod 4.

{1+x2, g=3 mod4,

Remark 3.29. For ¢ { n, any G-extension of Qg is tame. We could also have computed the
series f,"**(s) using the fact that the maximal tame quotient of the absolute Galois group of Qg is
topologically generated by (a lift of) the Frobenius ¢ and a map 7 sending /% to Crg'/*, subject
to the relation po 7o @~! = 79. In [I8] section 5] used this approach to study “mass formulas” for
tame extensions of QQ, with arbitrary prescribed Galois group.

3.5 Bad primes

It remains to treat the closedness and maximality conditions for primes ¢ dividing n. We only cover
the case that n = p is prime (and ¢ = p). For other specific values of n, one could carry out a similar
analysis, or refer to a database of local fields (see [I7]) for a list of all G-extensions of Q,.

Let n = p be prime. Recall that p ramifies completely in Z,[(,]: We have (p) = ({, — 1)P~1. We
will repeatedly make use of the congruence

G-1_ iy ;
Cp_lzgp +...4+1=1 mOdC]g—1

for i € Z/nZ.

Since Z,[(p] is a principal ideal domain, an argument as in the proof of Lemma shows that,
up to equivalence, Z,[G] has exactly two unitary full ideals: the ideal Iy = Z,[G] and the ideal
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I, = pZ, x Zp[(p]. We will now analyze the closedness conditions for each of these two possible
types.
3.5.1 Closedness in type [;

Before we can simplify the closedness condition, we need to solve a linear functional equation:

Lemma 3.30. Let f: Z/nZ x Z/nZ — Z/nZ be a function such that

F, )+ fli+34,k)=f(,k)+ f(i,5+k) modn for all i,j, k. (3.7)

Then, there exists some function g : Z/nZ — Z/n*Z such that g is linear modulo n (meaning that
gli+7)=9g@) + g(j) modn foralli,j) and

fi, ) = 20+ 90) — g+ )

- mod n for all i, j. (3.8)
Proof. Define the function g as follows:
n—1 a—1
g(a)zazf(l,b)+nf(1,0)—n2f(1,b) mod n? for a = 0.
b=0 b=0

First of all, note that this function is indeed well-defined: g(a + n) = g(a) for all a > 0. It is also
clearly linear modulo n.

Next, we will show (3.8) for integers ¢ > 1 and j via induction over i.

For i = 1, this follows directly from the definition. Assume now that we have shown (3.8) for some
¢ and all j. Then, (3.7 implies that

S+ f(L+4,5) = f(i,5) + f(1,i+j) modn,
SO

fA+i,5) = f(i,5) + f(Li+j) — f(1,4) mod n.
According to the induction hypothesis, this is

f(lﬂ.’j)zg(1+i)+g(j21—9(1+i+j)' -

Lemma 3.31. Letn =p be prime and 1 < e <p—1 andlet f : Z/pZ x Z/pZ — Z/pZ be a function
satisfying and
f(ri,rj) =r°f(i,j) mod p for all r,1, 3.

Then, there exists some constant ¢ € Z/pZ such that modulo p,
PP ()"
fap =4

’ c-(i°4j°— (i +3)°), e=2.

Proof. Let g be a function as in Lemma First, note that we can find some b € Z such that

g' (i) = g(i) — b - 4P is divisible by p for all é. Then, the function %g’ from Z/pZ to Z/pZ can be
represented by a polynomial of degree at most p. We can therefore write

p
g(i) = Z ay - i
k=0

where the coefficients ay,...,a,—1 are divisible by p. Replacing g(i) by g(i) — a1¢ doesn’t change
g(i) +g(j) — g(i + j), so we can assume without loss of generality that a; = 0.
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Now, the requirement that f(ri,rj) =r¢f(i,j) mod p means that

P
Z ag(r® —r) (" + ¥ — (i +)¥)=0 modp  for all r,i,j.
k=0

SRR

The left-hand side is a polynomial of degree at most p in r. To be zero for all r, it must be a multiple
Do s
of 7P — r. Tts rP-coefficient is a,, - w.
P47 —(i+5)"
)

is a polynomial of degree p — 1 in ¢ and hence cannot

If e # 1, the r-coefficient is %al(i +j—(i+j)) =0, so we must have a, - =0 mod p

for all 4,5. For j = 1, the term e e e ¥ )
always be zero. Therefore, a, = 0.

For any 0 < k < p — 1 with k # e, the rF-coefficient is e (i +5* =G +)F). fk>=2and j =1,
the term % + j* — (i + j)* is a polynomial of degree k — 1 < p — 2 in i and hence cannot always be
zero. The term is 1 for k = 0. Therefore, ar = 0 whenever k # 1, p, e.

We have thus shown that if e = 1, all coefficients a; except a, must be zero, and that if e # 1, all
coefficients ay, except a. must be zero (and a. must be divisible by p). This finishes the proof. [

Lemma 3.32. Let n = p be prime and assume m = (v;;);; € P*"48(Q,). Let e > 1 so that
vi; = 14 ({p — 1)w; ; with w; j € Zp[Cp] for all i,5. Then, there is a constant ¢ € Z such that

modulo ¢, — 1,
PO e G ) il e=1,
W g = P
0. o o
c-(i°+j = (i+74)), e=2.
Proof. Modulo (¢, — 1)™!, the associativity condition (Ca) becomes
Wi, + Witjk = Wik + Wi itk mod Cp — 1.

The condition v,; »; = 0,(v; ;) means that ({, — 1)°wy;rj = (g; —1)°0,(w; ), so

¢ —1\°
Wrirj = (CZ 1 Ur(wi,j)

=r°w;; mod ((p —1) for all 4, 7, r.

(Note that this conclusion holds even if r = 0, as vg,g = 1.)
The claim then follows from Lemma m (just pick f(4,7) = w;; mod ¢, —1). O
Lemma 3.33. Let n = p be prime and assume m = (v;;)i; € P™"48(Q,). Let2 <e<p-—1

s0 that v j € 1+ (G — 1)°Zp[(p] for all i,j. Then, there exists some \ € Zy[G]; such that v ; €
L+ (¢ — D)TZ,[¢p], where m' = Aom = (v;,j)m € prondes(Q,,).

Proof. Writing v; ; = 1+ (¢, — 1)°w; j, Lemma shows that there is a constant ¢ € Z such that
wij=c-(°+j°—(+7)°) mod(—1 for all 1, 5.
Take A = 1 —c- (7 — 1)¢ € Z,[G];. Then, modulo ({, — 1)¢*1, we get

o = P ()

Y pi ()

(1—c (G—1))1—c- (¢ - 1))
(1—c- (G = 1))

(L4 (@€ 47—+ 5))(Gp — 1))

1.

We again used that (¢} —1)¢ = i°(¢, —1)¢ mod (¢, — 1)1 O
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Lemma 3.34. Let n = p be prime. For type I1 = Z,[G], the closedness condition (Cc) is equivalent
to the conditions that v; j € Z,[(p]| and

Z V45 ;’"“5 =0 modp for all r,s,u
1,5:
1+j=u
and
Zvivjqfﬂs =0 mod p? for all r, s.
4,J

Proof. Recall that I1 = Z,[G] = {(x;); € n/,Zp[Cp] | > 2zi =0 mod ¢, — 1}. Hence, we have
m(l, ® I1) < I if and only if p,(m (7" ® 7°)) € Zp[(p] for all uw and ), pu(m(17" ® 7°)) € pZy[(p)-
The claim then follows from (3.2)). O

Lemma 3.35. Let n = p be prime and assume m € Pnondeg((@p), i.e., commutativity and asso-
ciativity are satisfied. For type Iy = Z,[G], the closedness condition (Cc) is then equivalent to the
condition that

vijel+(¢p— I)QZP[C,,] for all i,j.

Proof. Assume v; ; € 1+ (¢, — 1)?Z,[(p] for all 4,j. Repeatedly applying Lemma and using
the fact that P?londeg (Z,) is invariant under Auty(I;) = Z,[G]y, we can in fact assume that v; ; €
L+ (G = DPZp[Gp]-

Let v; j; = 1+ ({, — 1)Pw; ;. Then, we have

Z vingfﬂs = Z (T4 (¢ — 1)pwi7j)C;;T+js =0 modp for all r, s, u.
S N

so it only remains to show that o

Zviyjqf“s =0 mod p*

,J
Since the left-hand side is an integer, we only need to verify that it is congruent to 0 modulo
(p)(¢p — 1) = (¢p — 1)P, which is again obvious:

Dvig Gt =31+ (G — 1Pwi )G =0 mod (¢, — 1)P.
.3 .3
Conversely, let us show that v; j € 1+ ((, — 1)?Z,[(,] is necessary. Assume the closedness condition
is satisfied.
We know that v; j € Zy[(,] and that
0= Z v;; mod p for all w. (3.9)

With u = 0, we get

0=+ 2 oi(v1,-1)=1+(p—1vi,-1=1—-v; 1 mod (¢, — 1),
i#0

so v1,-1 = 1 mod ({, — 1) and hence v; _; = 1 mod ({, — 1) for all <. Then, the associativity
condition (Ca) with i = b, j = a, k = —a — b proves that

Ub,aVa+b,—a—b = Va,—a—bVUb,—b;
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S0
Va,p = Ub,q = Vq,—a—p mod ({ —1).

The associativity condition with ¢ = —a, 7 = a, k = b proves that

V—a,aV0,b = Va,bV—qa,a+b = 'Ua,ba'—l(va,—a—b)7

S0
1 =04 pVq,—a—b = vib mod (¢, — 1).

Since ({p — 1) is a prime ideal in Z,[(,], it follows that
Vgp = +1 mod ({p, — 1) for all a, b.

Now, the right-hand side of (3.9) consists of p summands, each of which is +1 modulo (¢, — 1). As
((p—1)NZ = pZ, the summands must all have the same sign modulo (¢, —1). One of the summands
is v,y = 1, so we must have v; ; =1 mod ({, — 1) for all ¢, j.

Writing v; ; = 1 + ({, — 1)w; ;, Lemma shows that there is a constant ¢ € Z such that

w;j=c- mod ({, — 1) for all 4, j.
For odd p, set w =1 in (3.9). We get that

c% <QZip—p> —c. 1l (Z(ip+ (—i)P) —p> =—¢ mod ((, — 1),

0

P \5
which implies that ¢ =0 mod (¢, —1),s0w; ; =0 mod ({,—1) and indeed v; ; € 1+ ({,—1)?Z,[(,)-

For p = 2, use that
0= Zvi’j =3+ wvy; mod 4.
0,J

3.5.2 Closedness in type I,

Lemma 3.36. Let n = p be prime. For type Iy = pZ, x Zy[(y], the closedness condition (Cc) is
equivalent to the conditions that v; ; € Z,[(p] and

Z viij;”’jS =0 modp for all rys,u (3.10)
i, #0:
1+j=u
and ‘
2 viy,ig,(rfs) =0 mod p? for all v, s. (3.11)
i#0

Proof. Note that Iy = pZ, x Z,[¢,] = {(x:); € n/'ZP[CP] | o = 0 mod p}. Hence, we have
m(lo ® Iz) € I if and only if p,(m (7" ® 7°)) € Z[{p] for all u and po(m (7" & 7°)) € pZy[(p]. The
claim then follows from ((3.2)). O

Lemma 3.37. Let n = p be prime and assume m € Pnondeg((@p). For type Iy = pZy, x Zy[(p], the
closedness condition (Cc) is then equivalent to the conditions that

Vi € PLyp[Gpl foralli,j #0
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and
Vi—; € pQZp[Cp] for all i # 0.

Proof. The conditions clearly imply closedness according to the previous lemma.

Conversely, assume that the closedness condition is satisfied. First, let us show that v; _; = 0
mod ({p — 1)P: write v1,—1 = X, a;gqf with aj € Z. Without loss of generality, a,—1 = 0. We have,

Vi—i = 05(v1,-1) = D akC;k. Then, 1' with 7 = 0 implies

0= 2 Eak@(k’s) = Eakzq,(kis) — Zak =pas — Eak mod p? for all s.
k i k k

i#0 k

Hence, ap = a1 =---=ap—1 =0 mod p. Let a; = pb,. Then, we obtain

0=p’by — Y . pbp = —p Y by modp®  forall s,
k [

50 >, by =0 mod k. This implies that ), bkC;f =0 mod (,—1, so vy, is divisible by (p)(¢,—1) =
(Cp - l)p-
Now, define 8 € Q,[G] as in Remark so that

oo = PiB)r;i(B)

D= et for all 4, j.
Z’j pi+;j(B)

By definition of Q,[G]}, we have po(8) = 1. Write p1(5) = (¢, — 1)°t with t € Zp[(p]*. Then,
U:f,—1 = p1(B)p-1(8) = p1(B)o-1(p1(B))

is divisible by (, — 1 exactly 2e times. We have seen that the left-hand side is divisible by ({, — l)pQ,
so e/p = 5. Now, for any i, j # 0 with i +j # 0,

»  PiB)pi(B)  ailp1(B))aj(p1(B))

Ui j ij(ﬂ) ai+j(,01(5))

is divisible by (, — 1 exactly e times. In particular, e is divisible by p. Our goal is to show
that e/p = p — 1, since this implies that v; _; is divisible by ¢, — 1 exactly % > 2(p — 1) times

and wv; ; is divisible by ¢, — 1 exactly % > p — 1 times, as claimed. Assume e/p < p — 2. Let
A= (1,6 — 1) € Z* x Z,[¢,]* = Auty(I2). Then, consider w = A~¢/P.y e prondeg(Q,). If
1,7, +J # 0, we get

p _ Oi(t)os(t)

M oi(t)
Letting ¢ = ¢ mod (, — 1 for some 0 # ¢ € Z/pZ, we conclude that wf,j = ¢ mod ¢, — 1, so
w;; =c=t mod (, — 1. Then, as v = A\*/P.w,

(G = V(G — )T
G -1

Now, (3.10) implies that
S i = (G- S (@)t mod (G — 1)

4,57#0: 4,j#0:
itj=1 itj=1

S
S
&

Il

.. e/
= (C . 1)@/17 . (”) : .+ mod (C _ 1)e/P+1
= (¢p e » .
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However, since § < % < p— 2, we have
e/p e/p
3 )= Y- =3 3 (P) - cayae
4,77#0: % i r=0 r
iti=1

=(, 57, ,) e 0 o

sot =0 mod ¢, — 1, contradicting our assumption that ¢t € Z,[(,]*. O

3.5.3 Maximality

Lemma 3.38. Let n = p be prime. Then, any m € ’P;llondeg(Zp) is mazimal.

Proof. We know that m is nonmaximal if and only if there exists some unitary full ideal J 2 I such
that m € P;(Z,). Now, there are two cases:

i) The full ideal is of the form J = LA™ (so Ps(Z,) = AP, (Z,)) for some X € Q,[G];
Qp[Gp]™ with A€ (G — 1)Zp[Gp]-

ii) The full ideal is of the form J = IA™! (so Ps(Z,) = A\.Pr,(Z,)) for some X € Q,[G]y
QplGp)™ with A€ (G — 1)Zyp[Gp)-

lle

lle

In either case, you can see that v1 _1 ¢ Ao_1(N)Zp[(p], so m & NP (Zy). O
Lemma 3.39. Let n = p be prime and assume m € ’Pgondcg(Zp). Then, m is nonmazximal if and

only if one of the following two conditions holds:
a) We have
1
—v; 5 € (Cp — 1)Zy[Gp] for all 4,7 # 0 with i # j
p

and 1
3 Vii € (& — 1)*Z,[¢p] for all 4 # 0.

b) There exists some a € {1,...,p— 1} such that
1
—v;j€a+ (—1)°Zy[¢] for all i,j # 0 with i # j
p
and

1
?vi’,i € a® + (& — 1)%Z,[¢p] for all ¢ # 0.

Proof. We know that m is nonmaximal if and only if there exists some unitary full ideal J 2 Is such
that m € P;(Z,). Now, there are two cases:

i) The full ideal is of the form J = LA™ (so Pj(Z,) = AP, (Z,)) for some X € Q,[G]{
QplGp)™ with A € (¢ — 1)Zyp[Gp)-

ii) The full ideal is of the form J = IA™! (so Ps(Z,) = A\Pr,(Zp,)) for some X € Q,[G]y
QplGp)™ with A € (G — 1)Zyp[Gp)-

lle

lle

In case ii), you can see that m € P;(Z,) for some A is equivalent to a).
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Now assume we’re not in case a). In case i), you can see that m € P;(Z,) can only happen when
X € pZp[p]™*. Write ]l)/\ =a+b( —1) mod (¢, —1)? with a,b€ {0,...,p— 1} and a # 0. Then,
m € P;(Z,) is equivalent to

1 (a+b(¢ —1)(a+b(G —1)) 2
];Uz',j ot b( ;ﬂ' _ 1) + (Cp 1) Zp[gp]

=a+ (¢ — 1)%Z,[¢p] for 4,7 # 0 with i + j # 0,

and

pi & (a+b(C — D)(a+b(C — 1) + (¢ — 1)2Z[G]
= a® + (¢p — 1)*Zp[Gp] for i # 0.

3.6 Summary

By combining the descriptions of P(Q) in Examples and With the local analysis performed
in Sections [3.4] and we obtain the following parametrizations.

Lemma 3.40. Let n = 2. The projection P(Q) — Vi1 = Q is bijective. The two full ideals of Z|G]
are Iy = Z|G] = {(a,b) e Z x Z | a =b mod 2} and Iy = 2Z x Z. The image of the injective map
P](Z) i V11 = @ 18

1442, I=1,,

47, I=1

The discriminant of the ring corresponding to m € Pr(Z) is vi1 in both cases. We have Auty(I) =
{£1} and hence Auty(I)°*792 =1 in both cases.

For any prime q and any m € Prgz,(Z,), we have m € Pisr, (Zy) if and only if

o1 ¢ ¢*Z, q#2, I =1 or Iy,
always, q=2, I =1,
11 €420 (1+42), q=2, 1 =1,.

Theorem [T.3] follows easily.

Lemma 3.41. Let n = 3. The projection P(Q) — Vi1 = Q((3) is bijective. The two full ideals of
Z|G] are I, = Z[G] = {(a,b) € Z x Z[(3] | a =b mod ({3 — 1)} and Iy = 3Z x Z[(3]. The image of
the injective map Pr(Z) — Vi1 = Q((3) s

1+43Z[¢s], I=14,
3Z[¢s), I=1.

The discriminant of the ring corresponding to m € Pr(Z) is Ng(c,)o(vi1)? in both cases. We have

o {LC&C&L 1= Ila
Autul) = {{il,icg,iq%}, I=1,

and hence
1 I=1
Aut1(1)01+01—02 _ { }7 1,
{£1}, I=1I.
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For any prime q and any m € P;(Z), we have m € Prez, (Zq) if and only if

v11Z4[¢3] € {(1), (q1), (¢2)}, g=1 mod3, ¢=qqeinZ[(3], [ =1 or Iy,
v11 € Zg[C3]%, q=2 mod3, I =1 or I,
always, q=3, I =1,

%Ull ¢ (<3 — ].)Z[Cg] U ({il} + 32[43]), q = 3, I = .[2.

Theorem [T.4] follows easily.

Lemma 3.42. Let n = 5. The projection P*°"4°8(Q) — V5 =~ Q((s5)* is bijective. The two full
ideals of Z|G] are I} = Z[G] = {(a,b) € Z x Z[(s] | a=b mod ({5 — 1)} and Iy = 5Z x Z[(5]. For
any prime q and any m € PP (Q), we have m € Plez, (Zq) if and only if:

If =1 mod 5 with decomposition ¢ = q192q3q4 in Z[{5] such that ¢; = 0;(q1),
v12Z4[C5] € {(1), 4192, 9204, 9391, 4493}

If g =2,3,4 mod 5,
v1g € Zg[C5] ™

Ifg=5and I =1,
viz € 1+ (¢ — 1)2Z[¢).

Ifg=5and I = I,
vi2 € 5201, bt Zuia # (G — DZIG] 0 ({1,2,3,4) + (G — 172G ],

The discriminant of the ring corresponding to m € Pr(Z) is Ng(c,)o(vi2)? in both cases. We have

<C57 _(1 + <5)2>a 1= Il7

Autall) = {<—<5, 1+Gy,  I=1,

and hence

<_(C5 + 45_1)2>7 I'=1,

Aut+ (I o1+02—03 _
nth {<—1,<5 +¢GY, I=1I.

Theorem follows easily, noting that the elements of Autq(I3)?2772775/ Auty(I1)71172795 are
represented by 1, —1,(¢s + (51), —(¢5 + ¢5 1), which reduce to 1,4,2,3 modulo ({5 — 1)%.

To show that the Dirichlet series
D™ (s) = D disc(R)~*
R maximal G-ext. of Z
is
D(s) = (1+4-57%)  J] (1+4¢"),
g=1 mod 5

it only remains to make use of the fact that the canonical map

Z[Q’)]X - (Z[CE)]/(CE) - 1)2)X/{1a27374}

is injective with kernel (—1,¢5 + (5_1>. Hence, for any ¢ € Z[{5] with ¢t #£ 0 mod ({5 — 1), there is
exactly one [r] € Z[¢5]%/{—1,(5 + (5 ') such that rt satisfies condition c) in Theorem For any
t € 5Z[(5]\5(¢s — 1)Z[(5], there are exactly four such [r].
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One can similarly show that the Dirichlet series

prondes(s) — 3 disc(R)~*
R nondeg. G-ext. of Z

is

Dnondeg(s) — <1 +5. i 52as> n f;londeg(qfs)

a=4 q#5

5—83 4 .

= (1 +5- 1523) Hf;on eg(q é)
q#5

where the local factors f;‘(’“deg (z) are as in Example
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Chapter 4

The quaternion group

Let G = {£1, +i, +j, £k} be the quaternion group and let K be a field of characteristic different
from 2.

First, recall the subgroup structure and the representation theory of G. The subgroups of G are
1 {£1}, {1, £}, {£1, £}, {£1, £k}, G.
They are normal subgroups of G with respective quotients
G,(Z)27)?,7.,/27,7.)27., 7./]27, 1.

In addition to the discriminant disc(R) of a nondegenerate G-extension R, we will also look at its

conductor
disc(R)

cond(R) = disc(RE)"

discy (m)
disc?il} (m)~

We write the elements of (Z/2Z)? as 00,01,10,11. The quotient G/{£1} is isomorphic to (Z/27Z)*
via

We similarly define cond(m) = ﬁ% and cond;(m) =

1—~00, i—01, j—10, k~— 11.

Let us fix preimages
woo =1, o1 =—i, @i0=-4, 11 =—k

The four irreducible representations of (Z/27)? produce four irreducible representations of G over K:
triv = sgngg, sgn; = sgngy, SgN; = sgNy,  SgNy = SgNy
given by

triv(£1) = +1 triv(
m(ED) = +1 s
(
(

—~

+
sgn;(£1)
sgn, (£1) = +1 sgny (£

+1 sgn;

We shall also consider the standard four-dimensional representation std : G — H(K) where H(K) =
{a +bi+cj+dk]|a,b,cde K} is the ring of Hamilton quaternions over K.
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We obtain the Artin—-Wedderburn decomposition
K[G] 2K x K x K x K x H(K)

corresponding to the representations triv, sgn;, Sgn;, Sghy, std.

Let us fix some notation regarding the ring of quaternions.

Definition 4.1. For any h = a + bi + ¢j + dk € H(K), define its real part R(h) = h® = a and
its imaginary part S(h) = h® = bi + c¢j + dk. An element h is called real if h = R(h) and purely
imaginary if h = $(h). Denote the set of purely imaginary quaternions by H¥(K). We further define
the conjugate h* = a — bi — ¢j — dk and the norm N (h) = a® + b* + ¢2 + d*. An element h € H(K)
is invertible if and only if N(h) # 0. We then have h=! = ﬁh*. Also note that (hihg)* = hih¥
and R(h1ha) = R(hahq) for all hy, hy € H(K).

Remark 4.2. The standard representation is irreducible over K (and H(K) is a division ring) if and
only if a® 4+ b% + ¢2 4+ d? = 0 has no nontrivial solution over K. Otherwise, it splits as std = std’ @std’
for an irreducible two-dimensional representation std’. Then, H(K) is isomorphic to My (K). Assume
there is such an isomorphism f : H(K) — Ms(K) of K-algebras. Let h € H(K). Then, the real
part is R(h) = £ Tr(f(h)). The imaginary part corresponds to f(S(h)) = f(h) — 1 Tr(f(h))I2. Real
quaterions correspond to multiples of the identity matrix. Purely imaginary quaternions correspond
to trace-free matrices (elements of sla(K) < Ms(K)). The conjugate corresponds to f(h*) =
Tr(f(h))I2 — f(h) = adj(f(h)), the adjugate matrix of f(h). The norm is N(h) = det(f(h)). The
tensor products of irreducible representations of G decompose as follows:

® triv. - sgn, sgn; sgny std’
triv | triv  sgn, sgn; sgny std’
sgn; | sgn; triv. sgn, sgn; std’
sgn; | sgn; sgn, triv  sgn, std’
sgny, | sgn; sgn; sgn;  triv std’
std” | std  std’  std  std  trive sgn; @ sgn; @ sgny,

This decomposition reflects the shape of the multiplication table of a G-extension (see Table [4.1]).

Now, let us decompose H = @y, v, w Homg(End(V1) ® End(V2) — End(W)) into irreducible
representations of K[G]*. Note that, as representations of G, we have End(sgn,) =~ sgn,[= K] for
all a and End(std) >~ std[~ H(K)].

Lemma 4.3. The following is a description of the elements of all nonzero spaces Homg (End(V1) ®
End(V,) — End(W)) where the representations Vi, Vo, W of G are among the representations triv,
sgn;, sgn;, sgny,, std defined above. We also give a formula for the action of

A = (X005 Ao1, AM0s A1, Astd) € KX x KX x KX x KX x H(K)* = K[G]*
on each such space.
e For all a,be (Z/27)?%, elements t of
Homg (End(sgn,) ® End(sgn,) — End(sgn, ;))

are in bijection with numbers uqy, € K via

1
t(l‘@y) = gua,bxy'
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The action is given by
AaAb

Aa+b

/\.ua b =

)

* Uqa,b-

e For all a € (Z/27)?, elements t of
Homg (End(sgn,) ® End(std) — End(std))

are in bijection with quaternions v, € H(K) via

1
tr®y) = ga:goayva.

The action is given by
AV = g - AstdVa Aoy

We can further decompose vg = vX +v3. The action on these two summands is given by
R _ R
A, = Ag - Uy,

and
I Sy —1
AUy = Ag - AstdVy Ageq-

e Similarly, for all a € (Z/27)?, elements t of
Homg (End(std) ® End(sgn,) — End(std))

are in bijection with quaternions v, € H(K) via

1 /
tlz®y) = 3 PaVal-

The action on v}, is defined exactly like the action on v,.

e For all a € (Z/27)?, elements t of
Homg (End(std) ® End(std) — End(sgn,))

are in bijection with quaternions w, € H(K) via

1
tz®y) = §§R(tpaxway*).

The action is given by

*
)\.wa = )\7 . )\StdwaAStd.
a

Again, decompose w, = wr +wy. The action on these two summands is given by

f}f o N()\std) 'wge

Aw) = "

and

’ 1 !

R Sy k

Aw, = o AstdWy Adpq-
a

Therefore elements m of H exactly correspond to tuples

o

((ua,b)abs (’U?)a’ (%?)aa (UgR)av (Ve )as (wj?)av (g )a)
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and we obtain a corresponding decomposition

HE) = PUoPViePV, oDV eV e@WiadwW,
a,b a a a a a a

~PKOPKODH (K)o DK@ DH (K)o DK & DH(K)
a,b a a a a a a

of H(K) into irreducible K[G]* -representations.

The trivial map © € H(K) corresponds to the tuple with usp = 1 and v, = v, = w, = p,* for all
a,b.

Proof. You can verify that ¢,std(g)e,; ' = sgn,(g)std(g) for all a € (Z/2Z)? and g € G. It is then
easy to see that all of the elements ¢ defined above are indeed G-invariant and to translate the action
of K[G]* on H(K) = Homg(K[G]® K[G] — K[G]) to an action on the summands ug p, Vg, ¥, Wq.
In total, we have constructed a space of G-invariant maps of dimension

Do+ D 4+ D 4+ ) 4=64

a,be(Z,/27,)? ae(Z/22)2 ae(Z/27)2 a€(Z/22)2

On the other hand, according to Remark the dimension of H(K) = Homg(K[G] ® K[G] —
K[G)) is also |G|*> = 64, so we have indeed constructed all G-invariant maps. You can check by
hand that the element m of H(K) with ugp = 1 and v, = v, = w, = ¢, * for all a indeed satisfies
m(e®e) = e and m(e® g) = 0 for all e # g € G. Then, G-invariance proves that m = . O

For reference, we now state the unit, symmetry and associativity conditions in terms of the pa-
rameters given above. We skip the straightforward proofs of the following lemmas, as they are not
necessary for showing the parametrization of nondegenerate extensions in Theorem

Lemma 4.4. For an element (uap)a.b, (V) as (03 )as (V) ey (V) ay (W), (W)a) of H(K), the unit
condition (Cu) is equivalent to the following equations:

e ugoq =1 for all a € (Z/2Z)2.
® Voo = 1.

Lemma 4.5. The symmetry condition (Cs) is equivalent to the following equations:

® Uyp = Upg for all a,be (Z/27)2.

o v, =, for all a € (Z/2Z)?.

e wy, = 0.

e Wk =0 for all nonzero a € (Z/27)?.

Lemma 4.6. Assuming (Cs), the associativity condition (Ca) is equivalent to the following equa-
tions:

® Uy plUatbe = UpclUabie for all a,b,ce (Z/27)2.

® Voib UapVash = Papb - VpVa for all a,be (Z/2Z)?. Note that always paib = £PaPp-
® VyPu  Valh = PaPb - VpUa for all a,b e (Z/27)%. Note that always pppe = TPaPp-

® PpPa " VaWh = Pa+b " Ua,a+bWa+b-

o VpPa - Vawp = Xy - wpvE. Note that oppa = TpXpy.

Ya R(@azway*)pazva = 35, atVaR(Paywaz®) for all z,y, z € H(K).
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Lemma 4.7. The H-discriminants and conductor of an element m € P(K) can be computed as
follows:

Proof. To show this, you can either use Theorem over a field in which std splits, or directly
compute the discriminants by hand. O

4.1 Nondegenerate extensions

Lemma 4.8. If the G-extension is nondegenerate, then vé‘\’o = v{% = woso =0 and U;R = vfe = wg% =0
for all a # 00. On the other hand, the remeaining summands uqp € K, viy € K, vJ = v/5 € HY(K)

(for a # 00), w € K, wy € H3(K) (for a # 00) are all invertible in K, respectively H(K).

Proof. The statement clearly holds for the trivial element 7 of P"°"de8(K). Since the points in
prondeg 4] lie on the same K*°P[G]-orbit (see Corollary , it therefore holds for any element
of anondcg(K) . O

Remark 4.9. Therefore, the subspace of H(K) spanned by P"°"d°8(K) can be written as

PUeVie PViawd @ ws.

a,b a7#00 a#00

For K = C, this corresponds to the decomposition of the subspace of H(K) spanned by Prondes(K)

given in section For example, 11,01 corresponds to an element of Sym2 (sgni) and w1 10 corre-
stdi-stdj
stdk

to an element of sl(std) - sgni and wg); corresponds to an element of

and wl corresponds to an element of Ath(std) and vy, corresponds
Sym? (std)
sgni :

sponds to an element of

Remark 4.10. There are degenerate elements of P(K) with v]; # 0. The space P parametrizing
G-extensions is therefore not irreducible! The corresponding degenerate G-extensions cannot be
approximated by nondegenerate G-extensions.

To construct an example, take vgg = v91 = 1 and vig = v1; = 0 and wgg = wp1 = wig = w1 =0
and u,,, according to the following table:

Ugp | 00 01 10 11

00 1 1 1 1
01 1 -1 -1 1
10 1 -1 0 0
11 1 1 0 0

The corresponding degenerate G-extension of K has a basis 1,21, %2, T3, y1,¥:, Yj, Y« with the fol-
lowing multiplication table:
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1 x1 o X3 Y1 Y Y Yk
1)1 = T2 T3 Y1 Y Yi Yk
1 | w1 -1 —m3 x2 —¥ Y1 Yk —Yj
To i) —I3 0 0 0 0 0 0
T3 I3 T2 0 0 0 0 0 0
yi |y —yi O 6 0 0 0 0
Yi | Yi U1 0 0 0 0 0 0
Yi | Yj Yk 0 0 0 0 O 0
Yk | Y —Yj 0 0 0 0 O 0

4.1.1 Parametrization in terms of purely imaginary quaternions

Theorem 4.11ys . Elements of provdes (K gre in bijection with tuples (d, vy, ve,vs,e1,e2,€3)
such that d e K*, v; e HY(K)*, e; € K* satisfy the equations

€1V1 = VaU3, €2V9 = V3V1q, €30V3 = V1V3. (4'1H3‘(K))
An element (A1, A2, A3, ) of K[G]{ acts on the tuple (d,v1,va,v3,e€1,€e2,e3) in P°"8(K) as

follows:
! / / / / / !
(Ala)\27)\37AH)-(davlaU27U3761a627€3) = (d 5U17U27v3761ae2763)7

where
d =N\g)-d,
’U; = >\i . )\H’Ui/\;_ll,
;A1 A2As
67; = A2 c €.

The trivial element € P°"8(K) corresponds to the tuple (1,i,5,k,1,1,1).
The bijection is given by

U00,00 = 00,01 = U00,10 = 00,11 = Up1,00 = U10,00 = U11,00 = 1,

Uo1,01 = N(Ul), 10,10 = N(U2)7 Ui1,11 = N(U?,),
U11,10 = U10,11 = €1, Up1,11 = U11,01 = €2, U10,01 = U01,10 = €3,
/ / ! /
Voo = Voo = 1, Vo1 = Vg1 = V1, V10 = V19 = Va2, V11 = Vyp = U3,
d d d
wop = d we1 =~ V1 wip = V2 wiy = - V3.
’ N(’Ul) ’ N(Ug) ’ N(Ug)

The H-discriminants and conductor of m = (d, vy, va,v3, €1, e2,e3) € P"(K) can be computed
as follows:

Proof. You can easily verify that = € P"°"°8(K) corresponds to the tuple (1,4,5,%,1,1,1). The
equations lb and the equations defining the bijection are all K®°P[G]{ -invariant. Further-
more, the space of tuples with d € (K*P)*, v; € HY(K%P)* ¢; € (KP)* satisfying the equa-
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tions (4.1gs x)) defines an irreducible seven-dimensional variety (see Remark below).
Since K*°P|G]y also defines a seven-dimensional variety, and K5P[G]].m = P""98(K), the map
m +— (d,v1,v2,v3, €1, €2, e3) must be surjective. (Alternatively, you could explicitly check the unit,
symmetry, and associativity conditions.) O

We will procrastinate proving the following remarks until we have an equivalent, but slightly more
intuitive description of Pm°"d8(K) in the next section.

Remark 4.12ys k). Note that (4.1gs k) implies that

N(v;) = 222

€;

Remark 4.13 s k). The map (d,v1,vz,v3, €1, €2, €3) = (d,v1,v2,v3) is injective. Its image is the
set of tuples such that d e K*, v; e H¥(K)* and

§R(’U2’Ug) = §R(1}3’U1) = §R(’U1U2) = 0

Remark 4.14ys k). The map (d,v1,v9,v3,€1,€2,e3) — (d,es3,v1,v2) is injective. Its image is the
set of tuples such that d e K*, e3 € K*, v1,vy € HY(K)* and

§R(’U1’l}2) =0.

4.1.2 Parametrization in terms of vectors

For any vector v, denote its length by |v|. We can identify the space K3 with the space H¥(K) of
purely imaginary quaternions via the map f : K3 — H¥(K) sending (b, c,d) to bi + cj + dk. Note
that for any vy = (b1, ¢1,d1) and vg = (bg, c2,ds), we get

f(’Ul)f<’l)2) = (bl’t +cj+ dlk‘)(bgl + coj + dgk‘)
(—blbg — C1Cg — dldz)
+ (CldQ — dlcg)i + (dle — b1d2)] + (blcg — Clbg)k

= —wv1-vg + f(v1 X vg),

where - denotes the standard inner product and x denotes the cross product in K3. In particular,
N(f(v)) = —f(v)* = |v]?
for all v e K3. For any h = a + bi + ¢j + dk € H(K) and v € K3, we have
hf()h™" = f(r(h)v),

where 7(h) € SO3(K) is the orthogonal matrix

1 a2+ b2 — 2 — 2 2bc — 2ad 2bd + 2ac
r(h) = N 2bc + 2ad a? = b+ — d? 2¢d — 2ab
(h) 2bd — 2ac 2cd + 2ab a2 -0 -2+ d?

Then, our parametrization in Theorem translates to the following;:

Theorem 4.11gs. Elements of PP°"4°8(K) are in bijection with tuples (d, v, v, vs, €1, ea,e3) such
that de K>, v; € K2 with |v;]?> # 0, e; € K* satisfy the equations

e1v1 = Vg X U3, eoly = U3 X V1, e3v3 = U1 X Ug. (4.153)

52



An element (A1, A2, A3, ) of K[G]] acts on the tuple (d,vyi,va,v3,e1,e2,e3) in PRRE(K) as
follows:
()\1,)\2,)\3,)\H).(d,’l}1,'UQ,’U3,€1,62,€3) = (d/,'l}/l,’l]£71)é,€/1,€/27€g),

where
d =N\g)-d,
; = )\z 'T()\H)’Ui,
;o A1A2As
€, = )\2 s €.

The trivial element 7 € P°"8(K) corresponds to the tuple (1,(1,0,0),(0,1,0),(0,0,1),1,1,1).
The bijection is given by

U0p,00 = 00,01 = %00,10 = U00,11 = U01,00 = %10,00 = U11,00 = 1,

Uo1,01 = \”Ul|2, U10,10 = \'02|2, Ui1,11 = |”Us|2a
U11,10 = U10,11 = €1, Up1,11 = U11,01 = €2, U10,01 = U01,10 = €3,
voo = Voo = 1,  wor =vp, = f(v1), w0 =vig = f(v2), v =0} = f(vs),
d d d
woo = d, wo1 = Wf(m), wip = Wf(w), wi = Wf(v?,)-

The H-discriminants of m = (d,vy,v2,v3, €1, €2, e€3) € P8 (K) can be computed as follows:

disc(m) = |v1|?|va|?|vs|?d?
disc™ (m) = Jv|*|va[*[vs?
dlSC{+1 A () = |y |?
disct 17 (1) = Juy?
disctEHERY () = Jug|?
cond(m) = d*
Remark 4.1253. Note that (4.1gs|) implies that
€1€2€3
|vi|2 = e

and in particular (|v1||va||vs])? = (e1eze3)?.
Proof. First, note that implies that v; and vy are orthogonal. Hence,
e2e3v3 = U] X eavy = vy X (v3 X v1) = |v1)?
s0 egez = |v1]?. The other two equations eje3 = |v2|? and ejes = |v3]? can be proved similarly. [

Remark 4.13gs3. The map (d,v1,v9,v3, €1, €2, e3) — (d,v1,va,v3) is injective. Its image is the set
of tuples such that d € K, v; € K3 with |v;]? # 0 and the vectors vq,vq,v3 are pairwise orthogonal:

’U2"U3:'U3"01:’U1'1)2:0.

Proof. The fact that vy, vs,v3 are pairwise orthogonal clearly follows from . On the other
hand, if v, vy are orthogonal vectors of nonzero length, then the vectors orthogonal to both v; and
v are exactly the multiples of the cross product v; x vo. Hence, as the length of vs is also nonzero,
there exists some unique number ez € K * such that egvg = v; X v2. You can similarly construct ey
and es. O
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Remark 4.145s. The map (d,v1,v9,v3,€1, €2, e3) — (d,e3,v1,v2) is injective. Its image is the set
of tuples such that d € K*, e3 € K*, and vy, ve € K3 with |v1|?, [v2]? # 0 are orthogonal:

1}1'1}2:0.

Proof. The remaining parameters vs, e1, €2 can be computed as follows:

2 2
V1 X V2 |'U2| |’Ul|
Vg = ——, €1 = —, €2 = —.
€3 €3 €3
Then,
2
Vg X (’Ul X Ug) "UQ|
V2 X V3 = = cV1 = e1v1
€3 €3
and similarly vs x v1 = eqvs. O]

Remark 4.15. Consider a tuple (d, vy, v2,v3, €1, €2, €3) € P78 (), corresponding to a G-exten-
sion L of K with a fixed isomorphism L =~ K[G] of left K[G]-modules. Write v; = (v;1,v;2, v;3).
Table gives the explicit multiplication table of L with respect to the basis

= (8,0,0,0,0),

z1 = (0,8,0,0,0),
z9 = (0,0,8,0,0),
23 = (0,0,0,8,0),
y1 = (0,0,0,0,4),
yi = (0,0,0,0, 47),
y; = (0,0,0,0,45),
yr = (0,0,0,0,4k),

of L~ K[G] =K x K x K x K x H(K).

We have

L= K(zy,z2,1]/(2? — |v1|?, 22 — |v2|?, y2 2120 — d(2129 + 01172 + Vo221 + v3zes)).

Interpreted carefully, we can write

L~K d(1+ 2 ”33>

Vi Vo2 y/es]?
The subfields are

L = Koy, 2]/ (a3 = [, 23 = [oal?) = K [0V [0a2] = K [VIor 2 v Jeal, Ve
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qG

z2

z3

Table 4.1:

Multiplication table of a G-extension L

Y1 Yi Yj Yk
1 X1 x2 T3 Y1 Yi vj m
al exe3  e3r3  ear2 V11Y1 — V12Yk + V13Y; v11Yi + v12Y5 + V13Yk —v11Y; + v12Yi + v13Y1 —V11Yk — V12Y1 + V13Yi
T2 ele3  e1r V21Yk + V22Y1 — V23Y;i V21Yj — V22Y; — V23Y1 V21Y;i + V22Y; + V23Yk V21Y1 — V22Yk + V23Y;
T3 erez —v31Y; + v32¥y; + V33Y1 V31Yk + U32Y1 — U33Yi —U31Y1 + U32Yk — U33Y; v31Ysi + U32Y; + U33Yk
yl d(l + 6’021613 z1 + 61)12623 T2 + 61)13632 1.3) d( E”)13‘322 T3 — E”)1:')"533 .’.EQ) d( 51;1‘5’3 1= E”.)13‘312 .'.Eg) d( 51;2613 J 61}21623 ZDl)
v d(l + 61)21513 1 - 61)12523 x2 — 61)1352 :Eg) d( 61121623 T+ 61112613 932) d( 61121633 1 + :13&12 933)
yj d(l - el;%xl + :12523 61)1352 13) d(;’l%xQ + 61113622 x3)
" 1= o — han + )



Remark 4.16. In [I9, Theorem 4], Kiming used Galois cohomology to show that a field extension
K (y/a,v/b) of K of degree four is contained in a Galois extension L of K with Galois group G if and
only if there exist orthogonal vectors vy, ve € K3 such that |v1]?> = a and |vz|?> = b. This is a direct
consequence of the parametrization given above.

4.1.3 Parametrization in terms of trace-free matrices

Recall Remark If a® + b* + ¢ + d* = 0 has a nontrivial solution in K, then there is an
isomorphism f : Ms(K) — H(K). Purely imaginary quaternions correspond exactly to trace-free
matrices. The norm of a quaternion corresponds to the determinant of the corresponding matrix.
Our parametrization can then be rewritten as follows:

Theorem 4.11,, (k). Elements of Pprondee () are in bijection with tuples (d,vy,va,v3, €1, €2, €3)
such that d € K*, v; € slo(K) with det(v;) # 0, e; € K* satisfy the equations

€1V1 = V2Vs3, €2V2 = V3Vq, €3V3 = V1V2. (4']—5I2(K))

An element (A1, A2, A3, Am) of the group K* x K* x K* x GLo(K) = K[G]{ acts on the tuple
(d,v1,v2,v3, €1, €2, e3) in PPN (K) as follows:

R A A A
()\17)\2;)\37)\H)~(d,v1av?»”Saelan»eB) = (dav170271}3761a€2’63)’
where
d = det()\H) -d,
/ —1
Ui = >\i . )\H'Ui/\H 5

;A2

c €.
1 )\22

The bijection is given by

U0p,00 = 00,01 = %00,10 = U00,11 = U01,00 = %10,00 = U11,00 = 1,

uo1,01 = det(v1), u10,10 = det(vz), u11,11 = det(vs),
U11,10 = U10,11 = €1, Uo1,11 = U11,01 = €2, U10,01 = U01,10 = €3,
Voo = Uéo =1, Vo1 = U61 = f(Ul), V10 = U’10 = f(U2)7 V11 = U/n = f(03)7
d d
woo = d wor = —— - f(v wi = ——— - f(v wip = - f(vs).
00 , 01 det(vl) f( 1), 10 det(vg) f( 2), 11 det(vg) f( 3)

The H-discriminants and conductor of m = (d, vy, vs,v3, €1, e2,e3) € P"(K) can be computed
as follows:

disc(m) = det(vy) det(vy) det(v3)d*
disc{* (m) = det(v) det(vs) det(vs)
disc!FLE (m) = det(vy)
disc!TLE (m) = det(vs)
disc!FHER (m) = det(v3)
cond(m) = d*

Remark 4.12,, k). Note that (4.1,, (x| implies that

det(v;) = 10263

€
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Remark 4.13,,(x). The map (d,v1,v2,vs,e1,e2,e3) — (d,v1,v2,v3) is injective. Its image is the
set of tuples such that d € K*, v; € slo(K) with det(v;) # 0 and

Tr(vovs) = Tr(vsvy) = Tr(viva) = 0.

Remark 4.14,, k). The map (d,v1,v9,v3,€1,€9,e3) — (d,e3,v1,v2) is injective. Its image is the
set of tuples such that d € K*, e3 € K, vy, v € sly(K) with det(v;),det(v2) # 0 and

Tr(viv2) = 0.

The parametrization in terms of trace-free matrices is particularly useful when K = Q, for some
odd prime p, as it will allow us to more easily understand the maximality conditions. We can in
fact construct an isomorphism H(Q,) = M>(Q,) preserving integrality and will always use such an
isomorphism in the following:

Lemma 4.17. Let p # 2 be an odd prime. Then, there is an isomorphism H(Q,) = M3(Q,) that
restricts to an isomorphism H(Z,) = My(Z,), where H(Z,) denotes the ring of Hamilton quaternions
a+bi +cj + dk with a,b,c,d € Zy.

Proof. By the pigeon-hole principle, there exists a solution («, ) € FZ to o+ B%2+1 = 0. Since p is

odd, we can use Hensel’s Lemma to lift it to a solution (a, 8) € Zf,. Then, we obtain an isomorphism
H(Qp) — M2(Qp) given by

1 0 . 0 —1 . -8 -« a —f
O (O e ) N S )
The inverse map is given by
, 20 . 0 0
1+Bj—ak<—|(0 0), 1—ﬁj+0zk<—<<0 2),

. . 0 2 . . 0 0
—Z+aj+6k<—|(0 0), z—i—oz]—i-ﬁk:H(Q 0). O

4.2 Integral structure, full ideals

Let S be a Dedekind domain whose field of fractions K has characteristic different from 2.

Definition 4.18. The ring H'(S) of Lipschitz quaternions is the ring of quaternions a + bi + ¢j + dk
with a,b,c,d € S.

The ring H(S) = H'(S[3]) of Hurwitz quaternions is the ring of quaternions a + bi + ¢j + dk such
that either a, b, c,d all lie in S or a, b, c,d all lie in % + 5.

Remark 4.19. If 2 is invertible in S, then H(S) = H'(S).

Unlike the ring of Lipschitz quaternions, the ring H(Z) of Hurwitz quaternions over Z is a principal
ideal ring:

Theorem 4.20. All ideals of H(Z) are principal.
Proof. See [13, Section 5.1] for a proof that one can perform Euclidean division in H(Z). O

Given the isomorphism
K[G] 5> K x K x K x K x H(K),
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it is natural to consider its restriction
S[G] — S x 8 xS xS xH(S).

Its image contains
85 x 85 x 85 x 85 x 2H'(9).

In particular, if we let
S[G] =8 xS xS xS xH(S),

we have 8S[G] < S[G] < S[G]. If 2 is invertible in S, then S[G] = S[G]. We will also write

S[G]y = 8% x §* x §* x H(S)* = S[G]y

and note that if 2 is invertible in S, then S[G]} = S[G]; .

Given that 8Z[G] € Z[G] < Z[G] and that Z[G] is a principal ideal ring, one can use Lemma
and a simple computer program to enumerate all 701 equivalence classes of full ideals I of Z[G].

For any odd prime p, we have
Lp |G =Z,|Gl = Zp x Ly x Ly x Ly, x M2(Zy).

Lemma therefore shows that Z,[G] is also a principal ideal ring for any odd prime p.

For counting G-extensions, we will later need the following lemma relating unitary full ideal classes
of Z[G] and unitary full ideal classes of Z2[G].

Lemma 4.21. For any unitary full ideal Jy of Zs|G], we have

3 [ZIGTF : Auty(1)] = [Z2[G]F : Auty (Ja)]-
unitary full
ideal class I of Z[G]
with IQ®Zox=Js

Remark 4.22. Corollary implies that Auty(I) and Aut;(J2) have finite index in Z[G]; and
Zs| Gy, respectively.

Proof. We describe the relation between full ideals of Z[G] and full ideals of Z,[G] via the ring of
adeles of Q. This is motivated by work of Borel [g].

Let Agp = ]_[; Qp be the finite part of the adele ring over Q and let 7= Hp Z,. We make use of the
fact that full ideals I of Z (resp. H(Z), Z[G]) can be written as U = (1), T}, where T), = U®Z, is a
full ideal of Z,, (vesp. H(Z,), Z,[G]) for all primes p, and T, = Z, (resp. H(Z,), Z,[G]) for almost
all primes p.

The facts that Z and H(Z) are principal ideal rings imply that Q* acts transitively on Z\Agﬂ by

right multiplication and that H(Q)* acts transitively on H(Z)*\H(Ag,)™ by right multiplication.
Hence, Q[G]} acts transitively on Z[G]\Agn[G] by right multiplication.

For any odd prime p, there is (up to equivalence) only one unitary full ideal of Z,[G]: the ideal
Jp = Zp[G]. Any unitary full ideal I of Z[G] such that I ® Zy =~ J, is therefore equivalent to one of

the form (1), JyAp, where A, € Aut; (J,)\Qp[G]y for all primes p. Using that Q[G];" acts transitively

on Z[G]\Aga[G]}, we can assume that \, € Aut;(J,)\Z,[G];. Note that Aut,(Js) is a subgroup
of Zy[G]; of finite index and Z,[G]; = Z,[G]; = Auty(J,) for all odd primes p. The group Z[G]

acts on [ [, Aut1(J,)\Zy[G]{ by right multiplication. The orbits correspond to equivalence classes
of unitary full ideals I satisfying I ® Zy = Jo, and the stabilizer of I is Autq(I). O
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4.3 Good primes

Let p # 2 be an odd prime. As we have seen earlier, I = Z,[G] is the only unitary full ideal up to

equivalence.

We will now compute the subset Pnondeg (Z,) < Prondee(Q,,), first in terms of the parametrization
P

given in Theorem . TTfs] then in terms of the parametrization given in Theorem

Lemma 4.23ys. Let p # 2 be an odd prime. An element (d,v1,va,v3, €1, €2,e3) of PP°"48(Q,) as
in Theoremm lies in P;SFg]eg(Zp) (i.e., satisfies the closedness condition (Cc)) if and only if

deZy, UZEZ , € € Lp, andﬁ-viengoralli.

Proof. This follows directly from the decomposition of H given in Lemma and the definition of
the bijection constructed in Theorem It is also obvious from the explicit multiplication table
given in Remark and Table O

Lemma 4.235[2 ). Let p # 2 be an odd prime. An element (d,v1,v9,v3,€1,€2,€3) of Pnondcg((@p)
as in Theorem (employing the isomorphism H(Q,) = M2(Q)) constructed in Lemma

lies in Pnondeg( Zyp) (i.e., satisfies the closedness condition (Cc)) if and only if d € Z,, v; € sla(Z,),

e; € Ly, cmd Ui € slo(Zy) for alli.

det(

Lemma 4.24. An element m = (d, vy, Ug, U3, €1, €2, €3) Of Pnondcg((@p) as in Theorem lies

n Z&E’é]( ») if and only if 616263 € Zyp, v; € 5la(Zy), e; € Ly, and d € Zy, is squarefree.

Proof. “<” Assume d € Z, is squarefree and v1, va, v3 € 6l3(Z,) and eq, ez, e3 € Zy, and ereges | d. As
det(v;) = 6127363, these conditions clearly imply that m e P;OFgf (Z,). Assume the extension is
nonmaximal. Recall that this means that there exists some A € Z,[G] n Q,[G]7\Z,[G]} such
that m’ = A"lom € Pnondeg( Zyp). Write X = (A1, A2, A3, Agr) and m/ = (d', v}, vh, v, €], eh, €b).
We have Z, 3 ehely = )\1 eses. Since eges | d and d is squarefree, this implies that A\ € ZX
Similarly, A2, As € Z. Furthermore, Z, 3 d’ = det(Ag)~'d. Since d is squarefree, this 1mphes
that either det(Ay) € Z) (so Ay € GL2(Z,) and therefore A € Z,[G]), or det(Ay) € pZ,); and
d’' € Z) . In the latter case, note that Z, > det(det(v,) vg) =

Similarly, eh € Zy. Since A1, A2, A3 € Z, it follows that eq,es,e3 € Z;. Multiplying Ay on

A2 , 80 we must have e}, e5 € Z).
€€y

the left and right by appropriate elements of GL2(Z,) < Z,[G];, we can assume that A is in
Smith Normal Form, so
_(p O
v (1 9)
Then, writing
(al by ) (02 by ) (a3 bs )
v = s Vg = 5 U3 = )
c1 —aq Co —asg 3 —as

sly(Zy) 305 = AT A G vid g = AT (“1 bl/p) .

cip —a1

we get

We must therefore have by = 0 mod p. Similarly, by =0 mod p and b3 =0 mod p. Remem-
ber that 0 = Tr(vivz) = 2a1a2 mod p, so one of the numbers a; and as must be divisible
by p, say a3 = 0 mod p. Hence, p | det(vy) = eges, contradicting our earlier conclusion that
€9,€3 € ZX .

Assume m € PP re) (Z,). We must in particular have d € Z,, v; € sla(Z,), e; € Z,, and
m -v; € sla(Zy). Assume for contradiction that p? | d or ejezes { d. Without loss of
generality, e; | e3 and eq | e3.
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Remember that det(wvy) is the discriminant of the degree two extension of Z,, fixed by {+1, +1}.
Discriminants of degree two extensions of Z,, (with p odd) are always squarefree, so ese3, and
similarly ejes and ejesz must be squarefree. Hence, eq,e5 € Z; and either es € Z; or ez € pZ;.
In particular, none of the three matrices vy, vo,v3 with determinants eses, ejes, ejes can be
divisible by p. Then, ﬁ -v1 implies that eses = det(vy) | d. In fact, ejezes | d, since
e] e Z; .

If p? | d, let us explicitly construct some A € Z,[G] N Q,[G]7\Z,[G]} such that m’ = A\=t.m e

P;;)ch;fg(Zp). There are two cases: If p’ejeges | d, then we can take A = (1,1,1, (152))

and get m’ = A"lm e P;;’Fgfg(Zp). If p | e3 and pejeses | d, then applying an element
of GLy(Z,) < Z,|G]y to m, we can turn vy into Frobenius Normal Form modulo p: either
v = (“01 _?11) mod p for some a1 € Z,, or v = ((1”’01) mod p for some by € Z,. As
det(v1) =0 mod p, but v; #£ 0 mod p, the only possibility that remainsis vy = (93) mod p.

Since Tr(vivg) = Tr(vivs) = 0, the matrices vy and vz must be of the form (# 9) modulo p.

We can then take A = (1,1,1,(29)) and get m’ = A"t.m e PZFng(Zp). O

Corollary 4.25. Let p # 2 be an odd prime. An element (d, v, v2,v3, €1, €2, e3) of PP148(Q,) as
in Theorem lies in Prie (Zp) if and only if ﬁ € Ly, vi € L3, e; € Ly, and d € Ly, is
squarefree. (In particular, the vectors vy, va,v3 cannot be divisible by p.)

Let us also rewrite the maximality condition in terms of the parameters es, vy, vo, d:

Corollary 4.26. Let p # 2 be an odd prime. An element (d, vy, v2,v3, €1, €2, e3) of PP148(Q,) as
in Theorem lies in PZE‘[’&](ZP) if and only if the following conditions hold: The number es

lies in Zy,. The vectors vi, v lie in Zi. Furthermore, |111|2 is squarefree and divisible by es and the

o1 | |va |

vector v1 x vy s also divisible by e3. Finally, d € Z, is squarefree and divisible by o

[v1 % |vz|?

2 2
Proof. Recall that v3 = “X%2 and ey = [l and e; = 25 Hence, eqeqe5 =
es es3 €3 €3

The squarefreeness of |v1|? is necessary since |v;|? = eges divides d. Furthermore, note that |vs|? =

2 2
%. Hence, if vs € Z3 and |v1]? € Z, is squarefree, then |vs|* is also divisible by es. O
For counting maximal G-extensions of Z, we will need to know how many maximal G-extensions Z,
has, weighted by the inverse of the number of automorphisms.

Lemma 4.27. For any odd prime p, we have

y | cond(R)[5*

=1+4p~ !
# Aut(R) TP

R maximal G-extension of Z,

Proof. Remember that nondegenerate G-extensions of Q,, correspond to continuous homomorphisms
[+ Gal(Q,|Q,) — G, modulo conjugation by elements of G. Automorphisms of G-extensions
correspond to centralizers of the image. As in Corollary we can therefore write

lcond(R);* 1 3 14
e | cond(f)| /4.
Aut(R G £ p

# Aut(R) # F:GaID,18,)C

R maximal G-extension of Z,

Now, use the description of the Galois group of the maximal tame extension of Q,, (see [I8], section
5]): the group is topologically generated by (a lift of) the Frobenius ¢ and a map 7 sending p'/* to
Cxp"*, subject to the relation p o7 0@ ™' = 7P, If f(7) = +1, there are 8 possible values of f(¢),
and cond(f) = 1. If f(7) = —1, there are 8 possible values of f(¢), and cond(f) = p*. If f(7) = +i
(or, similarly, f(7) = +j or f(7) = tk), there are 4 possible values of f(¢) (namely +1,+iif p=1
mod 4 and £j, +k if p=3 mod 4), and cond(f) = p*. O
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4.4 Bad prime

For counting maximal G-extensions of Z by conductor, we won’t need an explicit description of
P¥*(Zs) similar to Lemma It suffices to count maximal G-extensions of Zy as in Lemma [£.27]

Lemma 4.28. We have

5 [eond(R)" _
R maximal G-extension of Zg # AUt(R) |
Proof. Again,
A(R) YA 1
leond@®ly - _ 1 v ond (.

R maximal G-extension of Zj # Aut(R) #G £:Gal(Q5|Q2)—G
We use the database of local fields described in [I7] and also accessible at [30]. Separately study

each possible isomorphism class of the image of f in G.

Up to automorphisms of G, there are six surjective homomorphisms Gal(Q,|Q2) — G (there are six
Galois extensions of Qy with Galois group G). They all have conductor 2'6. The group G has 24
automorphismes.

Up to automorphisms of Z/47Z, there are twelve surjective homomorphisms Gal(Q,|Q2) — Z/4Z.
There are 6 embeddings Z/4Z < G and the conductor of the composition Gal(Q,|Q3) — Z/4Z «— G
doesn’t depend on the embedding. Modulo the embedding, one homomorphism has conductor 1,
one has conductor 28, two have conductor 2'2, eight have conductor 216.

There are seven surjective homomorphisms Gal(Q,|Q2) — Z/2Z. There is a unique embedding
7/27 — G. One map has conductor 1, two have conductor 28, four have conductor 2'2.

Finally, there is one trivial map Gal(Q,|Q2) — 1 — G. Therefore, the sum is

1
§(6-24~2*4+(1~1+1-2*2+2~2*3+8~2*4)~6+(1-1+2'2*2+4‘2*3)-1+1)=3. O

4.5 Measures

Let K = Q, for some prime p, or K = R. We denote the usual absolute value on K by |- |x. For
any vector v € K3, we write |v|x = ||v||x for the valuation of the length of v. If K = Q,, we will
alternatively write | - |,. If K = R, we simply write |- |.

For counting maximal G-extensions of bounded conductor, it will be useful to define a Haar measure
on the group K[G]; and a K[G]; -invariant measure on P"°"4¢¢(K). The technique of defining in-
variant measures has been used extensively. (See for example [5].) The sets PP*x(Z,,) = Prondes(Q,)
may contain infinitely many elements, but still have finite volume.

Let us endow K and H(K) with the standard (additive) Haar measure dg (normalized so that
vol(Z,) = vol(H'(Z,)) = 1). We can use it to construct a (multiplicative) Haar measure d*g on K*
by d*z = |z| dz and a (multiplicative) Haar measure d*x on H(K)* by d*z = |N(x)|*dz. They
combine to a (multiplicative) Haar measure d*X on K[G]} = K* x K* x K* x H(K)*.

As before, we identify P"°"d8(K) with the space of tuples (es,v1,ve,d) where e3,d € K* and
v1,v9 € K3 with |v1]?,|v2|? # 0 are orthogonal. Recall that the other parameters vs, e, e can be
computed as
V1 X g g |? |v1]?
= ey =

U3 = ) €1 ’
€3 €3 €3

and that the conductor is given by
cond(m) = d*.
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We define a K[G]; -invariant measure dm on P"°"d¢(K) by

deg d’l)l d'UQ dd
dm-r(m) = = —5 T rles,vi,va,d),
prondeg (K) KX |€3‘K K3\{]-|2=0} |'U1|K (v )\{]-|2=0} |U2‘K KX |d|K

where dv; is the standard Haar measure on K3, and dv, is the standard area measure on the

plane (v1)* < K3 perpendicular to v;. It will also be convenient to consider the measure d'm =

%4 =dm - |d|g on Prondes(K):

dm - | cond(m)

J d'm-r(m)
pnondcg(K)

:J d€3J dvlf dvs dd - r(e3,v1,va, d)
K

< lesli Jrovge=0y 101lic Jeorytygre=0y lv2lic Jiex

dUl d’UQ dd
= deg — P} P} 'T(e37vlav2ad)'
K~ K3\(-2=0} |€3| K Jewyi\q2=0y [V1lkles| Jrx [v1li|valfe/les| i

The Jacobi matrix for the map Q,[G]y — P"°"d8(Q,) given by A — A at A = 1 with re-
spect to the basis (dAi,dA2,dAs, da,db,de,dd) of the cotangent space T7Qp[G]; and the basis
(des, dv11, dvia, dvis, dvgg, dvag, dd) of the cotangent space T*Prondes(Q,,) is

11 -1 00 0 O
10 0 0O O O
00 0 00 0 2
00 0 00 -2 0
01 0 00 0 O
00 0 02 0 O
00 0 20 0 O

Its determinant is 16. Therefore, if A € K[G]{ is a subgroup of finite measure and if mg €
Prondeg (K has finite stabilizer Staba(mo), then

1
dm = |16l —— - J d*\
JA.mg 1611 #Staba(mo) Ja

and, because cond(A\.mg)"/* = N(Ag) cond(mg)"/4,

| condI(mO)\%4
# Stab 4 (myg)

14 _

J dm - |condr(m)|;" = 16|k - f AN INQOw)|k-
A.mg A

For any prime p and any unitary full ideal I of Z,[G], consider the local “volume”

“rp = f dm - |cond1(m)|11)/4.
PP (2,)

Remark 4.29. Note that the K[G]{ -invariance of dm together with Remark implies that pr
depends only on the equivalence class of the unitary full ideal I.

We can now compute the local “volume” pj , for any odd prime p:

Lemma 4.30. For any odd prime p and any unitary full ideal I of Z,|G], we have

prp=1+4p A —p H* (1 —p?).

62



Proof. We have seen above that

| condj(m)|,1)/4

i = 161, oA NGl
[m]eAut1 ([Z)\'P;nax(zp) # St’abAutl (1) (m) Auty (I)

Remember that I = Z,[G], so Aut1(]) = Z,[G]} = Z,[G]y. Therefore,
J A [N(Ag)lp = vol(Auty (1)) = vol(Z,[G]]) = vol(Z))? - vol(GLa(Zy))
Auty (I)

=1-p )P 1-pHA-pH=0Q-p ) A-p?).

Each orbit [m] € Autq(I)\P}**(Z,) corresponds to exactly one maximal G-extension of Z, and the
stabilizer of m in Auty () is isomorphic to Aut(R). Hence, using Lemma [4.27, we obtain

| cond(R)\;l;/4

—1\4 -2
KIp = Z 12 (1~ p (1 — p2)
R maximal G-extension of Zj, # Aut(R)
= +4p A —p ) 1 -p7). 0

Similarly, we can compute an appropriate weighted sum of the local “volumes” piy 2:
Lemma 4.31. We have

Hr,2 3

e = o
unitary full ideal class I of Z3[G] VOI(AUtl(I)) 2

Proof. Again,

| cond; (m)\;/4
[ir2 = > |16]5 - 2 Stab o) -vol(Auty (1)).
[m]eAut (I)\Pmax(Zs) Auty (1)
The result then follows from Lemma [4.28] as before. O
Corollary 4.32. Summing over ideal classes of Z[G], we get
rIQzs2 3

14
[G] #Aut1 (I) 2

unitary full ideal class I of Z

Proof. Combine the previous lemma and Lemma and use that

H#Z[G] = (#2°)® - #H(Z)* =2-2-2.24=3.2°

and

vol(Zo[G]Y) = vol(Z5 )3 - vol(H(Zy) ™) = (1/2)% - (3/2) = 3-27%. O

4.6 Counting

We discuss two different ways of counting maximal G-extensions R of Z:
a) by discriminant disc(R)

b) by conductor cond(R) = (h:#(ﬁ)l})
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Remark 4.33. The conductor cond(R) is a fourth power for any maximal G-extension R of Z.
Kliners [20, Korollar 7.1] has counted Galois extensions of Q with Galois group G by discriminantﬂ
Theorem 4.34. There exists a constant Cgisc > 0 such that

#{max. G-extension R of Z with | disc(R)|"* < X} = Caise - X + 0o(X).
We will show how to use our parametrization to count by conductor:
Theorem 4.35 (See Theorem [1.8). We have

#{max. G-extension R of Z with | cond(R)|** < X} = Ceona - X (log X)® + o(X (log X)?).

where
Coona = 1. [Ta+9Ha-phHa—p?)
cond 911 Y p p
p#2
1 _ _
=5 [[a+aHa—ph?
p#2

Q

0.00085271440732599.

There is a fundamental difference between counting by discriminant and counting by conductor:
To any G-extension L of Q, associate the subextension L{TH fixed by {+1} ¢ G. It is a (Z/27Z)>-
extension of Q. When ordering G-extensions L of Q by discriminant, a positive proportion of them
have the same associated subextension L{T!}, (In fact, in terms of our parametrization, a positive
proportion of G-extensions have the same vectors vi,ve,v3.) When ordering by conductor, any
(Z/27)*-extension occurs in 0% of G-extensions. (In fact, any vector v; and any number e; occurs
in 0% of G-extensions.)

This difference has several consequences:

e It is an obstruction for Kliiners’s proof to work when counting by conductor: For any (Z/27Z)-
extension L’ of @, he studies the number of Z/2Z-extensions L of L’ that are Galois over Q
with Galois group G. The Z/2Z-extensions of a fixed number field L’ can be counted using
Dirichlet series, but the error bound depends on the field L’. To have a chance of controlling
the total number of G-extensions, we want most of the contribution to come from few “small”

fields L'.

e It seems to be an obstruction to Cyjsc having a good representation as an Euler product: The
constant Cg;g. is largely influenced by the behavior of small (Z/27Z)?-extensions. In fact, we can
write Cgise = .7, f(L') for some natural values f(L’). Unless the values f(L’) exhibit some
multiplicative structure, one would not expect prime factors of the discriminant to behave
independently.

On the other hand, no particular L’ contributes a positive amount to the constant Cig,q, so
one could hope different primes behave independently by virtue of the Chinese Remainder
Theorem. This is why we can express Cconq in a natural way as an Euler product.

e When counting by conductor, almost all G-extensions have exactly two automorphisms. When
counting by discriminant, a positive proportion have more than two automorphisms. Instead of
simply counting G-extensions, one might find it more natural to count G-extensions L weighted
by 1/# Aut(L), or to exclude those G-extensions of Q that are not fields, which would change
the constant Cygisc.

11n fact, he counted extensions of arbitrary number fields!
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Remark 4.36. Counting Dj-extensions of Q, a similar phenomenon (different behaviors when
counting by discriminant versus conductor) has been observed by Altug, Shankar, Varma, and
Wilson in [1].

4.6.1 Overview

We first give an overview of the counting process. Our goal is to approximate the sum

1
Aut(R)

N(X) = >

R maximal G-extension of Z,
| cond(R)|Y*< X

% ) :
I unitary full ideal meAut, (I)\P***(2), StabAUtl (I) (m)

class of Z[G] | cond; (m)|V4<X
Ly RO o) < X
- % Auty (1)

I unitary full ideal
class of Z[G]

for large X.
For any unitary full ideal I of Z[G], let

M (X) = {m e PP(Z) | | cond;(m)|"* < X}.

In the following, we write f = O(g) if there exists some constant C (possibly depending on I, but
not on X or any other variable) such that |f| < C|g|. We write f = o(g) if for each € > 0, there
exists some N (possibly depending on I and e, but not on any other variable) such that |f| < e|g|
for all X > N. We write Op(g) and op(g) to signify that the constants C' or N may depend on P.

The main difficulty lies in showing the following theorem.

Theorem 4.37.

#M (X HMI@ZP p - X(log X)* + o(X (log X)?).

Summing over all unitary full ideals I of Z[G], we conclude:

Corollary 4.38.

Z H UI@ZP P

7 A, (7 - X(log X)* + o(X (log X)?).

For some purposes, the following estimate will be useful. It can easily be proved with the same
methods as Theorem

Theorem 4.39. For any vector u € Q3, let
M (X) = {m = (v1,v2,v3,d) € PP™(Z) | | cond(m)["* < X, v1 = u}.

Then,

#M}(X) = o(X (log X)?).
Corollary 4.40. When counting by conductor, almost all G-extensions have an automorphism group
of size two:

#{R maximal G-extension of Z | |cond(R)|"* < X and # Aut(R) # 2} = o(X (log X)?).
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Proof. For any m € PP**(Z), the elements +1 and —1 of Z(G) < Auty(I) (corresponding to
A= (1,1,1,%1) € Auty(I)) stabilize m. On the other hand, they are usually the only two elements of
Auty (I) stabilizing m: Say A = (A1, A2, A3, A\ir) € Q[G] stabilizes m = (vy,vq,vs,d) € Prondes(Q).
This means that N(Ag) = 1 and that vy, ve,v3 is an eigenbasis of the orthogonal matrix r(Ag) €
S03(Q) with corresponding eigenvalues )\fl, Ay L )\gl. The only possible rational eigenvalues of an
orthogonal matrix are +1. Hence, the eigenvalues must be 1,1, 1 or (some permutation of) 1, —1, —1.
In the former case, r(Ag) is the identity matrix, so Ay = +1. In the latter case, r(Ag) is a rotation
by angle 7 around one of the vectors v, va, vs. Now, Autq(I) is a finite group, so there are only
finitely many possible rotation axes. The following lemma then shows that there are only finitely
many possible vectors vy, vg, or vg. The result then follows from Theorem O

Lemma 4.41. For any unitary full ideal I and any line | € Q3 through the origin, there are only
O(1) vectors w €l such that there exists some m = (v, v2,vs,d) € PP**(Z) with v1 = u.

Proof. Replacing I by I\ for some A € Q,[G]], we can assume that v € Z3 for allm = (v1, ve,vs,d) €
,P;londeg (Z)

There exists a number P > 3 such that for all primes p > P, we have I ® Z,, = Z,[G]. As we have
seen in Corollary [4.25] the vector v; cannot be divisible by any such prime p > P.

On the other hand, for any small prime p < P, there are of course only finitely many maximal

G-extensions of Z,. The valuation |v;|2 is invariant under the action of Z,[G]}* 2 Aut; (/) and can
therefore only assume finitely many different values.

Therefore, v; € Z3 can only be some bounded multiple of a primitive vector spanning the line I. [

Lemma 4.42. When counting m = (d,v1,v2,vs, €1, €2, e3) € PP**(Z) by conductor, almost always
ler| # |ea| (and similarly |eq| # |es| and |es| # |es|):

#{m = (d,v1,02,v3,€1, €2,¢3) € PP(Z) | |cond(m)['* = |d| < X, |ea] = |e2]} = o(X (log X)?).

Proof. If |e1| = |ea], then disc{il’ik}(m) = ejey = €2. The discriminant of a maximal extension of
Z of degree 2 cannot be divisible by a square other than 4. Hence, the number |e;| = |ea| can only
attain finitely many different values. Then, |v3|?> = ejes implies that there are only finitely many
possible vectors vs and we can apply Theorem [4.39 O

Together with the volume computations in Lemma and Corollary we obtain our main
counting theorem: Theorem

To express cond;(m) in terms of the more convenient invariant cond(m), define

[2(G] - 1T?
[ZIGT=T: TED

T =
so that
cond;(m) = 17 - cond(m).

For any prime p, letting

Hip = dm - |C0Hd(m)‘]19/4,

J d'm =
'P}nax (Zp ) p;nax (Zp )

we therefore get
_ 1/4 /
Hip = ‘TI|p ! :U‘I,p'

It follows from the product formula for valuations that Theorem [4.37]is equivalent to the following
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theorem concerning the set

M}(X) = {m e PP™(Z) | | cond(m)|"* < X}
= M (|| X).

Theorem 4.37°.

#M7(X H.UI@Z D’ X (log X)* + o(X (log X)?).

4.6.2 Strategy
To count elements of the sets
Mi(X) = {m e PP*™(2) | | cond(m)|"/* < X},
first note that by symmetry, it suffices to count elements of sets we denote by abuse of notation by
5 M7 (X):
SMI(X) = {m = (v1,v2,v3, €1, €2, €3,d) € PP*(Z) | [ cond(m)["* < X and |e1| > |es| > |es]}
= {m = (es,v1,v2,d) € P/"™*(Z) | |d] < X and [va| = [v1] = [es]}.

To count elements of M} (X), we construct the tuples (es, vi,v2,d) € $M}(X) step by step:

1) Pick e3: Very roughly, the allowed values are those es € Z such that |e3|® < X.

2) Pick vy: Very roughly, the allowed vectors are those vy € 73 such that |v1\2 =0 mod e3 and
les| < |v1| < XV/4|es|'/4. (You expect them to have a density of é See Theoremm below.)

3) Pick vy: Very roughly, the allowed vectors are those vo € Z3 that are orthogonal to v; and
such that v1 x vo = 0 mod ez and |v;| < |va| < XV2|e3|"2/|v1]. (You pick vy from a lattice
that usually has covolume |v1] - |eg]|. See Corollary and Lemma below.)

4) Pick d: Very roughly, the allowed values are those d € Z such that d = 0 mod % and

|d] < X. (You pick d from a lattice of covolume M)

We use a sieve to control the behavior of the element m = (eg, v1,v2,d) € PP**(Z) at small primes
p<P.

Our goal is now to prove the following lemma.

Lemma 4.43. For sufficiently large P = 2, the number of elements of %M}(X) 18

#EM(X HNI@Z P X (log X)*
p<P

<1ogx>3<0p<1> +o(P).

Since the infinite product ]_[p //I®Zp,p converges to a positive real number, letting P and X go to
infinity, it follows that

#IM(X nﬂ@z - X(log X)® + o(X (log X)?).
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Using symmetry and Lemma [£.42] we obtain Theorem [£.37%}

#M(X Hu@zp » - X (log X)* + o(X (log X)?).

4.6.3 Integration by parts

To reduce summation problems to counting problems, we will frequently make use of integration by
parts in the form of the following lemma.

Lemma 4.44. Let n: R>1; — R be a function such that for all L > 0, there are only finitely many
x < L with n(x) # 0. Furthermore, let a,. = 0 for r = 0 with a, = 0 for all but finitely many r. Let
k> 1. Assume that for all L > 1,

N(L) = ) n(z) = aLF + ) O(a,LF).

<L r>0
Then, for all 1 < Ly < Ly, we have
(10g33)h k h41 h+1 (log L2)
> n(x)- S = 0 ((logLy)"*! — (log L) + > O | ar - % :
Li<z<L> r=0

for any integer h = 0. The same statement holds when replacing ag by O(ag) everywhere.

Proof. Using integration by parts, we see that

S @) 1B _ ok Y 0,2k - BB I ik 4 S oa iy - Qe L)

k k
Li<ax<Lo k r>0 L2 r>0 Ll
L o k(logt)" — h(logt)h—1
+ | dt(aot + ) O(a,th77)) - e
Ly r>0
The first two summands are
log L
Z O(ar(og Tz) )
r=0 L

The main term in the integral summand is

Lo h h—1
lo lo

= - ag - ((log Lg)h+1 — (log Ll)hH) + Op(ap(log Lg)h).
. i ol

The error term in the integral summand is

L k(logt)" + h(logt)h—! (log La)" + 1
([ St ) g (o)
> 1

r>0

4.6.4 A few well-known estimates

We will also repeatedly use the following well-known facts:

Lemma 4.45 (Mertens’ Theorem). For all Y = 1, we have

ST ! =loglogmax(Y, 10) + O(1).

p<Y prime
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Lemma 4.46. For all integers n > 1, we have

1_[ (1+p~ ') = O(loglog max(n, 10)).

p|n prime

Proof. We can assume without loss of generality that n > 100 and that n = p; - - - py is squarefree.
Denote the sequence of prime numbers by q; < g2 < ---. We of course have ¢; - - - & < n. The prime
number theorem implies that g = O(logn). Then, Mertens’ Theorem implies that

k k ko e
log [ [(1 +pfl)<10gn(1+QZ1)=—ZZ qu + O(1) = loglog g, + O(1)
i=1 i=1 im1j=1
< logloglogn + O(1). O

4.6.5 Counting lattice points

We will need to count points of bounded length in certain shifted lattices of ranks two and three.
Consider a lattice A € R™ of rank r and covolume V. For large L, we expect the number of vectors
v € A of length |v]| < L to be roughly vol(B,(L))/V, where B, (L) is an r-dimensional ball of radius L.
The main obstacle when trying to get good error bounds is that the lattice might be very degenerate.
For example, it might contain a nonzero vector of length far smaller than V/". To circumvent this
problem in rank two, we will exclude all vectors on the line through the shortest nonzero vector of
A. In rank three, our specific lattices happen to be sufficiently nondegenerate.

Lemma 4.47. Let A — Z3 be a rank two lattice of covolume V. Let by € A be a nonzero vector of
minimal length. Furthermore, lett € A and let M = 1 be an integer and L > 1 a real number. Then,
the number N (L) of vectors ve (MA + t)\b1Z of length |v| < L satisfies

2

and

In particular, if L <« V'/2, then N(L) = 0.

Proof. Tt is well-known that the number of nonzero vectors v € M A+t of length |v| < Lis 7- ML—;V +
O(L). The number of nonzero vectors v € b1Z of length |v| < L is clearly O(L).

By considering a reduced basis of A, one can easily show the second estimate: The number of vectors
ve A S MA +t that don’t lie on the line b, Z is O(L?/V). O

Corollary 4.48. Let A, V, t, M, by be as in the previous lemma. Then, for all 1 < L1 < Lo,

3 1o {W'W+O(é), Ly » V2,

2 1/2

ve(MA+t)\b1Z [0] 0, Ly « V2,
Lqi<|v|< Ly

Proof. Apply integration by parts (Lemma[4.44)) to the first estimate for N(L) when L > V and the
second estimate when L < V. O

When counting vectors in a shifted lattice of rank three, we will use a lower bound on the length of
the lattice’s shortest vector. The following lemma is also well-known.

69



Lemma 4.49. Let A be a lattice of rank three and covolume V. Assume every nonzero vector in A
has length at least B. Let t € A and let M > 1 be an integer and L > 1 a real number. Then, the
number of nonzero vectors v in the shifted lattice MA +t of length |v| < L is

4r L3 L?
3 ey O

4.6.6 Counting vectors v,

The number of nonzero vectors v € Z* of length |v| < L is 4T - L* + O(L?). For any prime number p,

exactly p? of the p* vectors T in F satisfy [0]> = 0 mod p. For a nonzero squarefree integer e, we

L
. . |e| o, .

The following theorem gives a concrete error bound and also allows for congruence conditions at

small primes.

therefore expect roughly 4{ . of the vectors v € Z3 of length |v| < L to satisfy |[v|> =0 mod e.

Theorem 4.50. Let P > 2. For any p < P, let A, < Z?) be a shifted Zy-lattice of rank three and
covolume V,,. Let e € Z be a cubefree nonzero integer. For any p > P, let

Sp(e) ={ve Zi | [v]*=0 mod e}.

Define
S(e) = () Apn ) Sple) € Z°.

p<P p>P

Then, for any L = 1, the number of nonzero vectors v € S(e) of length |v| < L is

%ﬂ' [T Yoy H(1+p‘1—p_2)+0<132- [[a+2 ]_[(2p‘1+3p—2)).

lelp el

p<P p>P, p>P, p>P,
p’le ple, p’le
p-te

Remark 4.51. One could easily replace the error bound by O(L? + |e|?), which is weaker for small
L, but slightly better than the one given in the lemma for large L. We won’t need this alternative
error bound. Also note that all nonzero vectors v € S(e) have length at least [ [,_p e[ 12 hecause
0P =0 mod [T, plel;.

Remark 4.52. According to Lemma [1.46] we have

[ +207") <[ [ +p7")? = O((log log max(|e], 10))?).

ple ple

Therefore, if e is divisible by p? for only a bounded number of primes p > P, then the error bound
in Theorem [£.50 is at most
O(L? - (loglog max(|e|, 10))?).

Remark 4.53. For the number of vectors v € Z3 of length |v| < L, the trivial estimate is 4?” .

L3+ O(L?). However, the error bound has been improved to O(L?Y/16+¢) by Heath-Brown. See [16,
Section 2] for a survey of this problem.

The idea of the proof of Theorem is to write the characteristic function of the set S(e) < Z3
as a linear combination of characteristic functions of lattices. We then separately count vectors in
each of the lattices, using divisibility relations of the form |v|?> = 0 mod [ to show that all vectors
v in a lattice have length at least ['/2. First, let us decompose characteristic functions locally: We
write Sy, (e) as a linear combination of p + 1 lattices if e is divisible by p exactly once, and as a linear
combination of 2p + 3 lattices if e is divisible by p exactly twice:
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Lemma 4.54. Let p # 2 be an odd prime and assume e € Z, is divisible by p exactly k, € {1,2} times.
Define Sy(e) as in Theorem|{.50. Then, we can write the characteristic function of Sp(e) < Zg as

Ls, ) = Z coeff,(s) - 1y, .

SEX,

Here, we used the sets of “symbols”

5 _ {1,...,p+1,n}, kp =1,
P {(L...,p+1L,100,....p+1n6,0}, k,=2.

The corresponding coefficients are

+1, se{l,....,p+1,0},
coeff,(s) = ¢ —p, s=n,
-1, s=infwithie{l,... p+1}.

The lattices Ay s S 73 have covolume V,, s (index V! ), where

p kel se{l,...,p+ 1,0},
V;?S: b, s=nN,

p4, s=infwithie{l,...,p+1}.
2

Furthermore, for each vector v € A, 5, we have |v|, < len,(s) (so [v|> =0 mod len,(s)™2), where

—ky/2
len, (s) = {p L sEM

P, s =n.

Proof. The conic V, = {w € P§ : |w|> = 0} € P§ is isomorphic to P; and therefore has exactly
p+1 points [w1], ..., [wpt1] € ]P’]%p over F,,. Using Hensel’s lemma, we can lift representatives w; € Ff,
to points w; € (Z/p*rZ)3 such that |w;|?> =0 mod p*».

If k, = 1, then the vectors © € (Z/pZ)? satisfying 0 = |9|> mod p therefore form the union of p + 1
subgroups (lines) Ay 1,--+ ,Ap pi1 of (Z/pZ)?3 of order p (and index p?). The intersection of any two

of the subgroups is the trivial subgroup A, ~ = (pZ/pZ)? = 0 of order 1 (and index p?®). Lift these
subgroups of (Z/pZ)3 to Z3. Then,

p+1

]]'Sp(e) = Z ]]'Ap,i —Dp- I]'Apm'
i=1

Any vector v in A, ; has [v]> =0 mod p. Any vector v in A, » = pZ?* has |[v|> =0 mod p.

If k, = 2, then the vectors o € (Z/p*Z)? satisfying 0 = |9|> mod p? form the union of p + 2
subgroups Ay 1, , Appi1, Ap g of (Z/p?Z)?: Here, the subgroups A, ; = w; - (Z/p*Z) + p-(w;y* for
i=1,...,p+1 are of order p® (and index p*), and the subgroup A, ¢ = (pZ/p®Z)? also has order p?
(and index p*). The intersection A, ; N A, ; of any two of the lattices (i # j) is contained in A, .
The intersections A, ;g = Api N App = p-(w;)" have order p? (and index p*). Again, lift these
subgroups of (Z/p*Z)3 to Z3 so that

p+1
]]'Sp(e) = E(IAPML - ILAp,imQ) + I]‘Ap,e'
i=1
Any vector v in Ay ; or Ay g or Ay g has [v]2 =0 mod p?. O
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Proof of Theorem[].50 We can assume without loss of generality that e is not divisible by any prime
p < P. (Dividing e by such a prime changes neither the set S(e) nor our expression for the number
of vectors.)

For any p > P, let e be divisible by p exactly k, € {0, 1,2} times. For any prime p dividing e, write
the characteristic function of S,(e) < Zf’) as a linear combination as above. Hence, the characteristic
function of the set S < Z3 is

1g = n 14, H]ls (e) = H 14, H Z coeff,(s)

p<P p<P ple s€X,

Expanding the product, we obtain

ls = Z H 1Ia, ncoeff Apf(p) Zcoeff “La;

f p<P

where we sum over all tuples (f(p))p|e such that f(p) € X, and where we used the notation

coeff(f) = Hcoeffp(f(P))

and

A= ﬂA mﬂAp,f(p c

p<P

For each summand, we will use Lemma to find the sum over all v € Z? with |v| < L. The shifted
lattice Ay < 73 has rank three. By the product formula for valuations, its covolume is

_ —1 —1
Vf)*HVp 'vaﬂp)
p<P ple

Therefore, the main term in 3 75 |, <7 Ls(v) coming from Lemma is

dr L3
main term = » coeff(f
2eoef) 3 77
47r H Vi - L3. choeff ()
p<P I ple

The main term can thus be factored as

main term = 4% : n v, L*- n Z coeff, (s)Vp,s

p<P p‘esezp
4 p+1 p p+1 p+1 1
:7'1_[‘/19'1:3' n ( 2 3)' n ( 5 .1 T3
3 p<P p: kp=1 p p p: kp=2 p p p
47 3 _ _
:g'nvp'g' (1+p~'=p72).
p<P p: kp=2

For the error term, note that (by the product formula for valuations) all nonzero vectors in the
lattice (7). Ap,f(p) have length at least

len(f) = nlenp(f(p))_l

ple
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The error term in 3, czs |,1<z Ls(v) coming from Lemma is therefore

error term = O(Zf}coeff leri;)z)
~o(z ST leot (10 P)len, (7(0))
O(L zf]];e[p )
ol L5 IS
O<L2~ [T a+207)- ] (2p_1+3p_2)). O

p: kp=1 p: kp=2

4.6.7 Counting vectors vy

Over a field, the cross product of two vectors is zero if and only if the vectors are colinear. A similar
statement holds modulo any integer e:

Lemma 4.55. Let v € Z3 be a primitive vector, let w € Z> be any vector, and let e be a nonzero
integer. Then, we have v x w =0 mod e if and only if w = Av mod e for some X € Z/eZ.

Proof. By the Chinese Remainder Theorem, we may assume that e = p* is a prime power. Let
v=(x,y,2z) and w = (2',3/,2). Since v is primitive, we can assume without loss of generality that
pfz. Then, 0 =v x w= (yz’ — 29/, 20’ — x2', 2y’ — yz’) mod p* implies that 2’ = z’z~'x mod p*
and 3 = 2’21y mod p*, so indeed w = 2’2~ v mod pF. O

Corollary 4.56. Let v,w € Z® be primitive orthogonal vectors and let e be a nonzero integer such
that v x w =0 mod e. Then, both |v|?> and |w|* are divisible by e.

Proof. We must have w = Av mod e for some integer A. Since w is a primitive vector, A and e
must be relatively prime. On the other hand, 0 = v-w = AJv|*> mod e, which implies that |v|? (and
similarly |w|?) must be divisible by e.

Lemma 4.57. Let v € (Z/eZ)? be a primitive vector and let e be a nonzero integer dividing |v|?.
Let {v)+ € (Z/eZ)? be set of vectors perpendicular to v. Consider the linear map f : (v)* — (v)*
sending w to v x w. Its kernel and image are both the span {v) < (v)* of v.

Proof. The statement on the kernel follows directly from Lemmam Furthermore, v x (v x w) =
—|v|?-w =0 mod e, so the image is contained in the kernel. Since v is primitive, the kernel (v) has
size e and the domain (v)* has size e?. Hence, the image also has to have size e and therefore has
to coincide with the kernel. O

See [27), Corollary in Section 2] for a more general form of the following lemma.

Lemma 4.58. Let v € Z3 be a primitive vector. Then, the vectors w € Z3 which are orthogonal to
v form a lattice A of rank two and covolume |v|.

Proof. The lattice A + Z - v is the kernel of the linear map Z* — Z/|v|*Z sending w to v - w. Since
v is primitive, the map is surjective. Hence, A + Z - v has index |v|? in Z3. Since A and Z - v are
orthogonal, the covolume |v|? of A + Z - v is the product of the covolume of A and the covolume |v|
of Z - v. O
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Corollary 4.59. Let v € Z3 be a primitive vector and let e be a nonzero integer dividing |v|?. Then,
the vectors w € Z2 which are orthogonal to v and such that v x w is divisible by e form a lattice A
of rank two and covolume |v| - |e|.

Proof. Since v is primitive, the lattice (v)* < Z? of vectors perpendicular to v € Z? surjects onto the
lattice ()t < (Z/eZ)? of vectors perpendicular to the reduction v € (Z/eZ)? of v modulo e. The set
of vectors w € (¥)* such that v x W =0 mod e has index e in (¥)* according to Lemma O

Lemma 4.60. Let p # 2 be an odd prime and let A < Zz be a primitive Z,-lattice of rank two.
Then, the set
{veA||lv)=0 mod p}

is the union of O(1) sublattices T' of A of index at least p.

Proof. Since A is a primitive lattice of rank two, its image V in IF‘?, is a two-dimensional vector space.
Consider the variety X of points v € ]P’]%p such that |v]? = 0. Since the variety X is smooth and of
degree two, it cannot contain the line V in ]P’IQFP. Therefore, the intersection X n V consists of at
most two points. Each point corresponds to a line in V < IF;;, which corresponds to a sublattice of
A of index p. If X nV is empty, then only the vectors in the sublattice A n pZi; of index p? satisfy
|v]2 =0 mod p. O

Lemma 4.61. Let p # 2 be an odd prime and let A < Zf) be a primitive Z,-lattice of rank two.
Then, the set
{veA|lv]*)=0 mod p*}

is the union of O(1) sublattices T' of A of covolume at most p~2.

Proof. We can use Hensel’s Lemma to lift the O(1) sublattices with |v|*> = 0 mod p to O(1) sub-
lattices with [v|*> = 0 mod p?. It only remains to show that every Z,-lattice I' & Zf, of rank two
such that [v|2 =0 mod p? for all v € I has covolume at most p~2. Let (v, w) be a basis of I'. Then,
lzv + yw|?> = 0 mod p? for all z,y € Z, implies that |[v]* = |w|?> = v-w =0 mod p*. Hence, the

covolume
dot ]2 v-w
veow o |w)?

of T is indeed at most p~2. O

1/2

p

Lemma 4.62. Let p # 2 be an odd prime and v € Zg a nonzero vector such that |v|? is squarefree.
Write [v]? = ee’ for some e, €' € Z,.

Then, the set

Sp(e,v)={weZ2|v~w=0andv><sz mode};(vfme,ng.

is a lattice of rank two and covolume |v|p|el,.

The subset
S,(e,v) = {we Sy(e,v) | lw|> =0 mod ep} < (W) Zg < Zi’,.

is the union of O(1) lattices of rank two and covolume at most |v|,|e|,p~?.

If pt|v|? (and therefore pte), the subset
Si(e,v) = {we Sy(e,v) | lw]> =0 mod p*} < (w)y" N7 < Z2.

is the union of O(1) lattices of rank two and covolume at most |v|y|e|,p~2 = p~2.

Proof. The first statement follows from the proof of Corollary
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If p t e, then Sp(e,v) = Sp(1,v) = (v)* N Z3 < Z3 is a primitive lattice of covolume |v],, so the
remaining statements follow from Lemmas [£.60] and [4.61}

It only remains to show the second statement if p | e. The lattice Sp(e,v) contains a vector v’ = v
mod e. Since v-v' =0 and ee’ is squarefree, we get

W2 = v -0 —|v?=—|v]* = —e’ £0 mod p*.

Therefore, Sp(e,v) isn’t contained in any of the O(1) sublattices I' of S,(1,v) of vectors w with
|w|> =0 mod p?. The O(1) intersections Sp(e,v) N I' & S,(e,v) must then all have index at least
pin Sp(e, v). O

4.6.8 Conclusion of the proof

As before, let I be a unitary full ideal of Z[G].

By replacing I by I\ for some appropriate A € Q[G];, we can assume without loss of generality that
for all primes p and all (e3,v1,v9,d) € Plez, (Z,), we have e, d € Z, and v1,v9 € Zf, and % | d
and ez | v1 X va.

Let P > 2 so that I ® Z,, = Z,[G] for all primes p > P.

The preparations in the previous sections now reduce the proof of Lemma m (and therefore
Theorem [4.35)) to a straightforward but lengthy computation, which we will sketch in this section.
Recall the definition of M} (X):

gM(X) = {m = (e3,v1,v2,d) € PP™(Z) | |d| < X and [va| = Jv1] > es|}.

For primes p < P, we use the local “volumes” y7 , to count points in P?‘gg (Zp). For primes p > P,

we use the criterion given in Corollary to descrlbe points in Py (Zy).

Lemma 4.63. Let e3 € Z be nonzero and let v1,vo € Z3 be nonzero orthogonal vectors such that
e3 | |v1]? and e3 | v1 x vy and the following local conditions hold:

2 2
e For all p > P, we have p? 1 |'U1|2 and p* 1 %

e We have |es| < |vi| < |v2| and % < X.

Then, the number of d such that (e3,v1,v9,d) € %M}(X) 18

Xle
Zl— Hulpe;;,vl,vg) 2. _Xlea| + Op(1)

<P [v1]2|v2|?
Xle
+ B |2|5||2 : (O(P_l) +O( )] p_l))
1]%|v2 b P,
p||v1\1v2\2
where
prplesson,vz) = | a
I 3 1 2) = T o1 1o 1 *
P di(e3,v1,02,A)EPFEE, (Zp) |v1|12,|v2|12,/|e3|p

If one of the local conditions doesn’t hold, there is no such number d.

Proof. For each p < P, we can write the set of possible d € Z,, (such that (e3,v1, v2,d) € Pigy (Zy))
as the disjoint union of Op(1) shifted lattices of rank one in Z,,.
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For p > P, the set of possible d € Z,, (such that w | d and p? t d) is

[0]?[ve?
( Ty |\P*Zy S Zy.

es
The set of possible d € R (such that |cond |'/* = |d| < X) is
[-X,X] < R.

Hence,

1222 [v1[2]va |2
Z H — =L (e, v1,v2) - H % +Op(1)

d p<P ‘ 3| p>P | 3‘17
+(9<X' les] Z ng(|”1|2|112|2/63,P))
[or2los2 22, %
/ |€3|
= | | #oples,vi,v2) 2 +0p(1)
pga v 01?02
Xles| ( -1 -1
+ o h+o( > ) O
2[05 2
[vi]?[ve] b
p|lealZlvzl?
€3

Lemma 4.64. Let e3 € Z be nonzero and let vi € Z3 be a nonzero vector such that ez | |vi|?> and
the following local conditions hold:
e For all p > P, we have p* { |v1|2.

e We have |es| < |v1] and |f613||4 < X.

Then, the number of (va,d) such that (es,v1,vs,d) € %M}(X) 18

log X + log |es| — 4log |v
Zl_ nmpe?”vl o X (log g les| g |v1])

v2,d p<P |'01\3
Xlog X _ _
(op(1) +O(P~H +0( > p7),
v [?
p>P,
pllo1]?
where
o ) ‘[ dwvg dd
I'LI) €3,v1) = .
P (1)2,(1):(63,1)1,1)2,d)€77}“®"£‘y(Zp) |vl‘P|e3|P ‘,U1|;2)‘,U2|;2)/|63|P
d’UQ
= J T ’/1'/17]3(637@17,02)'
(oyteqz [vilpleslp

If one of the local conditions doesn’t hold, there are no such (ve,d).

Proof. For each p < P, write the set of possible vy € (v1)* < Z3 (such that (es, vy, vs,d) € Prez, (Zp)
for some d) as the disjoint union of Op(1) shifted lattices in Wthh W (€3, v1,v2) is constant.

For p > P, the set of possible vy € (v;)* < Zg (satisfying the local conditions es | v; x ve and
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P2t W) is (using the notation of Lemma {4.62])

S, (6371}1), p| |Ul\2,
N, = S (637’01)\ p
! ! 55(63701% p1lvl?

2 2
The set of possible vy € (vy)* < R3 (satisfying the local conditions |v1| < |vz| and %

< X) is
{v2 € o)t S R? | |u1] < [va] < X2 [es]2|or| .

You can apply Corollary to find the sum of ﬁ over all possible vectors vy outside some line
b1Z. Lemma tells us that there are only O(1) possible vectors ve on this line b Z. O

Lemma 4.65. Let e3 € Z be nonzero and assume that the following local conditions hold:

e For all p > P, we have p? | e3.

e We have |e3]® < X.

Then, the number of (v1,va,d) such that (e3,v1,vs,d) € %M}(X) 18

X (log X — 3log |e3])?
3 1 ] phyle - KU Sloels)

v1,v2,d p<P |63|
X (log X)? _ _
T'(OP(D"‘O(P 1)+O(Z ),
3 p>P,
ples
where
prples) = [ SURBMLLY S = | e lea )
0 - ) ) - =L (e, o).
P (vr.v2.d):(eswr 00 PR (2,) |€3lp [V1lpleslp lvil3lv2l3/lesly  Jog lesl, =77

If one of the local conditions doesn’t hold, there are no such (vi,vs,d).

Proof. For each p < P, we can write the set of possible v € Zz (such that (es, v1,v9,d) € Proz, (zZ,)
for some vy, d) as the disjoint union of Op(1) shifted lattices in which pf ,(es,v1) is constant.

For p > P, the set of possible v; € Z3 (satisfying the local conditions e | [v1]* and p? { es) is (using
the notation of Theorem |4.50))

Sp(esp),  p|es,
Sp(e”\{Sp(egp“m ptes.

[va [*

The set of possible v; € R? (satisfying the local conditions |e3| < |v1| and |€13‘|

< X)is
{v1 € R? | Jes| < [u1] < X/*|es| 4}

Then, Theorem and integration by parts (Lemma {4.44) show the claim. O
Lemma 4.66 (Lemma [4.43). The number of (e3, vy, v2,d) € M} (X) is

272 3
#5M(X) = [ [ #h, =5 X(log X)

p<P

+ X (log X)3(op(1) + O(P71)),
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where

dv1 d’UQ dd
Wr, = f d'm = des - : g = f des - piy ,(e3).
T2, (Zo) PmEx (Zy) leslp  [vilplesly  |vil3lvalp/leslp »

I®Lyp

Proof. For each p < P, we can write the set of possible e3 € Z,, (such that (e, v1,v2,d) € Prez, (z,)
for some v1,va, d) as the disjoint union of Op(1) shifted lattices in which u} (es) is constant.

For p > P, the set of possible e3 € Z,, (satisfying the local condition p? 1 e3) is Z,\p*Z,.
The set of possible e3 € R (satisfying the local condition |es|® < X) is [-X /3, X1/3].
Then, integration by parts (Lemma [4.44]) shows the claim. O

This concludes the proof of Theorem @ (and Theorem .
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Chapter 5

Symmetric groups

5.1 Degree 3

Let G = S3 by the symmetric group of degree three and let K be any field with char(K) # 2,3. We
then have an isomorphism K[G] =~ K x K x Ms(K), corresponding to the irreducible representations
triv, sgn, std. We define these representations as follows:

id  (12) (23) (13) (132) (123)
triv | 1 1 1 1 1 1
sgn | 1 -1 -1 ~1 1 1

std | (69) (96) (H2%) (o073 (L h) (HY)

The decomposition of tensor products of irreducible representations of G is then:

® | triv  sgn std
triv | triv = sgn std
sgn | sgn triv std

std | std std triv®sgn @ std
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Accordingly, fix the following projection and inclusion maps V; ® Vo 2

sgn & sgn triv
1®1" 1
sgn ® std std
o ;) Je
o (5% (5)
std ® std triv

(2)e (o)

1
g(Qac + 2bd + ad + be)

1
€1®€1—§(€1®€2+€2®€1)+62®62 i1
std ® std sgn
a c 1
§)e()
e1®ex —ea®ey 1
std ® std std

(2)e (o)

ae1 ®e1 — (a+b)(e1 @ea +e2®e1) + beg ® ey (a)

1 ac — 2bd — ad — be
3 \bd — 2ac — ad — be

b

Some of the representations Hom g (W — Vi ® V2) of K[G]y* decompose further:

Homg (triv — sgn ® sgn) = sgn ® sgn
Homg (std — sgn ® std) =~ sgn ® Ms(std)

~

(sgn ® sl(std)) @ sgn

Hom g (triv — std ® std) = Sym?(std) @ Alt?(std)

Homg (sgn — std ® std)

Homg (std — std ® std)

When considering nondegenerate extensions, only the following summands remain. (The trivial

>~

lle

lle

0

Sym?(std) @ det(std)

1 gym? 2

san (Sym®(std) @ Alt*(std))
1

sgn

1
2
Sym~(std) ® san det(std)

I 3
det(std) Sym® (std) @ std @ std
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extension projects to 0 on all other summands.)

triv. ——  sgn ® sgn

l——m s 1®d (d € sgn ®sgn)

std —— > sgn ® std

r— 1@ Mz (M € sgn ®sl(std))

triv —— std ® std

l—— s (s € Sym?(std))

sgn ——— std ® std
l—— e(e1®e2—e2®e1) (e e detlst)

sgn

std —— std ® std

x——— v(x) (ve m Sym?(std))

where
v((%)) = (Bvib —v2a)e1 ®eq + (v2b —v3a)(e1 @ ez + e2 @ e1) + (v3b — 3vaa)es ® en
for v = vie$ + vaetes + vzered + vael € m Sym?® (std).
We can thus identify any element m e P"°"d°8(K') with a tuple
(d,M,s,e,v) € K®sly(K)®Sym?(K?)® K @ Sym®(K?).
The corresponding values for the trivial extension are:

1 2
d=1, M = (2 1), s=el —eez + €3,
e=1, V= —6%62 + eleg.

For v = vle? + vgefeg + 1136163 + v4e§, define

Hessian(v) = det (61’161 + 2vze3 2v2eq + 21)362)

2u9eq + 2vuzes  2vzeq + 6uges
= 4[(311161 + 1)262)(’0361 + 3U4€2) — (’U261 + 11362)2]

= 4[(3v1vs — v3)e? + (Juivy — vovz)eres + (3uguy — v3)ed].
The associativity condition is then equivalent to:

—4s = Hessian(v)
—3dI, = M?

—S92 281
eM = for s = sle% + sqe1eo + 5365
7283 S92
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Note that M? is a multiple of the identity matrix I for any trace-free 2 x 2-matrix M.

The discriminants are

3
disc(m) = % - d - disc(s)? = %,
e
disc{® 2 (1m) = f% -disc(s) = disc(v),
disc{ 2 3)>(m) = d = diSCQ(U).
e

5.2 Higher degrees

Let n > 1 be an integer and let K be a field with char(K) = 0 or char(K) > n. To an extension of
K of degree n, we can then canonically associate an S,,-extension of K.

The representations that were previously used to parametrize extension of degree n = 3,4,5 are
irreducible K[G]; -subrepresentations P of H (see the appendix for notation and the deCOHlpOblthl'l
of H): Levi [22] (and later Delone and Faddeev [14]) used the representation det(st ) Sym?(std) =

X (std) for n = 3. Wright and Yukie [33] used the representation Sym?(std) ® 2a* = Symzistd for

n = 4 and the representation Alt?(5a’) ® std™* = Altbt(d?a) for n = 5.

For any projection map p : P — P, denote by ker(P) the kernel of the K[G]; -representation P.
We therefore obtain a representation P of the group K[G];/ker(P). For this representation to
parametrize S,,-extensions of K, we want the stabilizer of p(r) € P to be G — K[G]{/ker(P). In
other words, we want G N ker(P) = 1 and the K|[G]] -stabilizer of p(r) should be G - ker(P) <
K[G]y. On the other hand, to facilitate counting, we want the K®°P[G] -orbit of p(7) to have small
codimension in P. (In the above parametrizations for n = 3, 4,5, the orbit was in fact dense, so we
obtained a prehomogeneous vector space.)

Carefully studing the tables in the appendix, you can show that for n = 6, there is no such projection
p: P — P such that the orbit p(Prondee(KseP)) = p(K*°P[G];.7) has codimension less than 15.

Remark 5.1. There is no projection p : P — P such that the stabilizer of p(7) € P in the group
K[G]{/ker(P) is finite and the orbit p(Pm°nde8) P has codimension less than 15.

82



Chapter 6

Appendix: Decompositions

Let K = C be the field of complex numbers. In the following tables, we analyze the space H for
certain small groups G. First, we write down the character table of G. Then, we decompose the sub-
space of H spanned by the nondegenerate orbit P2°"d8(K) into irreducible K[G]] -representations.
We write a summand L = Homg(V,, — V; ® V;) as VQ/Z/J
ing in H, we give its multiplicity. Furthermore, we denote by ker(L) = K[G]y the kernel of the
K[G]{ -representation L. We write X (V;) for the irreducible representation of GL(V;) with highest
weight (2,0,...,0,—1) and Y (V;) for the irreducible representation of GL(V;) with highest weight
(1,1,0,...,0,—1). The summands of the form ¢ (which are fixed by the unit condition (Cu))
are omitted. '

. For each irreducible summand occur-

Remark 6.1. Let n > 1 be an integer and G = S,,. Let K be a field of characteristic zero. To an
extension of K of degree n, we can then canonically associate an S),-extension of K.

The representations that were previously used to parametrize extension of degree n = 3,4,5 are
irreducible K[G]; -subrepresentations P of H: Levi [22] (and later Delone and Faddeev [14]) used the

representation m Sym?®(std) = X (std) for n = 3. Wright and Yukie [33] used the representation
Sym?(std) ® 2a* = w for n = 4 and the representation Alt?(5a’) @ std’* = % for n = 5.

For any projection map p : H — P, denote by ker(P) the kernel of the K[G]; -representation P.
We therefore obtain a representation P of the group K[G];/ker(P). For this representation to
parametrize G-extensions of K, we need the stabilizer of p(n) € P to be G — K[G];/ker(P). In
other words, we want G nker(P) = 1 and the K[G]; -stabilizer of p(r) should be G-ker(P) = K[G];.
On the other hand, to facilitate counting, it is desirable that the K®P[G]; -orbit of p(m) has small
codimension in P.

In the above parametrizations for n = 3,4,5, the orbit was in fact dense, so we obtained a preho-
mogeneous vector space. Unfortunately, we are not so lucky for n = 6:

Remark 6.2. For G = Sg, there is no projection p : H — P such that the stabilizer of p(w) € P
in the group K[G]}/ker(P) is G — K[G]}/ker(P) and the orbit p(P"°"de8) c P has codimension
less than 15.
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6.1 Symmetric Group 5

Order: 2
Conjugacy classes: 1 = [1,1], 2 = [2]

Table 6.1.1: Irreducible characters for the Symmetric Group S

1 2
Size | 1 1
triv | 1 1
sign | 1 -1

Table 6.1.2: Nontrivial summands for the Symmetric Group S,

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 Sym?(sign) 1 1 0
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6.2 Symmetric Group 53

Order: 6
Conjugacy classes: 1 =[1,1,1], 2 =[1,2], 3 = [3]

Table 6.2.1: Irreducible characters for the Symmetric Group S

1 2 3

Size | 1 3 2

triv | 1 1 1

sign |1 -1 1
std |2 0 -1

Table 6.2.2: Nontrivial summands for the Symmetric Group S5

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

2

1 Alt . (std) 1 4 3
sign

1 Sym?(std) 3 4 —1

1 sl(std) - sign 3 4 -1

1 Sym? (sign) 1 1 0

1 X(std) 4 4 0
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6.3 Symmetric Group 5,

Order: 24
Conjugacy classes: 1 =[1,1,1,1],2 =[1,1,2], 3 =[1,3],4 = [2,2], 5 = [4]

Table 6.3.1: Irreducible characters for the Symmetric Group Sy

1 2 3 4 5

Size |1 6 8 3 6

triv | 11 1 1 1
sign |1 -1 1 1 -1

22 |2 0 -1 2 0
std |3 1 0o -1 -1

std |3 -1 0 -1 1

Table 6.3.2: Nontrivial summands for the Symmetric Group Sy

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

Alt? (std
1 Alt*(std) 9 17 -8
std
sign - std
1 = 9 17 -8
std’
11 .Q 4
1 sign - std 9 17 3
std
/
1 std' std 9 17 _3
sign
2
L Alt. (2a) 1 4 _3
sign
1 Sym?(std’) 6 9 -3
1 Sym?(std) 6 9 -3
1 Y (std’) 6 9 -3
29, -
1 a-std 18 20 —2
std
/
1 2a - std 18 20 )
std
/
1 std - std. 18 20 9
2a
1 Sym?(2a) 3 4 ~1
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Table 6.3.2: Nontrivial summands for the Symmetric Group Sy

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 s[(2a) - sign 3 4 -1
1 Sym? (sign) 1 1 0
1 X(2a) 4 4 0

2 /

2a,

2
) Sym™(std) 12 12 0

2a

2 /

std
1 sl(std’) - 2a 16 12 4
1 sl(std) - 2a 16 12 4
1 X(std) 15 9 6
1 sl(std’) - std 24 17 7
1 sl(std) - std’ 24 17 7

87



6.4 Symmetric Group S;
Order: 120

Conjugacy classes: 1 =[1,1,1,1,1],2=[1,1,1,2],3 =[1,1,3],4 = [1,2,2],5 = [1,4], 6 = [2, 3],
7 = [5]

Table 6.4.1: Irreducible characters for the Symmetric Group Ss

1 2 3 4 5 6 7T
Size |1 10 20 15 30 20 24
triv | 11 1 1 1 1 1
sign | 1 -1 1 -1 -1 1
std | 4 2 1 0 0 -1 -1
std |4 -2 1 0 0 1 -1
5a |5 -1 -1 1 -1 0
5 |5 1 -1 1 -1 1 0
6a |6 0 0O -2 0 0 1

Table 6.4.2: Nontrivial summands for the Symmetric Group Ss

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

. !/
1 ba - oa 25 49 —94
sign
1 sign - 5a 25 49 —24
Ha
-
1 sign - 52’ 25 49 —94
Ha
ign - std
1 el e 16 31 ~15
std
. /
1 sign - std’ 16 31 ~15
std
/
1 std - std 16 31 —15
sign
1 Sym?(6a) 21 36 ~15
2
1 Sym’(6a) 21 36 —15
sign
2 /
1 ALt (std') 36 51 ~15
ba
Alt?(s
1 Alt*(std) 36 51 15
6a
1 Sym?(5a’) 15 25 ~10
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Table 6.4.2: Nontrivial summands for the Symmetric Group Sj

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 Sym?(5a) 15 25 —10
1 Sym?(std’) 10 16 —6
1 Sym?(std) 10 16 —6
1 s[(6a) - sign 35 36 -1
1 Sym? (sign) 1 1 0
Alt?(5a/
1 Alt”(52') 40 40 0
std
Alt”
! Alt™(5a) 40 40 0
std
2 /
1 Alt” (52) 60 60 0
ba
Alt”
1 Alt”(52) 60 60 0
6a
2 /
std
Alt?
1 M 60 51 9
std
2 /
1 Sym’(std) 50 40 10
Ha
2
1 Sym”(std) 50 40 10
Ha
2
1 ALt (6a) 75 60 15
Ha
1 X(std) 36 16 20
2 /
1 Sym”(5a7) 60 40 20
std
2
1 Sym’(5a) 60 40 20
std
td -
1 std - 5a 80 55 25
std
/
1 std - std 80 55 25
Ha

89



Table 6.4.2: Nontrivial summands for the Symmetric Group Sj

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

!
1 std’ - 5a 80 55 25
std
2 /
1 Sym”(5a7) 75 49 2
Ha
2
1 Sym”(5a) f5a) 75 49 2
Ha
1 sl(std”) - std 60 31 29
1 M 96 66 30
std
!/
1 std - std 96 66 30
6a
-l / .
1 std’ - Ga 96 66 30
std
2
1 Sym’(6a) 84 51 33
std
1 si(std’) - 5a’ 75 40 35
1 si(std) - 5a’ 75 40 35
. !
1 m 100 64 36
std
!/
1 ba - ba 100 64 36
std
1 M 100 64 36
Ha
/
1 std - 5a 100 64 36
Ha
!
1 M 100 64 36
Ha
! !
1 std_ - 5a’ 100 64 36
Ha
1 si(std’) - 6a 90 51 39
1 si(std) - 6a 90 51 39
1 X(5a') 70 25 45
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Table 6.4.2: Nontrivial summands for the Symmetric Group Sj

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 X (5a) 70 25 45
2

2 Sym”(6a) §6a> 105 60 45
Ha
2

1 Sym’(6a) 105 60 45
Ha

1 ba_Ga 120 75 45
std

1 ba - Ga 120 75 45
std
l .

1 L,Ga 120 75 45
std
!

1 oa - Ga 120 75 45
std

1 std - 5a 120 75 45
ba

3 . /

1 std - 5a 120 75 45
6a

1 M 120 75 45
Ha

1 std - 6a 120 75 45
Ha
!

1 std_ - 5a 120 75 45
ba
!/ !

1 std_ - 5a’ 120 75 45
6a
!

1 M 120 75 45
Ha
!

1 std_ - Ga 120 75 45
Ha

1 Y (6a) 84 36 48

1 sl(5) - std 96 40 56

1 sl(5a) - std’ 96 40 56

1 sl(5a) - std 96 40 56
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Table 6.4.2: Nontrivial summands for the Symmetric Group Sj

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 sl(5a) - std’ 96 40 56
. /
1 ba - da 150 84 66
6a
1 baGa 150 84 66
Ha
/.
1 ba - ba 150 84 66
Ha
1 sl(52) - 5a 120 49 71
1 si(5a) - 5a’ 120 49 71
1 si(52) - 6a 144 60 84
1 sl(5a) - 6a 144 60 84
1 sl(6a) - std 140 51 89
1 sl(6a) - std’ 140 51 89
2 sl(6a) - 5a 175 60 115
2 sl(6a) - 58’ 175 60 115
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6.5 Symmetric Group S

Order: 720
Conjugacy classes: 1 = [1,1,1,1,1,1], 2 = [1,1,1,1,2], 3 = [1,1,1,3], 4 = [1,1,2,2], 5
[1,1,4], 6 = [1,2,3], 7 = [1,5], 8 = [2,2,2], 9 = [2,4], 10 = [3,3], 11 = [6]

Table 6.5.1: Irreducible characters for the Symmetric Group Sg

1 2 3 4 5 6 7 8 9 10 11
Size | 1 15 40 45 90 120 144 15 90 40 120
triv | 11 1 1 1 1 1 1
sign | 1 -1 1 -1 -1 1 -1 1 R
std | 5 3 1 1 0 0o -1 -1 -1 -1
std | 5 -3 1 -1 0 0 1 -1 -1 1
5a | 5 -1 -1 1 1 -1 0 3 -1 2 0
5/ | 5 1 -1 1 -1 1 0 -3 -1 2 0
9 | 9 -3 0 1 1 0o -1 -3 1 0 0
92 | 9 3 0 1 -1 0 -1 1 0 0
10a |10 -2 1 -2 0 1 0 2 0 R
10a’ | 10 1 -2 0 -1 0 =2 0 1
16a |16 0 -2 0 0 0 1 0 0 -2

Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 Sym?(16a) 136 256 —120
2
1 Sym”(162) 136 256 ~120
sign
. !
1 10a - 102 100 199 —99
sign
sign - 10a
1 slen - 18 100 199 —99
10a/
o
1 sign - 102’ 100 199 —99
10a
!/
1 9a - 9a 81 161 —80
sign
1 sign 9a 81 161 —80
9a
. /
1 sign - 9’ 81 161 —80
9a
1 Sym?(10a’) 55 100 —45
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
1 Sym?(10a) 55 100 —45
1 Sym?(9a’) 45 81 —36
1 Sym?(9a) 45 81 —36

. /
1 ba_ba 25 49 —24
sign
1 sign - 5a 25 49 —24
5a
-
1 sign - 5’ 25 49 —24
oa
1 sign - std 25 49 —24
std
. /
1 sign - std’ 25 49 —24
std
3 .Q 4
1 std - std. 25 49 —24
sign
2 !
1 Al (5a) 100 124 —24
10a
2
1 Alt™(5a) 100 124 —24
10a
Alt? (std’)
1 _— 1 124 —24
10a/ 00
Alt?(std)
1 = 100 124 —24
10a’
1 Sym?(5a’) 15 25 ~10
1 Sym?(5a) 15 25 ~10
1 Sym?(std’) 15 25 ~10
1 Sym?(std) 15 25 —10
1 s[(16a) - sign 255 256 -1
1 Sym?(sign) 1 1 0
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

2 /
1 Sym”(5a7) 75 49 2%
Ha
2 /
std
2 /
1 Sym(5a’) 135 105 30
9a
Sym?(5
1 Sym’(5a) 135 105 30
9a
204/
1 SymIstd) g 105 30
9a
2
td
1 Sym’(std) 135 105 30
9a
1 X (5a) 70 25 45
1 X(std) 70 25 45
1 sl(52) - 5a 120 49 71
1 si(std’) - std 120 49 71
. !
1 ba - Sa 9295 129 96
9a
1 ba 9a 225 129 96
Ha
1 ba - da 9295 129 96
std
/
1 ba 9l 295 129 96
std
/-
1 oa - Ja 9295 129 96
Ha
!
1 ba_-9a 225 129 96
std
1 0a/
1 ba - Ja 9295 129 96
std
1 std - 5a 9295 129 96
9a
td - Ha’
1 2e o8 225 129 96
9a
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
1 St‘;ga 295 129 96
1 Stjtﬁga 295 129 96
1 % 295 129 96
1 %;td/ 295 129 96
1 “C;T',m 295 129 96
1 % 295 129 96
1 St(gT',ga 225 129 96
1 St‘i/taga 225 129 96
1 “%Tga 225 129 96
1 % 400 304 96
1 5as't;6a 400 304 96
1 % 400 304 96
1 5‘3‘;36& 400 304 96
1 % 400 304 96
1 Stdg)'% 400 304 96
1 Stclléfa 400 304 96
1 St(iéja/ 400 304 96
1 Std;% 400 304 96
1 Std;)% 400 304 96
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 St%ja 400 304 96
1 % 400 304 96
1 5&‘57;,0&/ 250 148 102
1 ‘r’z"T:,d 250 148 102
1 % 250 148 102
1 St‘it'% 250 148 102
1 %?d/ 250 148 102
1 % 250 148 102
1 sl(5a') - 98/ 216 105 111
1 si(5a) - 9a/ 216 105 111
1 sl(std’) - 92’ 216 105 111
1 si(std) - 9a/ 216 105 111
1 si(5a')-10a 240 124 116
1 sl(5a) - 10a 240 124 116
1 si(std)- 102’ 240 124 116
1 si(std) - 102’ 240 124 116
1 w 295 105 120
1 % 295 105 120
1 Syr11571(9a) 225 105 120
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L)

dim(K[G];/ker(L))

dim(L) — dim(K[G];/ ker(L))

Sym?(9a)
std

5a/
5a
std’

std
Sym?(10a)
5a’
Sym?(10a)
5a
Sym?(10a)
std’
Sym?(10a)
std
Alt?(9a))
10a/
Alt?(9a")
10a
Alt?(9a)
10a’
Alt?(9a)
10a
5a’ - 9a
9a/
5a’ - 9a’
9a
9a - 9a/
5a/
9a - 9a’
std’
std” - 9a
9a/
std’ - 9a’
9a

Sym?(10a’)
Sym?(10a’)
Sym?(10a’)

Sym?(10a’)

225

275

275

275

275

275

275

275

275

360

360

360

360

405

405

405

405

405

405

105

124

124

124

124

124

124

124

124

180

180

180

180

185

185

185

185

185

185

98

120

151

151

151

151

151

151

151

151

180

180

180

180

220

220

220

220

220

220



Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L)

dim(K[G];/ker(L))

dim(L) — dim(K[G];/ ker(L))

9a
Alt?(10a)
9a
Alt?(9a”)
16a
Alt?(9a)
16a
Sym?(9a)
9a’
oa - 10a
9a’
5a - 10a/
9a
5a - 9a
10a’
5a - 9a’
10a
5a’ - 10a
9a
5a’ - 10a’
9a’
5a’ - 9a
10a
5a’ - 9a’
10a’
9a - 10a
5a’
9a - 10a
std
9a - 102’
5a
9a - 102
Costd
9a’ - 10a
5a
9a’ - 10a
std’

Alt?(10a’)

405

405

576

576

405

450

450

450

450

450

450

450

450

450

450

450

450

450

450

180

180

336

336

161

204

204

204

204

204

204

204

204

204

204

204

204

204

204

99

225

225

240

240

244

246

246

246

246

246

246

246

246

246

246

246

246

246

246



Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L)

dim(K[G];/ker(L))

dim(L) — dim(K[G];/ ker(L))

9a’ - 10a’
5a/
9a’ - 10a’
std
std - 10a
9a
std - 10a’
9a/
std - 9a
10a
std - 9a’
10a’
std’ - 10a
9a/
std’ - 10a’
9a
std’ - 9a
10a/
std’ - 9a’
10a

10a
Alt?(10a)
10a’
10a - 10a/
5a/
10a - 102’
5a
10a - 10a/
std’
10a - 102/
std
5a - 10a
10a’
5a - 10a’
10a
5a’ - 10a
10a’

Alt?(10a")

450

450

450

450

450

450

450

450

450

450

450

450

500

500

500

500

500

500

500

204

204

204

204

204

204

204

204

204

204

199

199

223

223

223

223

223

223

223

100

246

246

246

246

246

246

246

246

246

246

251

251

277

277

277

277

277

277

277



Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
! !/
1 Sa - 1027 500 993 277
10a
std - 10a
1 st 500 29 277
10a/ 3
!
1 std - 107 500 993 277
10a
std’ - 10a
1 se A 99 277
o 500 3
! /
1 std - 10 500 993 277
10a
1 s1(9a') - 5a 400 105 295
1 s(9a) - std 400 105 295
1 sl(9a) - 5a 400 105 295
1 sl(9a) - std 400 105 295
2 X(94') 396 81 315
2 12
1
2 Sym(102) g5 180 315
9a
2
2 Sym™(102) g 180 315
9a
Alt%(1
1 M 600 280 320
Ha
Alt?(1
1 ﬂ 600 280 320
std
1 Y (10a') 440 100 340
1 Y (10a) 440 100 340
1
1 ba - 16a 720 360 360
9a
1 ba - 16a 720 360 360
9a
1 b2 9a 720 360 360
16a
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L)

dim(K[G];/ker(L))

dim(L) — dim(K[G];/ ker(L))

5a - 9a/
16a
5a’ - 16a
9a/
5a’ - 16a
9a
5a’ - 9a
16a
5a’ - 9a’
16a
9a - 16a
5a’
9a - 16a
5a
9a - 16a
std’
9a - 16a
std
9a’ - 16a
5a/
9a’ - 16a
5a
9a’ - 16a
std’
9a’ - 16a
std
std - 16a
9a/
std - 16a
9a
std - 9a
16a
std - 9a’
16a
std” - 16a
9a/
std’ - 16a
9a

720

720

720

720

720

720

720

720

720

720

720

720

720

720

720

720

720

720

720

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360

102

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360

360



Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

!
1 std’ - 9a 720 360 360
16a
! ) !
1 std_ - 9a’ 720 360 360
16a
2 /
1 Alt”(1027) 720 355 365
16a
2
1 Alt"(10a) 720 355 365
16a
1 s(10a') - 5a 495 124 371
1 sI(102) - 52’ 495 124 371
1 sl(102) -std 495 124 371
1 sI(10a) -std’ 495 124 371
1 51(10a) - 5a 495 124 371
1 s[(10a) - 5a/ 495 124 371
1 51(10a) - std 495 124 371
1 sl(10a) -std’ 495 124 371
2 /
1 Sym”(97) 720 336 384
16a
2
1 Sym™(9a) 720 336 384
16a
2
1
1 Sym”(16a) 680 280 400
Ha
2
2 Sym’(162) 680 280 400
Ha
2
1
1 Sym”(16a) 680 280 400
std
2
2 Sym”(162) 680 280 400
std
10a - 16
1 e 800 379 421
Ha
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

10a - 16a

1 Ao 800 379 421
Ha
10a - 16
1 i 800 379 421
std
10a-1
1 10a - 16a 800 379 421
std
102’ - 16
1 e 800 379 421
Ha
108 - 1
1 102 - 16a 800 379 421
Ha
102’ - 16
1 Ao 800 379 421
std
108 - 1
1 102 - 16a 800 379 421
std
1
1 ba - 10a 800 379 421
16a
. 10a’
1 ba - 10a 800 379 421
16a
da - 16a
1 o e
— 800 379 421
5a- 16
1 aoa 800 379 421
10a
5a’ - 1
1 a - 10a 800 379 421
16a
. 10a’
1 pa 102 800 379 421
16a
5a’ - 16a
1
— 800 379 421
/
1
1 ba - 16a 800 379 421
10a
td -1
1 std - 10a 800 379 421
16a
. 1038/
1 std - 1027 800 379 421
16a
std - 16a
1 St o 800 421
o 379
td- 16
1 ne e 800 379 421
10a
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
td’ - 1
1 std - 10a 800 379 421
16a
! . !
1 std_ - 1027 800 379 421
16a
std’ - 16a
1 e e 800 379 421
10a’
/
1 std - 16a 800 379 421
10a
2 i
1 Sym”(102) 880 355 525
16a
2
1 Sym-(10a) 880 355 525
16a
1
1 9a_10a 810 260 550
9a
. 10a’
1 9a - 10 810 260 550
9a
9a - 9a/
1 280 810 260 550
10a/
/
1 92 9a 810 260 550
10a
!
1 Ja’ - 10a 810 260 550
9a
! !/
1 Ya’ - 1027 810 260 550
9a
2 s1(9a) - 94’ 720 161 559
1 s(92') - 10a 800 180 620
1 sI(92') - 108 800 180 620
1 s1(9a) - 10a 800 180 620
1 51(9a) - 108/ 800 180 620
10a - 102/
1 108 10a 900 279 621
9a
. !
2 10a - 102 900 279 621
9a
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
9a - 10a
2 Ja A 279 621
o 900
. !
2 Ja - 10a 900 279 621
10a
9a’ - 10a
1 0 279 621
10a’ %0
/. /
1 9a’ - 1027 900 9279 621
10a
1 s1(108) - 9a 891 180 711
2 s[(108') - 92/ 891 180 711
1 s1(10a) - 9a 891 180 711
2 s[(10a) - 9a’ 891 180 711
Alt?(1
2 Alt” (162) 1080 336 744
9a
1 s[(108') - 102 990 199 791
1 s(10a) - 102’ 990 199 791
Alt?(1
3 ﬂ 1200 355 845
10a
2
3 Alt”(16a) 1200 355 845
10a
1
2 92 16a 1296 416 880
9a
. !/
2 92 9a 1296 416 880
16a
/
2 Ja - 16a 1296 416 880
9a
2
1
3 Sym'(16a) 504 336 888
9a
2
1 Sym(16a) 1224 336 888
9a
2 sl(9a') - 16a 1280 336 944
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

2 sl(9a) - 16a 1280 336 944
2 sl(16a) - 5a 1275 280 995
2 sl(16a) - 52’ 1275 280 995
2 sl(16a) -std 1275 280 995
2 sl(16a) -std’ 1275 280 995
2
1
1 Sym’(16a) 4 355 1005
10a
2
1 Sym”(16a) 1360 355 1005
10a
10a-1
2 10a - 16a 1440 435 1005
9a
2 10a- 16a 1440 435 1005
9a
108 - 1
2 10a” - 162 1440 435 1005
9a
!
9 10a” - 16a 1440 435 1005
9a
2 9a - 10a 1440 435 1005
16a
. !
9 Ja - 10a 1440 435 1005
16a
9a - 16a
2 Ja-oa 144 4 1005
10a’ 0 3
2 Ja - 16a 1440 435 1005
10a
/
2 9a - 10a 1440 435 1005
16a
/. /
2 Ya’ - 1027 1440 435 1005
16a
9a’ - 16a
2 1440 435 1005
10a’
/.
2 Ja - 16a 1440 435 1005
10a
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Table 6.5.2: Nontrivial summands for the Symmetric Group Sg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
!
2 10a - 10a 1600 454 1146
16a
10a-1
2 10a - 16a 1600 454 1146
10a
!
2 102 - 16a 1600 454 1146
10a
2 s[(108)) - 16a 1584 355 1229
2 s[(10a) - 16a 1584 355 1229
2 Y (16a) 1904 256 1648
3 X(16a) 2160 256 1904
3 sl(16a)-9a 2295 336 1959
3 s[(16a) - 92’ 2295 336 1959
4 sl(16a) - 10a 2550 355 2195
4 sl(16a) - 102’ 2550 355 2195
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6.6 Quaternion Group Qs

Order: 8
Conjugacy classes: 1 = {1}, 2 = {—1}, 3 = {+i}, 4 = {xj}, 5 = {£k}

Table 6.6.1: Irreducible characters for the Quaternion Group Qg

1 2 3 4 5
Size | 1 1 2 2 2
triv | 1 1 1 1 1
sgni | 1 1 1 -1 -1
sgnj |1 1 -1 1 -1
sgnk |1 1 -1 -1
std |2 -2 O 0 0

Table 6.6.2: Nontrivial summands for the Quaternion Group Qg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 Alt?(std) 1 4 -3
2
1 Sym (étd) 5 4 4
sgni
2(q
g Symstd) 3 4 1
sgn)
2
1 Sym=(std) 3 4 4
sgnk
1 sl(std) - sgni 3 4 -1
1 sl(std) - sgnj 3 4 -1
1 sl(std) - sgnk 3 4 -1
1 Sym?(sgni) 1 1 0
1 Sym?(sgnj) 1 1 0
1 Sym? (sgnk) 1 1 0
1 sgni - sgnj 1 1 0
sgnk
1 sgni - sgnk 1 1 0
sgn)
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Table 6.6.2: Nontrivial summands for the Quaternion Group Qs

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

sgnj - sgnk
sgni

110



6.7 Quaternion Group (12

Order: 12

Conjugacy classes: 1 = {e}, 2 = {a,a7'}, 3 = {a%a*}, 4 = {a®}, 5 = {x,d%x,a*z}, 6 =
{az,a’x, a®x}

Table 6.7.1: Irreducible characters for the Quaternion Group @12

1 2 3 4 5 6
Size | 1 2 2 1 3 3
triv | 11 1 1 1 1
senl | 1 1 1 1 -1 -1
thol |1 -1 1 =1 -G
tho2 |1 -1 1 =1 = (4
stdl |2 1 —1 =2 0 0
std2 |2 -1 -1 2 0 0

Table 6.7.2: Nontrivial summands for the Quaternion Group Q12

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)—dim(K[G];/ker(L))

1 Alt? (std1) 1 4 -3
2(q
1 Alt"(std2) 1 4 _3
sgnl
rhol - stdl
1 _— 4 -
std2 7 3
rhol - std2
1 _ 4 7 -3
std1
rho2 - std1
1 _— 4 -
std2 7 3
rho?2 - std2
1 _— 4 —
std1 7 3
stdl - std2
1 _— 4 -
rhol 7 3
stdl - std2
1 _— 4 7 -3
rho2
2
1 Sym*(std1) 5 4 4
sgnl
1 Sym?(std2) 3 4 ~1
1 sl(stdl) - sgnl 3 4 -1
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Table 6.7.2: Nontrivial summands for the Quaternion Group @12

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 sl(std2) - sgnl 3 4 -1
Sym?(std1)
1 - 7 -1
std2 0
1 sl(stdl) - std2 6 7 -1
2
1 Sym~(rhol) ! 1 0
sgnl
2
1 Sym*(rho2) 1 1 0
sgnl
1 Sym?(sgnl) 1 1 0
1 rhol - rho2 1 1 0
sgnl - rhol
1 - 1 1
rho2 0
sgnl - rho2
1 —_ 1 1 0
rhol
1 X(std2) 4 4 0
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6.8 Alternating Group Ay

Order: 12
ConjUgaCy classes: 1 = ([17 17 11 1]70)7 2= ([173]71)7 3= ([]—73]7 _1)7 4= ([272]70)

Table 6.8.1: Irreducible characters for the Alternating Group Ay

1 2 3 4
Size | 1 4 4 3
triv | 1 1 1 1
rhol | 1 (s —-1—-¢ 1
rho2 | 1 —1-(3 (3 1
std | 3 0 0 -1

Table 6.8.2: Nontrivial summands for the Alternating Group Ay

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 Sym?(std) 6 9 -3
2

1 Syrfhio(itd) 6 9 -3
2

1 SyI;ﬂhi(E;td) 6 9 -3

1 Y (std) 6 9 -3

1 5l(std) - rhol 8 9 -1

1 sl(std) - rho2 8 9 -1
2

e o
2

e o

1 rhol - rho2 1 1 0

1 X(std) 15 9 6
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6.9 Alternating Group A;

Order: 60

ConjUgaCy classes: 1 = ([17171a171]70)a 2 = ([17173]70)7 3 = ([172a2]70)7 4 = ([5]71)7 5

([5), -1)

Table 6.9.1: Irreducible characters for the Alternating Group As

1 2 3 4 5

Size | 1 20 15 12 12

triv | 1 1 1 1 1
el |3 0 -1 -G-¢ 1+¢+¢
2 [3 0 -1 1+¢G+¢ -¢G-¢

std | 4 1 0 -1 -1

f 5 -1 1 0 0

Table 6.9.2: Nontrivial summands for the Alternating Group As

Mult. Summand L dim(L)

dim(K[G];/ker(L)) dim(L) — dim(K[G];/ker(L))

1 Sym?(f)

1 Sym?(std)

) Alt? (std)
el

) Alt? (std)
e2

1 Sym?(el)

1 Sym?(e2)

1 Y(el)

1 Y(e2)

) Alt?(f)
el

) Alt?(f)
e2

Sym?(el)

1 -~ 7
f

1 Sym?(e2)

f

15

10

18

18

30

30

30

30

25

16

24

24

33

33

33

33
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Table 6.9.2: Nontrivial summands for the Alternating Group As

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
2
1 Al () 40 40 0
std
1 el-e2 36 32 4
std
1 el - std 36 32 4
e2
1 e2 - std 36 39 4
el
1 el-e2 45 1 4
f
1 el -f 45 1 4
e2
1 c2-f 45 1 4
el
1 si(el) - f 40 33 7
1 sl(e2) - f 40 33 7
2
1 w 50 40 10
1 el -f 60 48 12
std
1 el 'fStd 60 48 12
1 e2-f 60 48 12
std
1 €2 - std 60 48 12
f
1 std 60 48 12
el
1 std - f 60 48 12
e2
1 X(std) 36 16 20
2
f
1 Sym () 60 40 20
std
1 si(std) - el 45 24 21
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Table 6.9.2: Nontrivial summands for the Alternating Group As

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 sl(std) - e2 45 24 21
1 sl(std) - £ 75 40 35
1 sl(f) - el 72 33 39
1 sI(f) - e2 72 33 39
2 X(f) 70 25 45
2 sI(f) - std 96 40 56
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6.10 Dihedral Group D,

Order: 8
Conjugacy classes: 1 = {e}, 2 = {7!,77!}, 3 = {72}, 4 = {o7°"*"}, 5 = {0709}

Table 6.10.1: Irreducible characters for the Dihedral Group Dy

1 2 3 4 5

Size | 1 2 1 2 2

triv | 1 1 1 1 1
sign | 1 1 1 -1 -1
el 1 -1 1 1 -1

e2 1 -1 1 -1 1

stdl |2 0 -2 0 0

Table 6.10.2: Nontrivial summands for the Dihedral Group D,

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

2(q
1 Alt .(stdl) 1 4 _3
sign
1 Sym?(std1) 3 4 ~1
2(.
1 Sym~(std1) 5 4 _
el
2
1 Sym*(std1) 3 4 4
e2
1 sl(stdl) - el 3 4 -1
1 sl(stdl) - e2 3 4 —1
1 sl(stdl) - sign 3 4 -1
1 Sym?(el) 1 1 0
1 Sym?(e2) 1 1 0
1 Sym?(sign) 1 1 0
1 el.~ e2 1 1 0
sign
1 sign - el 1 1 0
e2

117



Table 6.10.2: Nontrivial summands for the Dihedral Group Dy

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

sign - e2
el

118



6.11 Dihedral Group D;

Order: 10

Conjugacy classes: 1 = {e}, 2 = {7!,771}, 3 = {72,772}, 4 = {07!}

Table 6.11.1: Irreducible characters for the Dihedral Group Ds

1 2 3 4
Size | 1 2 2 )
triv | 1 1 1 1
sign | 1 1 1 —1
swdl |2 —1-2-@  @+@ 0
std2 |2 @G+ —1-G-¢ 0

Table 6.11.2: Nontrivial summands for the Dihedral Group D5

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
Alt?
1 t .(stdl) 1 4 _3
sign
2
1 Alt .(stdQ) 1 4 _3
sign
1 Sym?(std1) 3 4 -1
1 Sym?(std2) 3 4 —1
1 sl(stdl) - sign 3 4 -1
1 s[(std2) - sign 3 4 -1
Sym?(std1)
1 Dy R —
std2 0 7 1
Sym?(std2)
1 - —
std1 0 7 1
1 si(stdl)-std2 6 7 -1
1 si(std2)-stdl 6 7 .
1 Sym?(sign) 1 1 0
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6.12 Dihedral Group Dg

Order: 12
Conjugacy classes: 1 = {e}, 2 = {7!,771}, 3 = {72,772}, 4 = {73}, 5 = {o7°""}, 6 = {070}

Table 6.12.1: Irreducible characters for the Dihedral Group Dg

1 2 3 4 5 6

Size | 1 2 2 1 3 3

triv | 1 1 1 1 1 1
sign | 1 1 1 1 -1 -1
el 1 1 1 1 1 -1

e2 r -1 1 -1 -1 1

stdl |2 1 -1 -2 0 0

std2 | 2 -1 -1 2 0 0

Table 6.12.2: Nontrivial summands for the Dihedral Group Dg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

2
1 Alt .(stdl) 1 4 _3
sign
2
i Alt '(std2) i 4 _3
sign
el - stdl
1 _ 4 7 -3
std2
el - std2
1 _— 4 7 -3
std1
e2 - stdl
1 _— 4 7 -3
std2
e2 - std2
1 _— 4 7 -3
stdl
1 stdl - std2 4 7 _3
el
1 stdl - std2 4 7 _3
e2
1 Sym?(std1) 3 4 —1
1 Sym?(std2) 3 4 ~1
1 sl(stdl) - sign 3 4 -1
1 sl(std2) - sign 3 4 -1
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Table 6.12.2: Nontrivial summands for the Dihedral Group Dg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

Sym?(std1)
1 R ErT — 6 7 -1
std2
1 sl(stdl) - std2 6 7 -1
1 Sym?(el) 1 1 0
1 Sym?(e2) 1 1 0
1 Sym? (sign) 1 1 0
1 el'~ e2 1 1 0
sign
1 sign - el 1 1 0
e2
1 sign - e2 1 1 0
el
1 X(std2) 4 4 0
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6.13 Dihedral Group Dy

Order: 14

Conjugacy classes: 1 = {e}, 2 = {7,771}, 3 = {72,772}, 4 = {r3, 773}, 5 = {o7%}

Table 6.13.1: Irreducible characters for the Dihedral Group D7

1 2 3 4 5
Size | 1 2 2 2 7
triv | 1 1 1 1 1
sign | 1 1 1 1 -1
stdl | 2 —1-G - -G -¢ G+@ G+ 0
std2 | 2 24 (2 G+t “1-G-G-¢G-¢ 0
std3 | 2 G+¢ “1-G -G -G -¢ G+ 0
Table 6.13.2: Nontrivial summands for the Dihedral Group D7
Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
2(q
1 Alt .(stdl) 4 _3
sign
2
1 Alt .(std2) 4 3
sign
2(q
1 Alt .(btd?)) 4 _3
sign
stdl - std2
1 _ 10 —2
std3
std1 - std3
1 —_— 10 —2
std2
std2 - std3
1 _— 10 —2
std1
1 Sym?(std1) 4 -1
1 Sym?(std2) 4 —1
1 Sym?(std3) 4 -1
1 sl(stdl) - sign 4 -1
1 sl(std2) - sign 4 -1
1 5[(std3) - sign 4 -1
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Table 6.13.2: Nontrivial summands for the Dihedral Group D7

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 % 6 7 -1
2
1 Syn;ti((;;cu) 6 7 -1
1 w 6 7 -1
1 s5l(stdl) - std2 6 7 -1
1 sl(std2) - std3 6 7 -1
1 si(std3)-stdl 6 7 -1
1 Sym?(sign) 1 1 0
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6.14 Dihedral Group Dsg

Order: 16

Conjugacy classes: 1 = {e}, 2 = {71,771}, 3 = {72,772}, 4 = {73,773}, 5 = {74}, 6 = {o7°v"},
7 = {o70dd}

Table 6.14.1: Irreducible characters for the Dihedral Group Dg

1 2 3 4 5 6 7
Size | 1 2 2 2 1 4 4
triv | 1 1 1 1 11 1
sign | 1 1 1 1 1 -1 -1

el |1 —1 1 —1 11 -1

2 |1 ~1 1 ~1 1 -1 1
stdl |2 (G—¢ 0 —G+¢ -2 0 0
std2 | 2 0 —2 0 2 0 0
std3 |2 —G+¢ 0 G- -2 0 0

Table 6.14.2: Nontrivial summands for the Dihedral Group Dg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

2
1 Alt .(stdl) 1 4 3
sign
2
1 Alt .(std2) 1 4 _3
sign
Alt?
1 t .(std3) 1 4 3
sign
el - stdl
1 _— 4 7 -3
std3
el - std3
1 _— 4 7 -3
stdl
e2 - stdl
1 _— 4 7 -3
std3
e2 - std3
1 _— 4 7 -3
stdl
1 stdl - std3 4 - _3
el
1 stdl - std3 4 7 _3
e2
stdl - std2
1 _ 8 10 —2
std3
stdl - std3
1 _— 8 10 -2
std2
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Table 6.14.2: Nontrivial summands for the Dihedral Group Dg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

std2 - std3

1 _— 8 10 -2
std1l
1 Sym?(std1) 3 4 ~1
1 Sym?(std2) 3 4 —1
2
. Sym*(std2) 3 4 4
el
2
1 Sym*(std2) 3 4 _
e2
1 Sym?(std3) 3 4 ~1
1 sl(stdl) - sign 3 4 -1
1 sl(std2) - el 3 4 -1
1 sl(std2) - e2 3 4 -1
1 sl(std2) - sign 3 4 -1
1 sl(std3) - sign 3 4 -1
Sym?(std1)
1 - 6 7 -1
std2
Sym?(std3)
1 - 6 7 -1
std2
1 5l(stdl) - std2 6 7 -1
1 5l(std3) - std2 6 7 -1
1 Sym?(el) 1 1 0
1 Sym?(e2) 1 1 0
1 Sym? (sign) 1 1 0
1 el.~ e2 1 1 0
sign
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Table 6.14.2: Nontrivial summands for the Dihedral Group Dg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

sign - el

1 1 1 0
e2

1 sign - e2 1 1 0
el
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6.15 Dihedral Group Dy

Order: 18
Conjugacy classes: 1 = {e}, 2 = {71, 771},83 = {12,772}, 4= {73,773}, 5 = {v*, 774}, 6 = {o7"}

Table 6.15.1: Irreducible characters for the Dihedral Group Dy

1 2 3 4 5 6
Size | 1 2 2 2 2 9
triv | 1 1 1 1 1
sign | 1 1 1 1 1 -1
stdl |2 G-G-G —G+@E-¢ -1 @d+g 0
std2 [ 2 ~G+@ -G @+E -1 -G-GO
std3 | 2 -1 -1 2 -1 0
stdd | 2 GG+ ¢ Go-G-6 -1 —G+E-¢ 0

Table 6.15.2: Nontrivial summands for the Dihedral Group Dg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

2
1 Alt .(stdl) 1 4 _3
sign
2
i Alt '(std2) i 4 _3
sign
2
1 Alt .(std3) 1 4 3
sign
2
1 Alt .(std4) 1 4 _3
sign
stdl - std2
1 _— 8 10 -2
std3
stdl - std3
1 _— 10 -2
std2 8
stdl - std3
1 _— 1 -2
std4 8 0
stdl - std4
1 _ 1 -2
std3 8 0
std2 - std3
1 —_— 1 -2
std1 8 0
std2 - std3
1 _— 1 -2
std4 8 0
std2 - std4
1 _— 1 —2
std3 8 0
std3 - std4
1 _— 1 -2
stdl 8 0
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Table 6.15.2: Nontrivial summands for the Dihedral Group Dg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

std3 - std4

1 —h 8 10 —2
1 Sym?(std1) 3 4 ~1
1 Sym?(std2) 3 4 —1
1 Sym?(std3) 3 4 ~1
1 Sym?(std4) 3 4 —1
1 sl(stdl) - sign 3 4 -1
1 5l(std2) - sign 3 4 -1
1 sl(std3) - sign 3 4 -1
1 sl(std4) - sign 3 4 -1
1 % 6 7 ~1
1 w 6 7 ~1
1 sl(stdl) - std2 6 7 -1
1 sl(std2) - std4 6 7 ~1
1 5l(std4) - stdl 6 7 -1
1 Sym?(sign) 1 1 0
1 X (std3) 4 4 0
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6.16 Dihedral Group Dy
Order: 20

Conjugacy classes: 1 = {e}, 2 = {71,771}, 3= {72,772}, 4 = {73,773}, 5 = {74,774}, 6 = {75},
7= {O.Teven}’ 8 = {O‘TOdd}

Table 6.16.1: Irreducible characters for the Dihedral Group Dig

1 2 3 4 5 6

Size | 1 2 2 2 2 1 ) )
triv | 1 1 1 1 1 1 1
sign | 1 1 1 1 1 1 -1 -1

el 1 -1 1 -1 1 -1 1 -1

e2 1 -1 1 -1 1 -1 -1 1
stdl | 2 1+ ¢y — ¢ ¢fo — Gio o+ —1-CHh+¢ 2 0 0
std2 | 2 ¢fo — Gio —1—CRo+ G —1— G+ ¢ ¢Fo — Cio 2 0 0
std3 | 2 —Cfo + Cio “1-¢f+ ¢ 1+ — ¢ ¢fo — Cio -2 0 0
stdd | 2 —1—(fy + ¢ (fo — Gio (fo — Gio “1-¢Hh+G 2 0 0

Table 6.16.2: Nontrivial summands for the Dihedral Group Dyg

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

2(q
! Alt”(std1) ! A _3
sign
2
1 Alt .(std2) 1 4 3
sign
2
! Alt”(std3) ! 4 _3
sign
2
1 Alt .(std4) 1 4 _3
sign
el - stdl
1 _ 4 7 -3
std4
el - std2
1 _— 4 7 -3
std3
el - std3
1 _ 4 7 -3
std2
el - std4
1 _— 4 —
stdl 7 3
e2 - stdl
1 _— 4 7 -3
std4
e2 - std2
1 _— 4 7 -3
std3
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Table 6.16.2: Nontrivial summands for the Dihedral Group D1q

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))
e2 - std3
1 e e —
std2 7 3
e2 - std4
! stdl 7 -3
1 stdl - std4 . _3
el
1 stdl - std4 7 _3
e2
td?2 -
1 std2 - std3 - _3
el
1 std2 - std3 7 _3
e2
stdl - std2
1 —_— 10 —2
std3
stdl - std3
1 _— 1 -2
std2 0
stdl - std3
1 —_— 10 —2
std4
stdl - std4
1 _— 1 -2
std3 0
std2 - std3
1 —_— 10 —2
std1
std3 - std4
1 _— 10 -2
std1
1 Sym?(std1) 4 -1
1 Sym? (std2) 4 —1
1 Sym?(std3) 4 ~1
1 Sym?(std4) 4 —1
1 sl(stdl) - sign 4 -1
1 s[(std2) - sign 4 -1
1 sl(std3) - sign 4 -1
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Table 6.16.2: Nontrivial summands for the Dihedral Group D1q

Mult. Summand L dim(L) dim(K[G];/ker(L)) dim(L)— dim(K[G];/ker(L))

1 sl(std4) - sign 3 4 -1
Sym?(std1)
1 TS —— 7 -1
std2 0
Sym?(std2)
1 ey — 6 7 -1
std4
Sym?(std3)
1 _— 6 7 -1
std4
Sym?(std4)
1 R EET S— 6 7 -1
std2
1 sl(stdl) - std2 6 7 -1
1 sl(std2) - std4 6 7 -1
1 5l(std3) - std4 6 7 -1
1 sl(std4) - std2 6 7 -1
1 Sym?(el) 1 1 0
1 Sym?(e2) 1 1 0
1 Sym?(sign) 1 1 0
1 ell~ e2 1 1 0
sign
1 sign - el 1 1 0
e2
1 sign - e2 1 1 0
el
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